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ABSTRACT. In the paper a general method for multiplying positive fuzzy intervals
based on triangular norms is shown. This method can also be used for multiply-
ing positive L-R fussy intervals with different shape functions L, R as well as for
multiplying positive fuzsy intervals with unbounded supports.

1. INTRODUCTION

In the paper we will deal with triangular norm-based products of positive fuzay
intervals. All known results for the products of L-R fuzzy intervals based on the
strongest triangular norm T and the weakest Tw, given in [1], [5] and [6] can
be obtained by the presented approach. Our results also cover the results for the
products based on continuous Archimedean triangular norms given in [2].

We only recall the definitions of positive fuzzy intervals. For the definition and
the properties of triangular norms (¢-norms for short) which will be used throughout
the paper we refer the reader to [4).

Definition 1. A fuzzy subset A of the real line R is said to be a fuzzy interval
if its membership function is continuous and for each a €]0,1] the corresponding
a-cut A®) = {z € R; A(z) > a} is a bounded interval in B.

Due to the continuity of the membership function all a-cuts are closed intervals
in B, 4 = [I(® (] c B. The kernel of 4, i.e., 1-cut A®), will be denoted by
KerA = [la,r4]

Definition 2. A fuzzy interval will be called positive if A(®) = [lf:'), rf:')] CJo, oof
for each « €]0, 1].

If A is a positive fuzzy interval then supp 4 C]0, oo[. Since A(z) = 0 foreach z <
0, we restrict our considerations to the interval ]0, co[. Note that the membership
function is non-decreasing on the interval ]0,1,4] and non-increasing on the interval
[rA) 00[
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2. PRODUCT SHAPES OF POSITIVE FUZZY INTERVALS

Consider positive fuzzy intervals A, B. The product of A and B based on a
t-norm T is a positive fuzzy interval with the membership function given by

A@B(z)= sw T(A(z),B()), #>0 (1)
x>0,y>0

Since Ker(A ? B) = KerA.KerB = [l4lp,rarp] for each t-norm T, for deter-
mining A ? B it is enough to determine the values A ? B(z) only for z €]0,1415]

and z €]rarp, 0ol.

For 2z € [rarp, oo[ the membership function of the T-product is given by

AQB(:)= s T(A(=),B(), @

2T AY2TB

which means that the values A?B(z) for z > r4orp depend only on the values A(x)

for z > r4 and B(y) for y > rp. Let us prove the validity of this assertion.
Consider 2 > r4rp. Let € > 0 such that r4 — € > 0. Then 2 > £ > rp,

ra—c¢
which implies B ( > ) <B (L) This inequality and the properties of {-norms

ra—c¢e Ta
give :

(an-an () s () 20 (2) =r (a0 (2)

Analogouosly, for € > 0 such that rg — ¢ > 0, we have

(o) )54 () 54 (3) 7 (s () ).

This means that (2) is valid for each z > r4rp. An analogouos assertion holds for
A ? B(z), z €]0,14lB].

Consider again z > r4rp and let 2 = zy, where £ > r4, y > rp. The elements
z and y can be expressed in the form z = 4, y = & where u,v €0, 1]. Therefore
z = tAIR ¢ = yy, 4,v €]0, 1]
Using (2), for 2 > r4rp we obtain

A?B(z): sup T(A(%),B(r—n)) , t= 478

wy=t v 2
u,vG]O,l]
Put , ,
A*(u)= 4 (7‘) , B*(v)=B (—:}’;) . (3)



Then rar
A@B()= swp T(4'(u),B'(v), t="42. (4)
wv=t
%,v€]0,1]

The functions A*, B* are defined on the interval ]0,1]. They are non-decreasing,
continuous and have a strict maximum 4*(1) = 1 and B*(1) = 1.

Similarly, if z €]0,141p] such that z = zy, where z €]0,14] and y €]0,{p], then

z = lsu, y = lpv, u,v €]0,1], and we can write z = l4lpt , t = uv , u,v €]0,1).
For the T-product A ? B we obtain

A@B(z)= sup T(A(law),B(ipv)) = sup T(As(u),Bu(v)), t= 1>, (5)
T uv=t uy=t lals
4,v€]0,1] u,v€Jo,1]
where
A,(u) = A(l4u) and B.(v) = B(lpv). (6)

The functions 4., B. are defined on the interval ]0, 1] and have the same prop-
erties as the functions A*, B*.

Let 8 be a set of all functions S :]0,1] —]0, 1] which are non-decreasing, contin-
uous, S(0+) = lit(r)1+ S(z) =0 and S(z) = 1iff z = 1. A function S € 8 will be

T—

called a shape.
The full name is a product shape to distinguish shapes of this type from shapes

introduced in [6].
According to (3) and (6), it holds :

A, (1’;) z €]0, 14}
A(z) =14 1 z € [la,ra] (M
A* (4) <z €[ra, o0,
where A,, A* € 8.

