29

FUZZY PREFERENCE STRUCTURES AND t-REVERSIBLE
t-NORMS
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Abstract. Some possibilities of constructions of fuzzy preference structures using continuos t-norms are studied and
the role of t-reversible t-norms is discussed.
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Introduction

A preference structure is a basic concept of a preference modeling. In a classical preference
structure, a decision-maker gives three decisions for any pair (a,b) from a set of alternatives A. His
decisions define a triplet (P,L,J) of crisp binary relations on A:

1) a preferred to b < (a,b) € P (strict preference)
2) a and be are indifferent < (a,b) e I (indifference)
3)aand b are incomparable < (a,b) € J (incomparability)

For any binary operations B on A, we denote by B! its inverse i.e. (a,b)eB" & (b,a)eB,
R® its complement i.e. (a,b)eB° <> (a,b)e B, R% its dual i.e. B*= (B)* = (B
We denote: B(a,b) =1 < (a,b)eB and B(a,b) = 0 <> (a,b)¢B

Definition 1. A preference structure (PS) on a set A is a triplet (P,1,J) of binary relations on A such
that

(PS1) IJ are symmetric i.e. I(a,b) =1(b,a), J(a,b) = J(b,a)
(PS2) I is reflexive, J is irreflexive i.e. I(a,a) = 1, J(a,a) = 0
(PS3) PN =PNI =PP'=1nI =@

(PS4) PUP'UIUJ = AxA

J

Figure 1. Partition of AxA
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Define R = PUI called the large preference relation (or characteristic relation). It can be easily
proved that R = PUJ and

P=RNRY%, I=RNR", J=R°"R
It allows to construct a preference structure (P,I,J) from one reflexive binary operation R only.

Example 1. (we are unable to compare the first and the third alternative)

110 1 00 0 0 1 01 1
If R={0 1 1| thenR'=|1 1 0|R°=[1 0 O{RY=[0 0 1
0 0 1 o1 110 1 00
010 1 00 0 0 1
P=RNR'=[0 0 1{I= RAR'=1{0 1 0|J=R°AR'=]|0 0 0
000 0 0 1 1 00

Fuzzy preference structure

Rigidness of classical binary preferences has caused trouble a decision process for a long time.
In real situations it is necessary to consider a strength of preference rather then yes-no preference,
even if the individual decisions are yes-no. Therefore, a natural demand has led to the introduction
of a fuzzy preference structure. It is natural to replace the notions used in the Definition 1 by their
fuzzy equivalents. We shall see that fuzzification of (PS4) can cause some troubles. Problems
consist in the fact that the axiom (PS4) in the classical case can be expressed by many equivalent
ways e.g.
Al PuD=PlulJ
A2) I=P°nP!AT
A3) PUP'UIUI = AxA

We suppose that the reader familiar with the notions of fuzzy set, t-norm, t-conorm, ordinal sum
of t-noms, Frank t-norm, fuzzy relation, fuzzy negation, De Morgan triplet (see e.g.[1,5]).

Consider a continuous De Morgan triplet (T,S,N) and a triplet of fuzzy relations (P,I,J). Then
we fuzzify the axioms from the Definition 1 and (Al) - (A3)

(FPS1) 1J are symmetric i.e. I(a,b) =I(b,a), J(a,b) = J(b,a)
(FPS2) I is reflexive, J is irreflexive i.e. I(a,a) = 1, J(a,a) = 0
(FPS3) T(P(a,b),I(a,b)) = T(P(a,b),J(a,b)) = T(I(a,b),}(a,b))= T(P(a,b),P(a,b)) = 0
(FA1) N(S(P,D))=S(P".J)
(FA2) J=T(PPI)
(FA3) S(P.PLhH=1

If we use a positive continuous t-norm T (i.e T(a,b) =0 => a =0 or b= 0) and (P,1,) is a triplet
of fuzzy relations satisfying (FS1), (FS2), (FS3). Then, it can be proved [1,2,4] that under any of
the conditions (FA1), (FA2), (FA3) the relations P,IJ are crisp. Moreover, if T is a non
Archimedean t-norm with zero divisors then non-trivial values of P,I,J are restricted in some
interval [0,r), r<1. This strongly recommends to use a nilpotent t-norm only. Because any nilpotent
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t-norm is isomorphic to the Lukasewicz t-norm Ty , we shall use the Lukasiewicz triplet (T,S¢,N)
only, where .

T, (a,b) = max(0,a+b-1), S,(a,b)=min(l,a+b), N(a)=1-a foranya,be[0,1]
In this case, it was proved [1,4] that from validity (FA1) and Ty (P(a,b),I(a,b)) = T.(P(a,b),J(a,b)) = 0
follows (FA2),(FA3) and Ty (I(a,b),J(a,b)) = To(P(a,b),P"\(a,b)) = 0. Now we can define Lukasiewicz
preference structure.

