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Abstract
This paper proposes the theory of B-B fuzzy set § ( Both-Branch fuzzy set ).

B-B fuzzy set § is the following concept : the relation §(x) of any x €X and B-B fuzzy set §
defined in X satisfies §(x)€[-1, 1]. §(x) is said to be the fuzzy kiss function of element x concerning

B-B fuzzy set §.Foragivenx,eX, §(x,)is said to be the fuzzy kiss measure of B-B fuzzy set §.

~

In 1965, outstanding scholar L.A. Zadeh extended the relation of element x X and general set

A € #(X) defined in universe X from x‘;) €{0, 1} to p(j) €[0, 1], where x(j) is a characteristic function,

and p'P is a membership function ; due to this L.A. Zadeh proposed fuzzy set and its general theory
which is a creative and outstanding academic contribution. | .
In the fuzzy set 4 proposed by L.A.Zadeh, the relation p(;) ofxeXand /4 isdefinedin [0, 1], i.e.

the relation u(j) of all x in X and 4 takes positives values. There exist such facts in engineering

decisions : u(;") €(0,1], p(Af’" ) e [-1,0), u(A"*’ =0, where x; , x; , x, are some elements in X. The element

x;€ X is very important in fuzzy decisions and fuzzy control, and we can’t discard it.

Due to above facts, this paper proposes B-B fuzzy set §. The fuzzy set 4 proposed by L.A. Zadeh
is said to be O-B fuzzy set ( one-branch fuzzy set ) in this paper.

Keywords : B-B fuzzy set, Fuzzy kiss function, Character theorem of B-B fuzzy set.

1. Introduction

In 1965, L.A. Zadeh proposed fuzzy set theory, which is said to be O-B fuzzy set ( one-branch fuzzy
set) in this paper and which has been studied by many scholars of fuzzy set theory and application in
thirty years in the world. Many outstanding results have been published. In these academic results, all

sholars comply with such a rule : ~ let X be a universe, 4 a fuzzy set defined in X, the relation of any
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x,eX and 4 satisfies mapping :
p: X - [0,1]
x > Y (1.1)

There exists a common fact in fuzzy decisions of many systems such as : industrial engineering,
economy, traffic, medical treatment, environmental protection, earthquake, water conservancy,
meteorology. The fact is that let X be a universe, and § (x)) €(0, 1], S (x) €[-1, 0), S (x,) =0, where x;, x;,

x, are some elements of X, and § (x) is the relation of xeX and §. This is mapping :
S: X -» [-L1]
x > S (1.2)

Due to above analysis, we give such a universe X : X is composed of X*, X ,X°, and

X=x"Ux UX° (1.3)
Here for any x € X*, §(x) satisfiesin X*

12 §(x)>0 (1.4)
forany x e X, N (x) satisfies in X~
0>§(x)2-1 (1.5)
forany xeX°, S (x) satisfies in X °
Sx)=0 (1.6)
So we continue to study the fuzzy set proposed by L.A. Zadeh, in which p‘? satisfies u e[o, 1].

Clearly X defined in fuzzy set theory of L.A. Zadeh can be treated as X* of this paper.

In fact, for any x;e X*, X < X, -1<§ (x;)<0 plays an important role in fuzzy decisions, fuzzy
control which can’t be neglected.

This paper proposes the concept of B-B fuzzy set §, and studies its general problems which come
from following fuzzy decisive problems.

Let X be a set of all factors which have relations with “ beneficial trend ” Q in fuzzy evaluation and

fuzzy decision system of “beneficial trend ” ( “ beneficial trend” takes profit increasing or decreasing as
its object of evaluation generally, and it is also a fuzzy concept ). X = { x,, x,, ..., x, }. The relation factor
xeXand Q is denoted by fuzzy kiss function Q(x). Some factors x, in X take positive effect on the rise

of O, the degree of which can be expressed by fuzzy kiss measure Q( x,)e(0, 1] of fuzzy kiss

function ; some factors x; take reverse effect on the rise of Q, the degree of which can be expressed by
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fuzzy kiss measure Q(x;) €[-1, 0 ) of fuzzy kiss function ; other factors x, take “ neutral > effect on the
rise of @, the degree of which can be expressed by fuzzy kiss measure Q( x, ) = 0 of fuzzy kiss function.

There exist above facts in all engineering decisive systems, even in the disease diagnosing, disease
treating.

