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Abstract: According to Yager's approach [5] to fuzzy probability for fuzzy events, we
propose here a conception of a bifuzzy probability of bifuzzy events. We use the notion
of a bifuzzy set [1]. We base ourselves on the notion of an (&, f) - level of bifuzzy set

and the extension principle for bifuzzy sets [4].
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1. INTRODUCTION
In 1968 L.A.Zadeh published the first work treating of a probability of fuzzy

random events [6]. According to him, the number

P(A4) = [p,(x)P(dx) (1)

defined in a probability space (R”,7,P) measures the probability of a fuzzy event
A€ F described by a measurable membership function z,:R" - (0,1).

In 1979 R.YagerJ [5] took notice of the inconsistency in defining the fuzzy
probability as a real number. According to his suggestions, the probability of a fuzzy
event should be described as a fuzzy set (more exactly - as a fuzzy number on (0,1)).
He used the notion of an a- level set of a fuzzy set, the resolution identity for fuzzy

scts and the so-called extension principle [7]. Using the probability function



(probability in the classical sense) R.Yager defined the probability of a fuzzy event 4

(an event in the sense of Zadeh) as

P(4)= Ua*P(4,) (2)
ae(0,1)

where A, denotes the a-level set of a fuzzy event 4, i.e. the nonfuzzy set

A4, = {x eR": u,(x)2 a}, and U stands for a fuzzy union.

2. BIFUZZY SETS AND BIFUZZY EVENTS

In 1983 K.Atanassov proposed a generalization of a Zadeh fuzzy set and
introduced the notion of an intuitionistic fuzzy set [1]. For some reasons, we call it
bifuzzy set.

DEFINITION 1. By a bifuzzy set 4 in a space X =@ we mean the object

A={(x,1,(x),v (0)):x € X} 3)
where the functions ,uA,vA:X—><O,I> fulfil the condition 0< 4, (x)+v, (x)<1 and

describe, respectively, the degree of a membership and the degree of a
nonmembership of an element x in a bifuzzy set 4.

The family of all bifuzzy sets on universum X is denoted by IFS(X). Relations
and operations on bifuzzy sets can be found in [2].

In [3] one can find the first suggestion of measuring the probability of a bifuzzy
event. It is based on Zadeh’s approach [6]. So, let us consider a probability space
(L, F, P) where 7 is a o-field of subsets of E, P is a probability measure. In the family
[FS(E) let us consider only bifuzzy sets that have measurable functions x and v. Such
bifuzzy sets are called bifuzzy events and their collection is denoted by IM(E).

DEFINITION 2. The Lebesgue - Stieltjes integral

Pa) = [0 gy )
' E

is called a probability of a bifuzzy event 4.
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It was shown [3] that formula {4) fulfils the Kolmogorov axioms of a probability

and many other characteristics of the classical nonfuzzy probability.

3. THE RESOLUTION IDENTITY AND THE EXTENSION THEOREM

In paper [4] there are a conception of a generalization of the so-called a-level

set of a fuzzy set, a generalization of the resolution identity and the extension principle

that are adopted for bifuzzy set theory. We have [4]:

DEFINITION 3. For a,f<(0,1) and a+ /<1 and for 4 € IFS(X), we define a

product (a,f)* A as a bifuzzy set in the form
(a’ﬂ)*A = {(X,CZ '#A(x),ﬂ'*' (l-ﬂ) VA(X)):X GX} .

)

DEFINITION 4. By an (a, )-level set of 4 € IFS(X) we mean the nonfuzzy

set 4, , in the form
A, 4 ={x eXipy,(x)2a andvA(x)S,B}.
DEFINITION 5. The set
Ny () ={(x10):x e 4, ,}

is called a bifuzzy analogue of the (a, f§)- level set of 4.
As Is easy to notice, we have

(@B N, () ={(x, 0. By x € 4,,}.

Then the so-called resolution theorem states what follows.

THEOREM 1. For any bifuzzy set 4 € [FS(X),

A= (@, /)* N, ,(4)

(a.f)

where the symbol U denotes the operation of union in the bifuzzy sense.