There is a one-to-one correspondence between positive fuzzy intervals and their
shapes and kernels. A positive fuzzy interval A is determined by its kernel Ker4 =
[la,ra] and shapes A,, A*. Therefore a positive fuzzy interval will be denoted by
A= (IA,TA,A., A‘).

Example 1. Let 4 be a positive fuzzy interval whose membership function is given

by
£ z €]0, 2]
1 2,3
4—z z€[3,4]
0 z € [4, 00[.

Then 4 = (2,3, A,, A*), where
A.(t)= A(2t)=t, t €]0,1],

. 3 3 0 t€]0; 3



Example 2. Let
0 z €)0,1]
Azx)={{ z-1 z€[1,2]
2 z € [2, oo].

Then 4 = (2,2, A,, A*), where

0 t €]0,0.5)

A,(t) = A(2t) = max(2t - 1,0) = { 2%—1 te[05,1),

A(t)=4 (%) =t, t€)o,1].

Example 3. Let (-1 0,1]
_ [ exp 1-2) =z€0,1
A=) = { exp(l-2z) =z €[1,00l.

Then 4 = (1,1, A,, A*), where

A(t) = A°(t) = exp(1 — -}) , £ €)0,1).

For a given t-norm T, the T-product of shapes S;,S; € 8 is due to (4) and (5)
defined by

$19 S’(t) = 8sup T(Sl (“)) S2(")) y ¢ 610, 1]'
T sv=t
u,v€]0,1]

Stress that unlike the T-products of positive fuzzy intervals, the T-products of
shapes are defined on the interval J0, 1].

The shape (4 ? B)* is by (7) defined as a function satisfying

(4@ B)(s) = (48 B ("z"’ ) . z€[rars, ool

However, by (4), for (A ? B)(2) it is also true that

(4@ B)(z) = (4" 9 B*) ("£2), z€lrars, ool

4
Moreover, it is evident that (4 ® B)*(2) =1if 2 =1 and (4 ® B)*(0t) = 0.
Therefore (A ?B)‘ = A* ?B‘, which means that the shape of a T-product 4 g B
is equal to the T-product of shapes of incoming members A, B. An analogouos
assertion holds for (4 9 B),.

Summarizing, the T-product of positive fuzzy intervals A, B is a positive fuzzy
interval

A@B= (IAIB,rArB,A. ® B,, A* @B‘) . (3)
T T T



3. PRODUCTS OF POSITIVE FUZZY INTERVALS BASED ON MARGINAL {-NORMS

Due to (8), it is enough to characterize T-products of shapes. As previously
explained, having an output formula for a T-product of shapes, we can determine
the corresponding T-product of given positive fuzzy intervals.

In what follows, we show the application of this method only for the marginal
t-norms T, Tw. Recall that Ths is the strongest t-norm, and it is defined by
Tum(z,y) = min(x,y), ¢,y € [0,1]. The weakest t-norm Tw : [0,1]? — [0, 1] is given
by
min(z,y) if max(z,y)=1

Tw(z,y) = {

0 otherwise.

Following the ideas in [3], [6], we define the gquasi-inverse of a non-decreasing,
right continuous function A :]0, 1] —]0, 1] as the function

RY(s) = inf{t €]0,1]; h(t) > s}.
The quasi-inverse is a non-decreasing right continuous function and (A(-)(-1) = h.

H h is a bijection then A(~1) = A= | where h=1 is the inverse function of the function

h.

Note that though considered shapes are continuous, their quasi-inverses are in
general only right continuous functions.

Tw -products of positive fuszy intervals.

Proposition 1. Let 5, S2 be shapes. Then

S ® S = ma.x(Sl, Sz).
Tw

Proof. Any T-product of the shapes S;, S2 can be expressed in the form :

S1@ ()= sup T (s, (), S5 G)) , t €]0,1].

The drastic product Tw has zero values with the exception of the case when either
Si(u)=1or S2 (L) =1. Si(u)=1iffu=1and S; () = 1iff u = ¢, consequently,

S ? Sg(t) = ma.x(S'l(t), Sg(t))

Example 4. Let A, B be positive fuzzy intervals,

0 zE]O,'l-]
2 — 2 0,2 :
A= {27 TN i B = b1 selh ]
0 $E[2,00[ 3 3
2 z € [3, 00[.



Then A = (1,1, A,, A*), where A,(t) = 2t —t3, A*(t) = max(0,2 - &), t €]0,1]
and B = (2, 2, B,, B*), whereby B,(t) = max(0, (3t—1)) and B*(t) = ¢, t €]0, 1].
Applying Proposition 1, we obtain 4, 7;8 B, = A, and 4°* T@ B* = B*. This means

w w

that

33 ) 22— %22 z€)0,3
A@B=(-,-,4A.,B%),ie, 4 Q@ B(2)=
8F=(G3an) i, agBe)={ 7% TN

Tx-products of positive fuszy intervals.