In fact , the first thing that our predecessors and we ourselves begin to do before they implement

decision Q( or draw up a control regulation) is: to take all factors x;€X that have relations with
decision @ and have positive, reverse comparison with Q many times. If “ positive decision trend ” is

larger than “ reverse decision trend ” (or the obtaining is more than the losing ), people implement this

decision ; if “ positive decision trend ” is less than “ reverse decision trend ” ( or the obtaining is less
than the losing ), people abandon this decision.
Here we point out that

1° . If we don’t consider the reverse effect on decision Q of factors x;in X = { x,, x,, ..., x, }(or

there doesn’t exist x;€X such that S(x)e[-1,0), or X =), Q(x) €[-1, 0 ) doesn’t exist. Then B-B

fuzzy set S proposed in this paper degenerates into O-B fuzzy set 4 ,ie. S=4.
2° . Generally, the relation of all factors x in X and decision Q doesn’t always satisfy Q(x) €[0, 1].

3° . Presently, none has introduced the relation 0 €[ -1, 0) into the study of fuzzy decision and

fuzzy control.
2.B-B Fuzzy Set §

Appointed that the following defined B-B fuzzy set refers to normal B-B fuzzy set, which for
simplicity is said to be B-B fuzzy set.

Definition 2.1 Let X be a universe, X*, X, X° are said to be up-universe, down-universe,
bound-universe, respectively, if

1°. for any x, € X*, the relation of x; and S satisfies

12 §(x)>0 @.1)
2° forany x;e X, the relation of x;and § satisfies

0> §(x)=-1 2.2)
3°.for any x, eX °, the relation of x, and S satisfies

S)=0 23)



From definition 2.1 we have :
1°. X=x*Ux ux’
2°. if X" =0, (1.3) turns into

X= x*Ux°® 2.4)
Here X of (2.4) turns into the universe of fuzzy set defined by L.A. Zadeh .
Definition 2.2 Given mapping

s: X - [-11]
x > S x) 2.5)
S (x) defines a B-B fuzzy set N in X, and S (x) is said to be fuzzy kiss function of x concerning S. For
given x, €X, N (x, ) is said to be fuzzy kiss measure of x, concerning S.
B-B fuzzy set N in finite universe X can be expressed by a fuzzy vector
s = (é‘ () /xy, N (x)/x,, N (e5)/ x5, N (x)/x,, N (x5)/xs5)

=(-06 -04 03 1 -02) (2.6)
Here X = {x,%,,%;,%,, %}, S eFX).

Both-branch fuzzy set § in infinite universe X can be expressed by
S =[x (§@)/x) @7
Proposition 2.1 Let S be B-B fuzzy set in X, then there exist x, , x; €X such that §(x,)=1,
S(x3)=-1; Onthe contrary it is also true.

Proposition 2.2 Let S beB-B fuzzy setin X, if X = and

X=x"UX° (2.8)
then B-B fuzzy set § degenerates into O-B fuzzy set 4(L.A. Zadeh fuzzy set), fuzzy kiss function § (x)

degenerates into fuzzy membership function u(j’) , l.e.
1°. S =4 2.9)
2°. foranyxeX, S(x)= p" ' (2.10)

Proposition 2.3 There exists X° = X* ) X in X, and for all xye X°, then
S (x)=0 (2.11)

Proposition 2.1, 2.2, 2.3 are clear facts which are omitted.
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The existence sense of bound-universe X° = X* | X~ of B-B fuzzy set § :

There always exists such x,€X in fuzzy decision (or in fuzzy control) that x,eX° cX offsets
positive decision relation § (x) €(0, 1] and reverse decision relation § €[-1, 0) into null, and the relation

ofx, and § satisfies §(x,) =0. Itis clear from graph 2.3 that these x, constitute X ° . In fact, bound-

universe X ° is the dividing point of § (x), and X° is also the turning point of fuzzy inference.

For the later study, we give the graph of B-B fuzzy kiss function § (x) in finite universe X.

