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Abstract

This paper proposes B-B fuzzy set theory which is the continuation of [1].
This paper proposes union-ordinary resolution theorem, intersection-ordinary resolution theorem of

B-B fuzzy set § which establish contact between B-B fuzzy set § and ordinary set Sx.}Thesc results get

ready for B-B fuzzy logic, B-B fuzzy reasoning in theory.
This paper points out that

1° . There exists union-ordinary resolution form §= |J AS, and intersection -ordinary resolution
~ Ad-11]

form §= [\ AS, at the same time in B-B fuzzy set §, which give the important theoretic basis for B-B
~  ad-1,1] ~

fuzzy logic and B-B fuzzy reasoning,.

2° . Union-ordinary resolution theorem, intersection-ordinary resolution theorem of O-B fuzzy

set 4 (L.A. Zadeh Fuzzy Set 4 ) are the special form of those of B-B fuzzy set §.

~

Keywords : B-B fuzzy set, Union-ordinary resolution theorgm, Intersection-ordinary resolution
theorem. |
1. Introduction
Applying resolution method [3, 4], fuzzy set 4 can be expressed by ordinary set 4, in O-B fuzzy
set 4 ( L.A.Zadeh fuzzy set 4 ), which establish contact between fuzzy set 4 and ordinary set 4, . This
is a larger success in the study of O-B fuzzy set 4, and the study of O-B fuzzy set theory gets deep

development .

Paper [1] proposes B-B fuzzy set §, then people propose such questions naturally : Can fuzzy set
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S be expressed by ordinary set S, ? Can fuzzy set § make the resolution of S, ?

Due to above questions, this paper proposes union-ordinary resolution theorem, intersection-

resolution theorem of B-B fuzzy set §, which give following answers : There exist resolution
relations between B-B fuzzy set § and ordinary set S, , or we say, B-B fuzzy set S can be expressed by

ordinary set S,; union-ordinary resolution theorem, intersection-ordinary resolution theorem establish

contact between B-B fuzzy set § and ordinary set S, .

The results given in this paper make clear : union-ordinary resolution theorem, intersection-

ordinary resolution theorem of O-B fuzzy set 4 are the special forms of those of B-B fuzzy set §.

Under certain conditions, union-ordinary resolution theorem, intersection-ordinary resolution theorem of

B-B fuzzy set § can be simplified into those of O-B fuzzy set 4.

Appointed that signs and definitions in this paper without explanations can be found in [1]; Xisa

finite universe, #(X) is the set of B-B fuzzy set §,and §(x)is a»fuzzy kiss function of x concerning § .
B-B fuzzy set § is the normal fuzzy set. For simplification and not arising confusion, VA, [ 0, 1],

VA e[-1,0]and | A,|=|A,, it is denoted by A €[ -1, 1].
2. Union-ordinary resolution theorem of B-B fuzzy set -
Definition 2.1 Let §; € #(X) be A-cutset of SeF X in X*UX°cX, S{v(ﬁc) is said to be the
characteristic function of x‘ concerning S;cX*UX®,and:

1, xeSi cx*Ux°
S5(x) ={ * 2.1)

0, xesicX'UX®
Definition 2.2 Let §; €2 (X) be A-cutsetof §eF(X)in X UX° c X, §5(x)is said to be the

characteristic function of x concerning S; X UX°, and :

) -1, xes; X UX°
Si(x) = 2.2)

0, xeS, cx UX°
Definition 2.3 Let SeFX), A€ [-'1, 1]; Provided that A § € #(X), the fuzzy kiss function A § is

defined as -

(A$)®) =M S () 23)
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If Se#(X), then

(AS)(x) = AN\S(x) 24)

where S is a ordinary set, #(X) is the set of S, S(x) is the characteristic function of x concerning S.

