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Abstract

This paper proposes the theory of B-B fuzzy set which is the continuation of [1], [2].

In the study of O-B fuzzy set theory ( L.A.Zadeh fuzzy set theory ), due to the introduction of A-
cutset S, , there generate union-ordinary resolution theorem [3], intersection-ordinary resolution theorem
[4] of O-B fuzzy set. 7

[1], [2] propose B-B fuzzy set S. Due to the introduction of A-cutset S, , there generate union-

ordinary resolution theorem, intersection-ordinary resolution theorem of B-B fuzzy set §.

Naturally people propose such questions : B-B fuzzy set can be resolved into many ordinary sets
S, ; can B-B fuzzy set § be resolved into many fuzzy sets § ? This paper explains that B-B fuzzy

set S can be resolved into many fuzzy sets §*. (O-B fuzzy set 4 can also be resolved into many fuzzy

sets 4, which has not been studied in O-B fuzzy set theory )

This paper proposes the concept of a-imbedding set $* of S, a-imbedding theorem of §, o-

~

imbedding fuzzy resolution theorem of §.
Keywords : S set, a-imbedding set §*, a-imbedding theorem, a-imbedding union-fuzzy resolution

theorem, a-imbedding intersection-fuzzy resolution theorem, the relational theorem of o-imbedding
union-fuzzy resolution and a.-imbedding intersection-fuzzy resolution .

1. Introduction

People proved that O-B fuzzy set 4 could be resolved into many ordinary sets 4, (union-ordinary

resolution [3], intersection-ordinary resolution [4]) in O-B fuzzy set theory. [2] proved that B-B fuzzy set

S could be resolved into many ordinary sets S, (union-ordinary resolution, intersection-ordinary

resolution). The above successful study all has the aid of the concept of A-cutset.
In the concept of A-cutset, there hides a very important and useful concept which has not been found
and applied presently. This concept is said to be a-imbedding set §*of S in this paper. With the help of
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the concept of a-imbedding set N *, this paper proves that B-B fuzzy set S can be resolved into many
fuzzy sets S *, meanwhile, this paper also gives that O-B fuzzy set 4 can be resolved into many fuzzy
sets ,~4 *, which has not been studied presently.
In the study of B-B fuzzy control, people propose such a question: can B-B fuzzy set N be
resolved into many o-imbedding sets N *e HAX)? (B-B fuzzy control and its control reasoning, control

program, control algorithm will be studied in later thesises, which are omitted here); so we must make

clear if B-B fuzzy set § can be resolved into many fuzzy sets §® and some relational results.

When we review the present fuzzy control study, we can find that all the study is carried out on the
basis of O-B fuzzy set theory (L.A.Zadeh fuzzy set theory). In fact, these fuzzy control study is a integer-
semi regional fuzzy control. The control program and algorithm provided by the integer-semi regional
fuzzy control are elementary, and the fuzzy control problems solved by integer-semi regional fuzzy
control are very limit, which are as limited as those problems solved in integer range. We come up against
difficulties when we continue to study the present integer-semi regional fuzzy control, just as people can

1 2
not express such conceptsas —, —,
2

z , --- ininteger range.
39
The above simple analysis is the background of the study of this paper.

Appointed in the following that §, §® are normal fuzzy sets in X ; Ix e X’ UX?®, st.

S =V S(x) » §°o= VS (x); Txo € X UX® st S(xo)=AS(x:), §%(x)=AS"(x).
For avoiding confusion, a, €[0, 1] and a, €[-1, 0] with |a,| = |a,| are both expressed by a. €[-1, 1].

2. o-Imbedding Set §°of §

Definition 2.1 Let S, be A-cutset of B-B fuzzy set N [1], for any a €[-1, 1], if |a|<|A|, then é‘“ is

said to be a a-full imbedding set of S generated by S, :
s*: X - [1L1]
x > 8 *(x) (2.1)

N %(x) is said to be the imbedding fuzzy kiss function of x €X concerning S ¢, for simplicity is said
to be the fuzzy kiss ﬁlnqtion ; for given x,eX, S *(x,) is said to be the fuzzy kiss measure of x,
concerning §°‘.

The number « is said to be the imbedding measure of S * concerning S, -1<a<l.

From definition 2.1 we get
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1°.3x,e Xt UX®, s.t.0<S%x,) =a=A, Ae(0, ).

2°.3x0eX UX®,st.0>5%x0) =0 =L, Ae(-1,0).

Definition 2.2 Let S, be A-cutset of B-B fuzzy set S, for any a €[-1, 1], if |ot|<|A|, then é“ is said
to be a a-lacking imbedding set.