(6)

(7

(3)

Let now a function f:E — L (a function in the ordinary sense and E and L

arbitrary non-fuzzy sets) be given. Let 4 € IFS(X). We extend the range of the

function f to bifuzzy sets by means of the formula [4]
S ) ={(f(x), 1, (), v, (2)): f (x) e L}

or, equivalently, as

9)



A

THEOREM 2 (the extension principle)
S = (@B f(N y(4)). (10)
(a.5)

As can be seen, the above extension principle allows one to extend a mapping

defined on ordinary sets to a mapping on bifuzzy sets.
4. BIFUZZY PROBABILITY OF BIFUZZY EVENTS

Let, as before, (E,FP) be an ordinary probability space. By IM(E) we mean a
family of bifuzzy events over E. Then applying the probability measure P to formula
(10), we get

DEFINITION 6. For any 4 € IM(E), we define a bifuzzy probability of 4 as a

bifuzzy event
P(4)=|J(a,B)* P(N, ;(4)) . (11)

(a.B)

It is worth seeing that the bifuzzy event given in (11) may be treated as a

bifuzzy number over the interval (0,1) and when the bifuzziness of the event 4 is

reduced to the Zadeh fuzziness, the above conception is reduced to Yager's conception
of fuzzy probability [5], and this one, in the complete lack of fuzziness, to the classical

Kolmogorov probability.

5. EXAMPLE

Let X ={x,,x,,x,,x,,x;} be the set of five persons. Let us consider in X the

bifuzzy set 4 of all people who are interested in bifuzzy set theory and assume that
A= {(xl ,1,0),(x,,0.8,0.1),(x,,0.6,0.2),(x, ,0.5,0.5),(x, ,0,0.9)}. Let, in some random
experiment, each of the persons x, (i=12,3,45) appear with the probability p,,

respectively: p, =04, p, =01, p; =01,p, =03,p, =01. Then the probability of the
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bifuzzy event A consisting in the choice of a person interested in bifuzzy set theory

equals, according to (4)

1+1-0 1+08-0.1 1+06-02
04 + -01+ .

2 2
1+0-09
+___.__...___

P(A) = 04 0.1+

L L+0s-05
2

3 -0.1=0.71.

According to the procedure given in (11), the bifuzzy probability of the bifuzzy event

A 1s counted in turns:
Agos = {xl »Xy>X3,Xy ,xs},
Ao.s,o.s = {xl 3%y, %3,%Xy }:

Aygoz = {xl » X35 X;3 }’

Aysor = {xnxg) ’

A ={x}

and
No s (A) = {(x,,1,0),(x;,1,0), (x5,1,0), (x,,1,0), (x5,1,0},
Nys05(4) = {(x,,1,0),(x,,1,0), (x;,1,0),(x, ,1,0)},
NMA@=WMm@gmpgmL
Nosoi(4) = {(x,,1,0),(x,,1,0)} ,
N, o (A) = {(x,,1,0)}

and

P(Noyoo(A)) =1,

P(N;545(A4)) =09,
P(Nye02(4)) =06,
P(Nog01(4) =05,

P(N,(4)) =04
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Then

P(A4) = (0,09)% P(Ny g4 (A)) L (050.5)% P(Nys,5(A) U
U(0.6,02)% P(Ny g 4, (A)) U (08,0.0)% P(Nyg,,(A)) U (1,0)* P(N, ,(4)) =
= (0,09)* {(1,1,0)} U (0.5,0.5)*{(0.9,1,0)} L (0.6,0.2)*{(0.6,1,0)} LU
U(0.8,0,1)*{(0.5,1,0)} U (1,0)* {(04,1,0)} =
={(1,0,09),(0.9,0.5,0.5),(0.6,0.6,0.2),(0.5,08,0.1),(04,1,0)}.

The result obtained should be interpreted in the following way: when drawing

from the persons {x,,x,,x;,x,,%}, we choose a person interested in bifuzzy set theory

with probability O (respectively, with non-probability 0.9); if we choose from

{xl,xz , X3 ,x4} i.e. after the rejection of the decidedly ,,not interested” person, then such
a probability increases to 0.5; similarly, rejecting the person x,, such a probability is
0.6; rejecting the person x,, we choose such a person from {x"xZ.} with probability
0.8 (with non-probability 0.1); and finely, rejecting the person x,, we have only the
person x, who is really ,,interested in bifuzzy set theory” and the probability for x, is,

of course, 1.
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