From definition 2.3 of this paper and definition 3.1 of [1], let A,, A, €[-1, 1], we get :
1. 1°.given §eFX),if A,<Ay; A, A€[0,1]; then

}‘-1§§7‘7§

2°.given § €F(X),ifA<hy; Ay, A,€[1,0]; then
Xlgg ng
2. given S, I~(€9'(X), rel-1, 1], ScK:
LK
Theorem 2.1  Let SeF (X) be the B-B fuzzy setin X, S, the A-cutset of Se F(X), S, e P(X),
then :

S= U AS, | (2.5)
~ ad-L1] ~

Proof: 1°.LetAg[-1,0], forany xe X UX°, from definition 2.3 of this paper and definition 3.1,
3.3 of [1], we get :
(U ]KSA)(x) = Vv (AN SE)

Ag-1,0 rd-1,0]

(Vv AASEMV( v (AAS D)
re-18G) Ae5(2), 01

V AASE)= v A=8SE)
Ael-18()) Ad-1.5(x)] ~

SO : §= U AS : (2.6)

Ad-1,0]

2°. Let\e[0, 1], for any xe X* UX°, similar to 1° or see [3], we get
SO : - 8= U AS; 2.7

-~ re0,1]
For A e[-1,1],from1°,2°, we get :

s= U S, | 2.8)

~  Xeg-1,1]
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Theorem 2.2  Let§ € #(X) be the B-B fuzzy set in X, S» the A-strong cutset of SeF X, S§ €
P(X), then

s= U ASx Q.9)
S~ ad-1,1] e

Proof ; It is similar to that of theorem of 2.1, so it is omitted.

Theorem 2.3 Let § e %(X) be the B-B fuzzy set in X, and

H: [-,1] » 22X
A - H(N
satisfies Ae[-1,1],Sxc HA) < S,

then S= U AHQ) (2.10)
: ~  Ad-1,1] o

Proof: 1°.LetAe[-1, 0] , from definition 3.5 of [1], we get Sac H(A) = S, , ASa < AH(A) < AS,

SO : S= U ASic U MHMc U AS,= §
~ rg-1,0] ref-1, 0}

Ad-1,0] .

~

ie. s= U AHQ) 2.11)

Ad-1, 0]

2° . Let Ae[0, 1], from definition 3.5 of [1], we get Sic HA) < S, , ASa c AH(A) < AS,

50 : S= U ASic U AHM)c U AS,= §
~  re0,1] * A€0,1] A€0,1] ~
ie. s= U AH®) @1
~  ado,1] .

For Ae[-1, 1], from (2.11), (2.12), we get |
S= U AH®) (2.13)

~ Ad-1,1]
Due to theorem 2.1, 2.2, 2.3, we get easily :
Theorem 2.4 Let § e %(X) be B-B fuzzy set,

1°.0f A <Ay A, M€[0, 1], then
H(L) 2 HOL) @214
2°.if A <Ay Ay, A€[-1, 0], then
H(,) 2 H(A) ‘ (2.15)
Proof: 1°.ifforA;,A,€[0,1]and A, <A, , we have
HA)2Sn2HA) 25,

then we get : H(,)) 2 H(A,) (2.16)
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2° iffor A, , A€ [-1, 0] and A, <A, , we have
H(;) 2 §,, 2 HA) 25,

then we get : H(A,) o H) 2.17)
Theorem 2.5 Let S e #(X) be B-B fuzzy set, we have :

1°.if Ae(0, 1), then

S,= N H@), A=0 | (2.18)
Si= U H@), A=l (2.19)

2°.if Ae(-1,0),then

S,= N H@), A#0 (2.20)
Si= U H@), A=-1 2.21)

Proof: 1°.ForAe(0, 1), forany o <A, H(a)2S.238, , so we get :

N H(e@) 2,
<A
Due to NH@c N S,=S(v a)=S
<A a<A <A
we get : S,= N H(w) (2.22)
a<h : .

For Ae(0, 1), for any o > A, similar to above, we get :

Sr = U H(o) ' (2.23)

. a>h

2° . For Ae(-1,0), forany A <a, S, € Sa c H(at), so we get ;

N H() 2 S,
A<a
Due to ﬂH(OL)gﬂSm=S(,\0L)=SA
A<a A<a A<a
we get : S, =N H(w) _ (2.24)

A<a
For Le(-1, 0), for any o < A, similar to above, we get

$»=U H(a) g (2.25)

<A

Here we point out :

1°.B-B fuzzy set S can be expressed by the union of ordinary set S,e®PX): s= U AS, ;

~ ad-1,1]
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Can B-B fuzzy set § be expressed by the intersection of ordinary set S, e #(X): §= N AS, ? If

~  ad-1,1]

there exists §= [\ AS,, then the two dual, supplementary forms bring great convenience for B-B fuzzy

~ Ad-1,1]

logic and B-B fuzzy reasoning theory.