Clearly, xe X* UX®, $*@) <A; xeX UX®,-5°()> -\

Theorem 2.1 Let §$* be a a-full imbedding set of B-B fuzzy set S, then there exist unique

~

xeX*UX®,xo € X" UX® which satisfy

| S%(x) | = | 8%(xo) |=|£1] (2.2)
xex Ux® xnex ux’

In fact, any a-imbedding set §*is a normal fuzzy set ; Clearly there exists x, € X* [UX° so that
S°G)= VS (x)=A
there exists xp € X~ UX° so that
S "(x0)=/AS* (x:)= -
Theorem 2.2 There exist many a-imbedding sets § * in B-B fuzzy set § so that the relation of

S % and § satisfies

]

1°. s*, s, §'es(x UX")

3%
£
i

-
]
—

E]

2°.

1
2

=85, §™, §'e.¢(X‘UX°) (2.3)

~

~
]
—

Here, s is up-branch set of §, S is down-branch setof §.

Corollary There exist many o-imbedding sets 4 “ in O-B fuzzy set 4 so that the relation of 4 *

and /4 satisfies

U 4= 4 @4
a, Eb, 1]
Theorem 2.2 and its corollary are direct results, which proof are omitted.

Theorem 2.3 §“is a unique a-full imbedding set of B-B fuzzy set § if and only if the imbedding
measure o. of § * satisfies

a=|+l| 2.5
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3. a-Imbedding Union-Fuzzy Resolution of S

Theorem 3.1 Let §°be the a-full imbedding setof §,ae[-1,1]; then

s= U as® (3.1

Proof : For any x €X, we only need prove (where X=X*U X UX°)
S@=( U as*)x)
~ adg-1,1] ~

1°. Letae[0,1],foranyxe X* UX°, ( e%(JHIOL,S"‘)(x)= M}[o/”(a/\g"(x))= ae\(o/l](ylg“(x)Sa)

= _V si®=D=_V (s®21)=5x)

Vh<a g0,1] Vi< €0,1]
hence s= U ag® (3.2)
~ ad01] ~

2°. Letag[-1,0],foranyxe X UX°,( U as®)®= V @AS*®)= V (JS$*®)2a)
ad-1,0] ~ ad-1,0] ~ ad-1,0] o

=V Os®=-D=_V (IS®<N=5k)

VA>a €-1,0] Vi>a e-1,0]
hence s= U as® (3.3)
~ af-1,0] ~

Due to (3.2), (3.3) we have
S= U ag® (3.4)
~ ad-1,1] ~

Here we point out that

1. (2.5)of [2] gave
§s= U ass (3.5)
~ ag-1,1]

In (3.5) a S5 € #(X), so (3.5) expresses the relation of fuzzy set § and ordinary set a. $¢. In (3.4)
a §* e #(X), so (3.4) expresses the relation of fuzzy set § and fuzzy set o § .
2. (3.4), (3.5) are both union-resolution forms of fuzzy set §, which are very similar in form. In

fact, (3.4), (3.5) express two different concepts without any relation. (3.5) is the fuzzy-ordinary union-
resolution of §, and it expresses that fuzzy set § can be composed of the union of a string of ordinary
sets a S5 ; (3.4) is the fuzzy-fuzzy union-resolution of §, and it expresses that fuzzy set S can be
composed of the union of a string of fuzzy sets o § © .

Due to theorem 3.1 we can get

Theorem 3.2 Let é“ be the a-lacking imbedding set of §,a€[-1,1]; then

s= U aS® (3.6)

ad-1,1] ~

The proof is similar to that of theorem 3.1, which is omitted here.
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Theorem 3.3 Let S°be the a-imbedding setof §, §*e F(X); Let
H®: [[,1]- #FX)

o - H%o)

satisfy S*c H*(a)cS*®, for any a €[-1, 1], then

S= U aH%w 3.7

~ ad-1,1] ~

Proof: 1°.Letael-1,0]and é“g]{"‘(a)gs“,thenaé“ga]—[“(a)c_:ag“; therefore,

§= dL_Jm]ag“g U ag%w)c U as®=S

ag-1,0] ~ ad-1,0) ~ ~
ie. s= U aH%w) (3.8)
~  ad-1,00] ~

2° .Letae[b, 1] and é“gH“(oc);S“, then aS*caH()cas®; therefore,

§= U aS*c U aH)c U ag®=g

ago,1l] ado,l1] ~ ad0,1] ~ ~
ie. S= U aH%o) 3.9
~ a€0,1] ~

s= U aH%@) (3.10)