1° . the graph of linear symmetric B-B fuzzy kiss function § (x) in finite universe X :

AS(x)

-1

Graph 2.1 Linear symmetric fuzzy kiss function § (x)in X

2° . the graph of linear nonsymmetric B-B fuzzy kiss function § (x) in finite universe X:

s
1 -

-1 -

Graph 2.2 Linear nonsymmetric fuzzy kiss function § (x)in X

The forms of linear symmetric fuzzy kiss function § (x) and linear nonsymmetric fuzzy kiss function

S (x) in real field 28 corresponding to graph 2.1, 2.2, respectively :

(x—a) or - ! (x-b)+1, x eX*
b-a c-b
S(x)=4 0 , xeX’ (2.12)
—x-1 or — ! (x-¢) , xeX™
La d-c
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lx , x €[0,d]
a
- (x-a)+1 , xe(a,b]
S = b;‘»‘ 2.13)
———(x-b) , xe(b,c]
c-b
\dl_c(x—c)—l , x €(c,d]

B-B fuzzy kiss function and its graph in X given here play an important role in engineering fuzzy
decision, engineering fuzzy control, especially linear B-B fuzzy kiss function. Due to limit of space and
theme, these questions will be studied in later thesises which are omitted here.

3. Character Theorem of B-B Fuzzy Set S

Appointed that in the following : X is a finite universe, #(X) is the set of B-B fuzzy set § in X.
Definition 3.1 [ is said to be the subset of B-B fuzzy set § in X and denoted by K< §, if fuzzy

kiss measure of all x eX concerning K, S satisfies
K®<SE BNER)
Due to different places of x in X, (3.1) can turn into one of (3.2), (3.3), (3.4):
1° . Forany x,€ X* X, K'cS" then:
K@) < 8 (x) 3.2)
2° . For any x;e X X, K cS then:
K (x) < S (x) (3.3)
Here, IN(* , §+ are B-B fuzzy sets of up-universe X*, respectively ; K, § are B-B fuzzy sets of
down-universe X, respectively ; ]S° , §° are B-B fuzzy sets of bound-universe X ° , respectively.

3° . Forany x, eX° cX, 15’°g,§° then :

K0 < §°(x) (3.4)
Definition 3.2 §° is said to be the supplementary set of B-B fuzzy set N in X, if fuzzy kiss
measure of x eX concerning N ¢ satisfies
ST@=%1 - §(x) (3.5)

From (3.5) we get :
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1°.if x,e X*, (3.5) tumns into
§°)=1-5(x) (3.6)

2°.if x;e X~, (3.5) turns into
§°(xj)= -1- §(xj) (3.7

-1
Graph 2.3 the graph of B-B fuzzyset §, §°; S is denoted by the solid line, §°¢ is denoted by the imaginary line
Definition 3.3 § UU-Q is said to be the union of B-B fuzzy set §, Q inX, if fuzzy kiss measures

of xeX concerning §, Q satisfy

(SUQ®= $6 VoW (3.8)

Due to different places in X of x, (3.8) can turn into one of (3.9), (3.10), (3.11):

1°.ifx,e X* X,

($*U @)®) =8"(w)V Q" (x;) (3.9)
2°.ifx,e X X,

(TUQ2)®) =5 )V 2 (x) (3.10)
3° . ifx eX® X, |

(5°U @°)x0 =8° @IV Q° (%) (3.11)

Definition 3.4 § N Q is said to be the intersection of B-B fuzzy set §, Q in X, if fuzzy kiss

measures of x eX concerning §, Q satisfy

(SNOW= S@AQX (3.12)
Definition 3.5 Let Le[-1, 1], S, , S» € #(X) are said to be A-cutset , A-strong cutset of SeF X),

respectively, where
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Si={xl, ls@l=xl} (3.13)
si={xl,ls@l>Ial} (3.14)
From (3.13), (3.14) we get A-cutset S5 , A-strong cutset S; of § in up-universe X* and A-cutset S; ,

A-strong cutset S; of § in down-universe X, respectively.
1°. si=&l, '@2r) si={x, s @>2)

2°. si=f&xl, @), si=xl, @<
here, §;, SicX' <X; §i, SicX <X

From definition 3.1 ~ 3.5 we get |
Theorem 3.1 Let § € #(X), then

sUs=s5. sns=5

~

~

Theorem 3.2 Let §, K € F(X), then
U

sUK=KUS, SNK= KNS

~ ~ ~

Theorem 3.3 Let S, K, g € #(X), then
sUKUg=sUkUQ), (SNKNQ2=sN(KkNQ)
Theorem 3.4 Let S, K € #(X), then
SNSUK)= 5. sUGSNKI= S
Theorem 3.5 Let S, K, geg(X), then
(SUKN2=(SNDUKNY): (SNKUQ=(sUNKUQ)
Theorem 3.6 Let N € #(X), then (§°)°= S
Theorem 3.7 Let S, K € F(X), then
(SUKYX=8°Nk°. (SNKF=S°Uk’
Theorem 3.8 Let N € #(X), and appointed that X*(x)=1, X (x)=- 1, DB(x)=0.
1.if X=X*UX?®, then
XNs=S. XUs=X, oNs=& GUs= S
2.if X=X UX?®,then
XNs=X XUs=2S, oNs=3S5. aUs=0