Definition 2. A triplet (P,LJ) of fuzzy relations on A is called Lukasiewicz preference structure
(shortly LPS) on A if and only if the following conditions are satisfied for any a,be [0,1]
(LPS1) L] are symmetric i.e. I(a,b) =1I(b,a), J(a,b) = J(b,a)

(LPS2) Lis reflexive, J is irreflexive i.e. I(a,a) = 1, J(a,a) = 0

(LPS3) Ti(P(a,b),I(a,b)) = TL(P_(a,bP,J (a,b))=0

(LPS4) N(Sp(P(a,b),I(a,b))) = S(P"(a,b),J(a,b))

Remark. (LPS3), (LPS4) together are equivalent to
P(a,b) + P'(a,b) + I(a,b) + J(a,b)=1 a,be[0,1]

The idea of using some reflexive large preference relations R to construct FPS can be fuzzificated
too. A natural way is to consider a continuous D Morgan triplet (T,S,N) and to define

P(a,b) = T(R(a,b), N(R(a,b)))

I(a,b) = T(R(a,b),R(b,a))

J(a,b) = TIN(R(a,b)),N(R(b,a)))
such that R = S(P,I) and R¢ = S(P,J)

It was proved [1,3] that such construction is possible in the crisp case only. Therefore , we define
FPS generated by a reflexive binary relation R (FPS-R) as follows. Let (T,S,N) be a continuos De
Morgan triple and R be a reflexive fuzzy binary operation on A. To define fuzzy binary operations
P,L.J we propose the following axioms:
(R) there exist three functions p,i,j : [0,1)>—[0,1] such that

P(a,b) = p(R(a,b),N(R(a,b)))

I(a,b) = i(R(a,b),R(b,a))

J(a,b) = j(N(R(a,b)),N(R(b,2)))

(R2) p,i,j are non decreasing with respect to both arguments

(R3) i,j are symmetric functions

(R4) R =S(P,I) and RY=S(P,))

Thus, such FPS-R is described by (p,i,j,T,S,N)

Theorem 1 [1,3] Suppose (p,i,j,T,S,N) satisfies (R1)-(R4). Then T is nilpotent t-norm and
for all x,ye[0,1]

T(x,y) < p(x,y), i(x,y), ji(x,y) < min(x,y)

Again, nilpotent t-norms are recommended. Because any nilpotent t-norm is isomorphic to the
Lukasewicz t-norm T, we shall use the Lukasiewicz triplet (T;,S,N) only. In this case we can
(R4) read in the form:

p(x91'Y) + l(X,y) =X , p(x,l-y) +j(1'x’1'Y) = l'y x,ye[O,l] (1)
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Theorem 2. [1,3] Consider (Ty,S;,N) and a reflexive fuzzy binary relation R on A. Assume that
(p.iy) satisfies (R1)-(R4) and (P,1,J) is defined via (R1). Then (P,L))is LPS

Theorem 3. [1,3] Consider (Ti,SL,N) and a reflexive fuzzy binary relation on A and a reflexive
fuzzy binary R on A. Assume that p,i,j are continuos t-norms Then (P,1J) defined via (R1) satisfies
(R1)-(R4) if and only if for x,ye[0,1] p(x,y) = T'5(x,y), i(x,y) = T*(x,y) = j(x,y), where T® and T'*
are Frank t-norms [1,5]

In other words, if we want to have p,i,j continuous t-norms then we must use Frank t-norms.
If we want to use one t-norm only, then we must use T'(x,y) = Xy.

FPS and t-reversible t-norm

Given t-norm T, the binary operation
T'(x,y) = max (0, x+y-1+T(1-x,1-y))
is called t-reverse of t-norm T [5]. Moreover T>T, if and only if
T'(%y) = x+y-1+T(1-x,1-y)
A t-norm is called t-reversible if T" is t-norm too. It is known that a continuous t-norm T, T>T}. is
reversible if and only if T is a Frank t-norm or ordinal sum of Frank t-norms.

Theorem 4. Consider Lukasiewicz De Morgan triplet (Tw,Si,N) and FPS-R defined via (R1)-(R4).
Assume that i,j are continuous t-norms. Theni2> Ty, ,j> T and i’ =j and i =i

Proof. The equations (1) imply i(x,y) = x+y-1+j(1-x,1-y) and J(x,y) = x+y-1+i(1-x,1-y)

Theorem 5. Consider Lukasiewicz De Morgan triplet (TL,SL,N).Assume that i,j are continuous t-
norms. Then (P,1,J) defined via (R1)-(R4) is FPS-R if and only if is a Frank norm or an ordinal sum
of Frank norms, j =i, and p is defined by p(x,y) = x - i(x,1-y), x,y € [0,1]

Proof . The implication from left to right follows from Theorem 4. To prove the opposite direction
it is sufficient to show that p is non decreasing. The equation p(x,y) = x - i(x,1-y) implies that p is
non decreasing in the second argument and the equation p(x,y) =y - j(1-x,y) xy € [0,1] implies

that p is non decreasing in the fist argument.

Example 3. Put
1
2xy x,y€0,~]
i(x,y) = { . 2
min(x,y) otherw.

then

. " %+2(x—%)(y—%) xye0] .
(X, Y) =1 (X, y) =1 min(x,y) otherw., p(x,y) = x - i(x,1-y)

The R-FPS is described on Picture2 with x = R(a,b), y=Rb,a), P,L,J : [0,1]2 - [0,1]



X
2xy y
I(a,b) =
0
X - 2xy X-y
P(a,b) =
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l-y
2xy+1-x-y 1-x
J(a,b) =
y-X
y-2Xy 0
P(ab)=

Picture 2.
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