2° . A simple fact accepted by all people explains why we want to find intersection-resolution forms

of B-B fuzzy set §: many algebraic characters of the subsystem of an algebraic system are broken by

union-operation, but they are conserved by intersection-operation. For example : the union of two
subspaces is not necessarily so a subspace, the union of two subgroups is not necessarily so a subgroup,;

On the contrary, the intersection of two subspace must be a subspace, the intersection of two subgroup

must be a subgroup.

We carry these simple facts a step forward : there exist similar problems in B-B fuzzy logic and B-
B fuzzy reasoning. So the intersection-ordinary resolution form of B-B fuzzy set § is very important, and

B-B fuzzy logic, B-B fuzzy reaséning will be discussed in later thesises.

3. Intersection -ordinary theorem of B-B fuzzy set
Definition 3.1 Let SeF (X) be the B-B fuzzy setin X, Ae[-1, 1]; Provided that A § € #(X), the

fuzzy kiss function of A § is defined as :

(X,g)(x)=lv,§(x) 3.1)
Theorem 3.1 Let S e % (X) be the B-B fuzzy set in X, then
§S= N AS, (3.2)

rd-1,1]
Theorem 3.2 Let § e #(X) be the B-B fuzzy set in X, then

4%

= N AS: (3.3)

rAd-1,1] i
In the following, we only give the proof of theorem 3.2 and that of theorem 3.1 is omitted.
Proof: 1°.LetAe[0,1], VxeX*UX°

(N AS)®= A (AS)D) = A (AV S:()
A0, 1] ¢ A€0. 1] ¢ A€o0, 1] *

=C A AV S1ONA(C A (AV Sa(®))

A0, 5(x)] Ae[S(x),1]
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= A (AWSE@)= A A=S®

Ae[S(x),1} * AeS(x),1} ~
SO : S= N ASx
~ Ad0,1] .

2°.Let Aeg[-1, 0], forany xe X- UX°, similarto 1° or see [4], we get
S= N ASa

~  ad-l,0] .

For A €[-1, 1], due to (3.4), (3.5), we get
S= N ASx

~ . Ad-1,1]

Theorem 3.3 Let S € F(X)be the B-B fuzzy setin X, and

H: [-1,1] 5> £X)
A —>H®)
satisfies : Ael-1,1], SaicH®Q)cS,,then

s=, 1 AH®})
Proof : From definition 3.4, 3.5 of [1], we get :
1°. Let Ae[-1,0], SacHQA)CS,, ASrcAHQ)CAS,

SO N ASric N KH(?L)C ﬂ XS
Ae-1,0] . rd-1,0]

Due to theorem 3.1, 3.2, we get :

S= N ?»SD ﬂ XH(L)D N ASi= =S

~  ad-1,0] Ad-1,00 e

1.e. S = N AHQ)

2°.Let Ae[0;1], SicHMA)CS,, ASicAH(A)CAS,

SO : N ASac N AHAM) < N AS,

r40,1] . A€0,1} r€0,1]

Due to theorem 3.1, 3.2, we get :

S=N ASrc N AHAM) g N AS,=S
10,1] ~

~ Adg0,1] . A€0,1]

Le. S = AH®M)

~  Ad0,1}

For Ae€l-1, 1], from (3.8), (3.9), we get

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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S= N AHQ) (3.10)
~ ad-11]
From theorem 3.1, 3.2, we get directly :
Theorem 3.4 Let § € #(X)be the B-B fuzzy setinX, §(X)c Qc[-1,1], SX)={S(®)|xeX},
then
S= NASx (3.11)
~ reQ

Proof: From definition 3.4, 3.5 of [1] and definition 2.1, 2.2, 2.3 of this paper ; Q' c [0, 1],
0"cl-1,0Land 0=0" UQ

1°.Let AeQ ,foranyxe X' UX®,we have
(N, ASa )(x)=((S(Qﬂwf)ﬂ(s(gﬂmf))(x)

reQ

=), M00) A (N, AS3)@)