Theorem 3.9 Let S, K, Q€ (X), ScKX, then



15%

sU

NQ
In

kUQ, snNQc KNn¢

~ ~

Here we only give the proof of theorem 3.7, the proof of 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, 3.8, 3.9 are
omitted.

Proof of theorem 3.7 :
Proof: 1 . i Letx;eX*UX", from definition 3.2, 3.3, SUKYx)=1-SUK)x)=

(1 - SNAQ - K(x)= S @IAK )= (SUKF= 8 ng* DLetxeX UX", from
definition 3.2, 3.3, (SU K) () =-1 ~(SUK)x) = (1 - S(x) AC1-K(x)=8"(x) A
g“(xi):(é‘U K)X=35°MN Ifc' Due to i), ii) we get :
(sUKY=s"ng’
2° . The proof which is omitted is similar to that of 1°

In fact , we can get theorem 3.1 ~ 3.9 directly from B-B fuzzy kiss function given in graph 2.1.
Theorem 3.10 Let §, SPe#F(X),teT; then

sNEU s9=U(sns®), sUNs®=Nsus?)
where (0 $))= A 5@, (U s")@)= Vv SO )
In fact , theorem 3.10 is the generalized form of theorem 3.5.
Theorem 3.11 Let S, ISeg(X),ke[-l,l],then
(SUKR=8UK,, (SNEKKh=SNK, (SU IS)§=S§UK§ a(§ﬂlf)§ =S§ ﬂKf
Theorem 3.12 Let ,g(‘) eF(X),teT, e[-1,1]; then

(U 59), DU 50, (’Qvg(t))f’qsy), (,UT*E(O) U S(’) (N S(‘)) cﬂ S"’

teT ~ 1eT ~

Theorem 3.13 Let S eF(X),re[-1,1]; then S, cS,

Theorem 3.14 Let N eF(X), re[-1, 1]
Lif A, <A, 5 A, N, €[0, 1], then $,,28,; S,28,; S.,28,
2.if A <Xy 5 A, M€[-1,0Lthen S, 8, . S, 8,,; SMQS,\2

Theorem 3.15 Let S e $(X),teT, Le[-1, 1], then :DTS"' =S U S;w

(I\E/Txt) ’ teT (/\ 7\,;)

teT

Theorem 3.16 Let §, S°e g(X),Ae[-1,1]; then (S*)=(S...) 35 (8§°),=(Sua)

Here we only give the proof of theorem 3.15, 3.16, the proof of 3.10, 3.11, 3.12, 3.13, 3.14 are
omitted.

Proof of theorem 3.15 :
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Proof : 1°. i)LetAcg[0,1],teT; xe ﬂS,‘@for any teT ,xe Sxt<:>for any teT, §(x)27»t

tel

@S(x)zt\/Txthe Siv A ii) Let Ae[-1, 0 ], teT, similar to i), we getxe ] S, <>xe S

tel (,\,/T 7\41) )

2° . The proof which is omitted is similar to that of 1° .
Proof of theorem 3.16 ;

Proof : 1°. i) LetAe[0,1]; xe(S§°) © S =1 - §(x) 2 A §(x) <1 -A
S SE P1-AoxeS, ©xe(S-.) ; ii) Let Ae[-1, 0], similar to i), we get xe(§° ), <
xe(Sia) .

2° . The proof which is omitted is similar to that of 1° .

We point out that :
Theorem 3.1 ~ 3.16 given in this paper are obtained by B-B fuzzy set § in universe

X=x*UXx UX°. If let X =@, then X=X*U X" UX° tumns into X=X*UX°, B-B fuzzy set S
degenerates into O-B fuzzy set 4, and all character theorems 3.1 ~ 3.16 concerning B-B fuzzy set N in
this paper are simplified into character theorems 3.1 ~ 3.16 of O-B fuzzy set 4 which are known by
people.
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