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ON THE JOINT OBSERVABLE AND THE JOINT
DISTRIBUTION IN PRODUCT MV ALGEBRAS

BELOSLAV RIECAN

ABSTRACT. A notion of a product MV algebra is presented and two existence

theorems (for joint observable and joint distribution) are formulated in product
MYV algebras.

1. MV algebra of fuzzy sets

A prototype of MV algebra is the set F of all fuzzy sets f: X — (0,1)
measurable with respect to a o-algebra S of subsets of X. Certainly, F is
closed with respect to many operations. The MV algebra operations are the
following: two binary operations @®,®, where

f®g=min(f +g,1),
f@g:max(f+g—1,0),

one unary operation * with
fr=1-f

and two nulary operations (fixed elements) 0,1 . Recall that & can be inter-
preted as the composition of two pictures, if f: X — (0,1) is interpreted as a
picture (0 is white colour, 1 is black colour, @ € (0,1) means something grey,
the composition of two grey colours can not be greater than 1) and ® can be
obtained by the de Morgan rule: f© g = (f*®g¢*)*. If f = x4, g = xp are
characteristic functions, then f ® g9 = x5, f® 9= Xunp> f* =Xa4-
Generally MV algebra is an algebraic system (M, ®, ®, *,0,u) satisfying some
properties. Of course, following the Mundici representation theorem it is more
convenient to define MV algebra by the help of lattice ordered groups.
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2. Commutative lattice ordered groups

Commutative lattice ordered group is an algebraic system (G, +, <) with the
following properties:

1. (G,+) is a commutative group.

2. (G,,<) is a partially ordered set being a lattice, i.e., to every a,b € G
there exists the least upper bound a V b and the greatest lower bound
alb.

3. If a,b,c€ G and a < b,then a+c<b+ec.

These axioms have many useful consequences, as a+(bVc) = (a+b)V(a+c),
ahA(dVec)=(aAb)V(aAc) etc.

A typical example of a commutative l-group is the set of all real-valued
functions defined on a set. Here f 4 g is the usual sum of two functions and
f < g if and only if f(z) < g(z) for any z € X.

Another example of a commutative £-group is the set of all functions f: X —
R measurable with respect to a o-algebra of subsets of X. This example is
related to the first example presented in Section 1. This is a key to the notion
of general MV algebra. It is sufficient to define in a commutative ¢-group MV
algebra operations similarly as it was done in the mentioned example.

3. MV algebra

Let (G,+,<) be a commutative lattice ordered group and v € G be any
element such that v > 0, i.e., u >0 and u # 0. Put

M={(0,u)={veG;0<v<u}.

Define further (analogously to the example presented in Section 1) two binary
operations @, ® by the formulas

adb=(a+b)Au,
a®@b=(a+b—-u)VO0

and a unary operation * by the formula
at=u—a.

Then the algebraic system (M@®,®,*,0,u) is called an MV algebra.

If we consider the f-group (RX,+,<) of all real-valued functions on a
set X, then its subset M = {f: X — R;0 < f < 1} is an MV algebra
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(M,EB,G,*,OX, ]'X ), where

fog=(f+g) A1y,
fOg=(f+9-1x)VO0y,
ff=1x-f.

Remark that a®b = a+b, if a < b*. Indeed, a < b* = u—b implies a+b < u,
hence a®b=(a+b)Au=a+b.

4. States and observables

The notion of a state corresponds to the notion of a probability measure in
the Kolmogorov model, the notion of an observable corresponds to the notion of
a random variable.

Recall that a probability measure is a normed, additive and continuous set-
function defined on a o-algebra. If we substitute the o-algebra by an arbitrary
MYV algebra, we obtain the following definition.

DEFINITION. A state m on an MV algebra M = (M,®,®,*,0,u) is a map-
ping m: M — (0,1) satisfying the following properties:
(i) m(u) =1
(ii) If a,b,c € M and a = b+ ¢, then m(a) = m(d) + m(c).
(ii) fa,e M (n=1,2,...), a € M and a, / a, then m(a,) / m(a).

Recall that a random variable is an S-measurable function ¢: X — R defined
on a measurable space (X,S), where S is a o-algebra, i.e., {71(B) € S for any
Borel set B € B(R). If we assigne to any B € B(R) its preimage {~'(B) € S,
then we obtain a o-morphism from B(R) to S. Therefore it is natural to consider
an observable in our MV algebra model as a morphism z: B(R) — M.

DEFINITION. A weak observable (with respect to a state m) is a mapping
z: B(R) — M satisfying the following conditions:

(i) m(z(R)) = 1.
(ii) If ANB =0, then z(AU B) = z(A) + z(B).
(iii) If A, M A, then z(A4,) / z(A).
A weak observable is called observable, if z(R) = u.

PROPOSITION. If m: M — (0,1) is a state and z: B(R) = M is an observ-
able, then m, = moz: B(R) — (0,1) is a probability measure.
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5. Joint observable

The notion of a joint observable in our model corresponds to the notion of
a random vector in the Kolmogorov model. Recall that a random vector T is a
couple of random variables, T = (¢, 7), hence

T=(n): X >R,

If we assigne to any Borel set B € B(R?) its preimage T~!(B) € S, we obtain
a morphism

B(R*)+S, B~ T'(B).
Moreover
T=C x D)=¢71(C)nn~(D) (*)
for any C,D € B(R).