=(N, OVS@DA (N, VS
=§({)\g}‘ = §(x)

SO : S =11 ASx (3.12)
~ XEQ' [

2°.Let Ae Q",foranyxe X UX?, similarto 1°, we get

S=N AS» (3.13)
~ leQ" . » v |

For Ae Q=0 UQ ,from(3.12), (3.13), we get
S= NAS: (3.14)
~ reQ

Here we point out :

1°. The second part of this paper gives three union-ordinary resolution theorems and some

relational of B-B fuzzy set §. When A€[-1, 1] turns into Ae[0, 1] (or X = ), union-ordinary resolution

forms of B-B set § turn into those of O-B fuzzy set 4 given in [3].

2° . The third part of this paper gives three intersection-ordinary resolution theorems and some

relational results of B-B fuzzy set .§. When A €[-1, 1] turns into A €[0,1] (or X =& ), intersection-
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ordinary resolution forms of B-B fuzzy set § turn into those of O-B fuzzy set 4 given in [4].

3° . Union-ordinary resolution forms, intersection-ordinary resolution forms of B-B fuzzy set §

constitute B-B fuzzy dual, supplementary ordinary resolution system.

From the above discussion of 2, 3, we give without proof :

4. Relational theorem of union-ordinary resolution and intersection-ordinary resolution of B-B

fuzzy set

Theorem 4.1 Let U AS,, N AS, be union-ordinary resolution, intersection-ordinary
Aef-1, 1] rel-1,1]

resolution of S, respectively ; for any A, then

U AS,= N AS, 4.1

re-1, 1] rd-1, 1]

where S, is the A-cutset of §,A€[-1, 1], S, e #X), § € FX).

Theorem 4.2 Let. U AS,, (N AS, be union-ordinary resolution, intersection-ordinary
re[-1, 1) . rd-1, 1] .

resolution of §, respectively ; for any A, then

AS,i= N AS: | (4.2)

re[-1, 1] * A~ 1] .

where §, is the A-strong cutset of §,Ae[-1,1], S, ePX), SeFX).

Theorem 4.3 Let U AHQA) , N AH(A) be union-ordinary resolution, intersection-
ref-1,1] re-1,1]

ordinary resolution of S, respectively ; for any A, then

U AHQ)= N AH®) . 4.3)
rd-1,1] Ad-1,1]

where H(R) is the A-cutset of §, A €[-1, 1], HA) e P(X), § € F(X).If B-B fuzzy set § degenerates into
O-B fuzzy set 4, then theorem 4.1, 4.2, 4.3 degenerate into relational theorems of union-ordinary
resolution and intersection-ordinary resolution of L.A.Zadeh fuzzy set ; Ae[-1,1] degenerates into

Ae[0,1], X=xX*U X" UX° degenerates into X=X*UX", i.e.

Theorem 44 Let U A4, , [ A4, be union-ordinary résblution, intersection-ordinary
Ael0, 1] A€o, 1] '

resolution of 4, respectively ; for any A, then

U M,= N M, 4.4

Aref0, 1] Ael0, 1}
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where 4 is L.A. Zadeh fuzzy set, 4, is A-cutset of 4.

Theorem 4.5 Let U A4, , (1 A4, be union-ordinary resolution, intersection-ordinary
" A g0, 1] . ref0, 1] .

resolution of 4, respectively ; for any A, then

U Xdi= N Ay (4.5)

A€0, 1] v ado, 1] .

where 4 is L.A. Zadeh fuzzy set, 4, is the A-strong cutset of 4.

Theorem 4.6 Let U AH(A), 1 AH(A) be union-ordinary resolution, intersection-ordinary
A€f0, 1]

A €0, 1]

resolution of 4, respectively ; for any A, then

U AH®= | M) - (4.6)

A€o, 1]

where 4 is L.A. Zadeh fuzzy set, H(A) is A-cutset of 4.

Clearly, theorem 4.4, 4.5, 4.6 are direct corollaries of theorem 4.1, 4.2, 4.3 ;  in fact, theorem 4.4,
4.5, 4.6 can be gotten directly by [3], [4].
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