Ta-products of shapes can be easily determined by their quasi-inverses.

Proposition 2. Let S, S; be shapes. Then

-1
(5'1 T?, Sz) = Sg_l).sg-l) . (9)

We omit the details of the proof.

Since (-1 : § » S(-1) is an involutive operation, (9) can be expressed in the
form -1)
(518 5) = (s¢D.s09) (10)
M

Example 8. Let A be a positive fuzzy interval given in Ex.1 and B be a positive
fuzsy interval with the membership function

B(z) = min(1, max(0,2 — |z — 3|)).

We determine the T-product of A and B .

By Ex.1, A = (2,3, P, Q) with P(t) = t and Q(t) = max(0,4— 2), ¢ €]0,1]. The
fuzzy interval B can be written in the form B = (2,4, R, S), where

0 t €]0,0.5]

R(t) = B.(t) = B(2t) = max(0,2t — 1) = { 2t—-1 te€fos,1]

and
4 4 0 te]o,0.8]
S(t):B‘(t):B(-E)=ma.x(0,5—?)={5_% te08,1]

Denote C = AT® B. Then C = (4,12,C,,C") and the shapes C,,C* can be
M

determined by (10). Since P(~)(s) = P~(s) = 5, R(-V)(s) = &L, for D{™ and
its quasi-inverse we obtain
2,

Ds-l)(s) = 2—2— , De(t) = —';' + %V 1+ 8¢, t€]0,1].
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Next,

QI(s) = 2~ and 5¢D(s) = s €)0,1].

5—8’
Therefore (D*)(~1)(s) = (4_-%:77’ and the quasi-inverse is given by

9 1 48
*(t) = —— - — | =
D*(t) max(0,2 5 1+t)

{ 0 t €]0, 0.6}

231+ % telos,1]
Applying (7), we obtain the resulting formula for the Tps-product D :
-3 +3Vi+2z z€)0,4]

D(z) = 1 z € [4,12]
T E-iVitEE zef12,20]
0 z € [20, oof.

The fuzzy intervals A, B considered in the previous example, are special types of
so-called L-R fuzzy intervals with linear shape functions I(z) = R(z)=1-=z, 2 €
[0,1] . In the same way as in Ex.5 we could derive the resulting formula for the Ty -
product of any positive L-R fugzy intervals and obtain the results which coincide
with the known results given in [1], [5], [7].

We only show the advantages of the presented method for multiplying positive
fuzzy intervals, namely, the possibility of multiplying positive L-R fuzzy intervals
with different shape functions L, R and fuzzy intervals with unbounded supports.

Example 6. Let A be a positive fuzzy interval given in Ex.3. We have shown
that A = (1,1, P, P), where P(t) = exp(1 — }), t €]0,1]. Let us denote A 1@ A=
M

(1,1,Q, Q). Since P(-1)(s) = P~1(s) = Tohg7 + # €10, 1], using (10), for the shape
Q, we obtain Q(t) = exp(1— ) , t €]0,1]. Therefore, by (7)

_ [ exp(1- 7)) z€01]
ATI% A=) = { exp(l—z) z€[1,00[

Example 7. Let A, B be positive fuzzy intervals ,

[ 5 z€o2] _[2z-2* z€lo1]
{3 teper PO {T7 18w

This means that

A=(2,2,P Q), where P(t) = Q(t) =t,t €)0,1]

and
B =(1,1,R,S), where R(t) = 2t — t?, S(t)=t, t €]0,1].
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Denote C = A 7@ B. Since P(-1(s) = s and R(-V(s) = 1 — /1 — 3, the problem
M

of determining C, becomes the problem of solving the equation s(1— /1 —3) =t.
It can be shown that the solution having all required properties is

8= g\ﬁg\/icoz (%arcsin (3\/5\/5) + 1) )

6

and therefore C,(t) is equal to the right hand side of the previous expression for
any t €]0,1].

Since Q(~1) §(-1(s) = 52 , we have C*(t) = /1,t €]0,1]. Applying (7), we obtain
the resulting formula for the Tar-product of A and B :

C(z) = { 725\/2008 (%arcsin (34(;@\/5) + .z.) z €]0,2]

7

z € [2, 00

4. CONCLUSIONS

We have presented a general method for multiplying positive fuzzy intervals. As
we have shown there is a one-to-one correspondence between positive fuzzy intervals
and their kernels and product shapes. The multiplying positive fuzzy intervals can
be reduced to the multiplying corresponding product shapes. Several examples are
illustrating possibility of using this method.
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