From theorem 3.1, 3.2, 3.3, we get directly
Theorem 3.4 Let S$°be a-imbedding setof §, §*eF(X); ifa,<a,,q,,a,e[-1,1],then

H%(a,) © H%oy) (3.11)
Theorem 3.5 Let §*be a-imbedding setof §, S*eFX), a€[-1, 1], then

~

1°, s*c N HYa) (3.12)

a <a

2°. s*2 U g%aj (3.13)

o <o

Here we point out that :
if [-1, 1] turns into [0, 1], B-B fuzzy set § of this paper degenerates into O-B fuzzy set 4, and

theorem 3,1, 3.2, 3.3, 3.4, 3.5 degenerate into a-union fuzzy resolutions of L.A.Zadeh fuzzy set theory,
theorem 3,1, 3.2, 3.3 turn into three a-imbedding union-fuzzy resolution theorems of L.A.Zadeh fuzzy set
theory, i.e.
Theorem 3.6 Let 4°be a-full imbedding set of 4, o €[0,1]; then
4= U ag® (.14

ad0,1] ~
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Theorem 3.7 Let 4®be a-lacking imbedding set of 4,a€[0,1]; then

4= U a4® (3.15)
~ o €0,1] ~
Theorem 3.8 Let 4®be a-imbedding setof 4, a€[0, 1],
H®: [0,1]- F(X)

o > H*o)
satisfy 4°c H*(@)c 4°,then

A= U aH%w) (3.16)

~ ad0l] ~

4. a-Imbedding Intersection-Fuzzy Resolution of §

Definition 4.1 Let §° be a-imbedding of S, a€[-1, 1]; provided that a § * € #(X), fuzzy kiss

~

functionof a § ¢ is

(aé‘“ )x) = ocV§°‘(x) 4.1
Theorem 4.1 Let §°be a-full imbedding setof §,a€[-1,1]; then

§= N as® 4.2)
Proof: 1°. Letae[0,1], VxeX*UX®, (N as)®)= A (@S)®)= A (aV§*x)
ad0,1] ~ ad0,1] = ~ ado,1] 2
= aéo\’,] S = AN {Nsx=1 }=%</%]x{y|§’°‘(x)2?»}= S (x)

hence S=N as*" 4.3)
~  ado0,lj

~

2°. Letae[-1,0], VxeXx UX°,( N as9®)= A @SH®)= A (@VS*X)
ad-1,0]  ~ ad-1,0] " ~ ad-1,0] ~

= A ST= A DISS®=-1}=_A ) $°@r}= SE)

ad-1,0] ~
Yao,VA
hence ' S= N as® 4.4)
~ ad-1,0] ~
Due to (4.3), (4.4) we get (4.2):
s= N as* 4.5)
~ ad-1,1] ~
Here we point out :
(3.2) of [2] gave
§ = o S‘i (46)
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(4.6) is fuzzy-ordinary intersection resolution of S, which expresses that fuzzy set § can be

composed of the intersection of a string of ordinary sets o S5 ; (4.4) is fuzzy-fuzzy intersection resolution
of §, which expresses that fuzzy set § can be composed of the intersection of a string of fuzzy sets o § °.

Though (4.4) is similar to (3.2) of [2] in form, (4.4) is essentially different from (3.2) of [2].
From theorem 4.1 we get

Theorem 4.2  Let é“ be a-lacking imbedding set of §,a€[-1,1]; then

S= N aS*® 4.7)

ad-L1] ~
The proof of theorem 4.2 is similar to that of theorem 4.1, which is omitted.

Theorem 4.3 Let S°be a-imbedding setof §,ae[-1,1]; Let

~

H*: [11]1> FX)

a — H%w)

satisfy a €[-1, 1], é“ cH%(a)c S, then

S= N aHY®) (4.8)
Proof: 1°.Leta €[-1, 0], S*c H%a)cS*, then aé“g o H*o) co §°, therefore, §=

N aS’“g N aHYw)c 1 as®=s

ad-1,00 ~  ad-1,0] ~ ad-1,0) ~ ~
ie. S= N oaHYw) 4.9)
. ~ oafg-1,00 ~

2°. Let a €[0, 1], §°‘g H*(o) ;Sa,thenaé“g o H%o) ca s % therefore, §= [ aé‘“

~ ado,l]

c l aHY s N ag®=s

ado] ~ ado,1]  ~
le. S= N aH%w) (4.10)
~ ad0,1] ~
Due to (4.9), (4.10), we get (4.8):
S= N aH%w) (4.11)
~ ad-11] ~

From theorem 4.1, 4.2, we get directly
Theorem 4.4 Let §®be a-imbedding setof §,Q=[-a’, a']<[-1, 1], then

s=Nas® (4.12)
~ aeQ ~

Here we point out
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if [-1, 1] turns into [0,' 1], B-B fuzzy set § of this paper degenerates into O-B fuzzy set 4; theorem

4.1, 42, 4.3, 44 degenerate into a-intersection fuzzy resolutions of L.A.Zadeh fuzzy set theory ;
theorem 4.1, 4.2, 4.3 are three a-imbedding intersection fuzzy resolution theorems of L.A.Zadeh fuzzy set
theory, i.e.