Let us return now to the MV algebra F of fuzzy sets (Section 1) consisting of
all measurable functions f: X — (0,1). Consider two observables z,y: B(R) —
F . We want to define the joint observable of z,y. It should be a morphism

h: B(R*) —» F
satisfying some condition analogous to (*). Of course, instead of intersection
of the sets £71(C) and n~1D) we need to consider the intersection of fuzzy
sets z(C') and y(D), where z(C) and y(D) are functions from X to (0,1). Of
course, there exists infinitely many possibilities how to define the intersection of
fuzzy sets. But the only one is suitable for us: the usual product z(C) - y(D) of

two real functions z(C), y(D). Namely only in this case the couple of operations
+, - fulfills the distributive law.

DEFINITION. The joint observable of two weak observables z,y: B(R) — F
is a mapping h: B(R%) — F satisfying the following conditions:
(i) m(h(RY)) =1.
(ii) If AN B =0, then h(AU B) = h(A) + h(B).
(i) If A, /A, then h(A ) 7 h(A).
(iv) If C,D € B(R), then h(C x D) = z(C) - y(D).

It is not difficult to prove ([4]) that the joint observable exists for any ob-
servables z,y: B(R) —» F.

6. Product MV algebra

We want to define the joint observable in a general MV algebra M . Of course,
it 1s necessary to have a product of two elements. Therefore, we shall assume
that there is given a binary operation - on M satisfying some axioms.
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DEFINITION. A product MV algebra is an MV algebra M = (M, ®,®, *,0,u)
together with a binary operation - on M satisfying the following conditions:

(i) u-u=u.

(ii) The operation - is associative.

(iii) f a4+ b<u, then c-(a+b) =c-a+c-band (a+b)-c=a-c+b-c for
any ce M.

(iv) f a, 70, b, \yO, then a, -b, \,0.

Evidently, the MV algebra F of fuzzy sets (Section 1) is a product MV

algebra. Now the notion of a joint observable can be introduced in any product
MYV algebra.

DEFINITION. Let M be a product MV algebra, z,y: B(R) - M be weak
observables. The joint observable of z,y is a mapping h: B(R?) — M satisfying
the following conditions:

(i) m(h(R?)) =1.

(ii) f ANB =0, then h(AU B) = h(A) + h(B).
(i) If A, M A, then h(A,) / h(A).

(iv) If C,D € B(R), then h(C x D) = z(C) - y(D).

7. The joint observable extension theorem

We are not able to prove the existence of the joint observable in any
MYV algebra. Therefore we shall restrict our considerations to so-called weakly
o-distributions MV algebras.

DEFINITION. An MV algebra M is o-complete, if any sequence (z,) of ele-
ments of M has in M the least upper bound \/z,. A o-complete MV algebra

is weakly o-distributive, if for any bounded sequence (a; i such that a;; \, 0

tj/1,
(j— 00, i=1,2,...) it is

o0
AV aiw =0

<P€NN =1

Weak o-distributivity is really a kind of distributivity. Namely, if A a; ;=0
J

by the assumption, then

{}Y“w(a =\i//j\aij =0.
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Another view is given by the real case. If (a, ;) is a bounded double sequence of
real numbers such that a; ;40 (j = o0), then to every € > 0 and every i € N
there exists (1) € N such a;; < ¢ for any j > (). Particularly

aw(i) < g,
hence

Vaiw(i)ss‘ (+)

i=1

Since to every € > 0 there exists ¢: N — N such that (+) holds, we obtain

AV aiw =0.

(‘aGNN i=1

Recall that the weak o-distributivity is a necessary conditions for a Riesz space
G for any G-valued measure could be extended from a ring to the generated
o-ring ([11]).

The first of two main results presented in the paper is the following:

THEOREM 1. ([8]). Let M be a weakly o-distributive product MV algebra.
Then to any observables z,y: B(R) — M there exists their joint observable.

8. The joint distribution existence theorem

If z,y are two observables and h their joint observable, we can construct the
composit mapping
m, =moh: B(R?) = (0,1).

It is easy to see that m, is a probability measure such that
m,(C x D) = m(h(C x D)) = m(z(C) - y(D))

for any C,D € B(R).

In the Kolmogorov model, m, is the probability distribution corresponding
to given random variables. Indeed, if ¢,7: X — R are random variables and
T = (¢,n) is the corresponding random vector, then its probability distribution

Pr: B(R?*) — (0,1) is defined by
P.(B)=P(T7'(B)),

hence

Py(C x D) = P(T™}(C x D)) = P(¢74(C) X (D)) .
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DEFINITION. We say that a probability measure u: B(R?) — (0,1) is the
joint distribution of observables z,y: B(R) — M, if

#(C x D) = m(z(C) - y(D))
for any C,D € B(R).

THEOREM 2. ([9]). For any product MV algebra and any observables z,y:
B(R) — M there exists their joint distribution.

9. Applications

The first important application of the joint observable is a possibility to
built a calculus with observables. If h: B(R?) — M is the joint observable of
observables z,y: B(R) - M, then the sum z + y: B(R) — M can be defined
by the formula

z+y=hog™,
where g: R? — R is defined by g(u,v) = u + v. This formula can be justified
by the classical case. If T' = (¢,7) is a random vector, then

{+n=goT,

hence
(E+m)T T =T""og™".

The second important application of the notion of joint observable is the
following. Consider a sequence (y,,),, of observables. Let h, : B(R") = M be the
joint observable of y,,...y,. Then p, =moh_: B(R™) — (0,1) is a probability
measure. To the sequence (u, ), the Kolmogorov consistency theorem can be
applied and a local representation of observables by random variables can be
obtained ([10]). By this apparatus some probability assertions can be proved
(laws of large numbers, central limit theorem etc.). As it was noted in [9] , in
some problems (e.g., the definition of the conditional probability) instead of the
joint observable only the joint distribution can be used.
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