Theorem 4.5 Let 4°* be a-full imbedding setof 4, a€[0,1]; then

A= a4g® (4.13)

~ adq01] ~

Theorem 4.6  Let ;g“ be a-lacking imbedding set of 4, a€[0, 1]; then
A= N a4 (4.14)
~ ad01]

Theorem 4.7 Let "4 * be a-imbedding set of 4, a€[0, 1], and
g“ : [0,1]-> FX)

o — H%w)
satisfy 21“ CH*(a)c 4% then

A= N o H*@) 4.15)

ad0,1] ~

5. Relations of a-Imbedding Union-Fuzzy Resolution — o-Imbedding Intersection-Fuzzy Resolution

Theorem 5.1 Let U aS®, (1 agS*bea-imbedding union-fuzzy resolution, a-imbedding

ad-1,1] ~ ad-1,1] ~

intersection-fuzzy resolution of §, respectively, then for any a €[-1, 1],

U as*= N as® 5.1

ad-11] ~  ad-11] ~

Its proof can be gotten directly by (3.1), (4.2), which is omitted.

Theorem 5.2 Let U a.g"’ , N aé’“ be a-imbedding union-fuzzy resolution, a-imbedding

ad-1,1] ~ ad-1,11 ~
intersection-fuzzy resolution of §, respectively, then Vae[-1, 1],
U as*= N aS* (5.2)
ag-1,1] ~ ad-1,1] ™~
Its proof can be gotten directly by (3.6), (4.7), which is omitted.
Theorem 53 Let U oH%a), [ oH%a) be a-imbedding union-fuzzy resolution, a-
]~

ad-1,1] ~ ad-1,

imbedding intersection-fuzzy resolution of §, respectively ; then for any a €[-1, 1],

U aH%a) =adq I]a [-1°‘(0L) 3.3)

adg-1,1] ~
Its proof can be gotten directly by (3.7), (4.8), which is omitted.

Due to above results, we get three relational theorems of a-imbedding union-fuzzy resolution and -
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imbedding intersection-fuzzy resolution in L.A.Zadeh fuzzy set theory.

Theorem 54 Let U a4®*, () a4® be a-imbedding union-fuzzy resolution of 4, a-
ae0,1] ~ ad0,1] ~ ~

imbedding intersection-fuzzy resolution of 4, respectively; then for any a €[0, 1],

U ag*= N a4g”® 54

adq0,l] ~ adg0,i] ~

Its proof can be gotten directly by (3.14), (4.13), which is omitted.

Theorem 5.5 Let U oc:4“ , N a;la be a-imbedding union-fuzzy resolution of 4, o-

ad0,1] ~ ad0,1] ~
imbedding intersection-fuzzy resolution of 4, respectively ; then for any a’€[0, 1],
U ad®*= N ad® (5.5)
ad0,l] ~ ado,] "~
Its proof can be gotten directly by (3.15), (4.14), which is omitted.
Theorem 5.6 Let U aH%0a), [ oH%o) be a-imbedding union-fuzzy resolution of 4,
ag0,1] ~ ~

a€0,1] ~

a-imbedding intersection-fuzzy resolution of 4, respectively ; then for any o €[0, 1],

U a H“(oc)=mg ' ag“(a) (5.6)

o €0,1] ~
Its proof can be gotten directly by (3.16), (4.15), which is omitted.
Due to the analysis of 3, 4, § of this paper, we get fbllowing propositions :
Proposition 1 There exist dual, equal fuzzy resolution forms in B-B fuzzy set §: a-imbedding

l

union-fuzzy resolution of §, a-imbedding intersection-fuzzy resolution of §.

Proposition 2 There exist dual, equal fuzzy resolution forms in O-B fuzzy set 4: o-imbedding

l

union-fuzzy resolution of 4, a-imbedding intersection-fuzzy resolution of 4.

Proposition 3 Dual equal resolution forms of B-B fuzzy set S degenerate into correspénding dual,

equal resolution forms of O-B fuzzy set 4 under certain conditions.
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