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ABSTRACT. An associative commutative monotone and bounded by minimum binary opera-
tion on strictly increasing sequences of natural numbers induces a t-norm.

Namely, we can put (za) * (yn) = (£a + yn — n). The corresponding t-norm is left continu-
ous and therefore it is applicable in the fuzzy logic. More, it solves an open problem of E.
Pap. Several other interesting properties of this t-norm are investigated, including its residual
implicator. Finally, a class of t-norms with similar properties is introduced.

1. Introduction

Definition 1. A triangular norm (t-norm for short) is a binary operation on the unit
interval [0, 1], i.e., a function T : [0, 1]> — [0, 1] such that for all z,y, z € [0, 1] the following
four axioms are satisfied:

(T1) Commutativity

T(z,y) = T(y, x),
(T2) Associativity
T(z,T(y,2)) = T(T(2,y),2),
(T3) Monotonicity
T(z,y) < T(xz,z) whenever y< z,

(T4) Boundary Condition
T(z,1) = z.
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For z €]0, 1], we can write

1
T = Z 5’?"_’
=1
which is the unique infinite dyadic expansion of z, where (z;)ien is strictly increasing
sequence of natural numbers. It is easy to see that each z € ]0,1] is in a one to one
correspondence with (z;)ien strictly increasing sequence of natural numbers.

T~ (Zi)ien

Remark. Let z =~ (z;)ien and y = (yi)ien. Then z < y if and only if there exists k € N
such that for alli € N, i <k, wehave z;,=y; and zx>yr. O

Some of recently introduced new t-norms based on above described dyadic expansion
are recalled in the following example. These t-norms are not continuous and have a dense
set of discontinuity points, see Budinéevi¢ and Kurili¢ [1].

Example. For (z,y) € ]0,1)? let

= 1 1
be the unique dyadic representations of z and y.
Then the t-norm T : [0,1]% — [0,1] is given by

A, if (2,9) €00, 11,
Ti(ey) = { &7 (z,y) €]0,1]
min(z,y), otherwise,

and the t-norm T : [0,1]% — [0, 1] is given by

T2(:I7 y) = =] 23;'1-!1;' , if (-757 y) 6]0, 1[2,

min(z,y), otherwise.

Both T} and T, are Archimedean and strictly monotone t-norms, which are neither left
nor right continuous. 0O

We discuss a t-norm recently suggested by Mesiar [4]. Based on the original idea of
Budinéevié and Kurili¢ 1], see also [2], the reals from the half-open interval ]0,1] are
transformed into the strictly increasing sequences of natural numbers. An associative
commutative monotone (and bounded by minimum) binary operation on strictly increasing
sequences of natural numbers induces a t-norm, [3], [4]. However, the mentioned binary
operation need not be the coordinatewise extension of some given binary operation on
natural numbers as proposed in [1].

The usual requirement in fuzzy logic to a t-norm T to model a conjuction is its left-
continuity. Then, the implication can be modeled by the corresponding residual operator.
Therefore we will investigate t-norms with similar properties as in above example under
additional requirement of their left-continuity.
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2. New t-norm

Proposition 1. For (z,y) € ]0,1]? let

¢ = (zi)ien and y = (Yi)ien
be the unique dyadic representations of  and y.
Let T, : [0,1]?> — [0,1] be given by

0, if min(z,y) =0,

T* ==
(x,y) Z 5;::;:;7:‘;, otherwise.

=1

Then T, is a strictly monotone t-norm.

Proof. We define an operation * on strictly monotone sequences of natural numbers
(zi)ien * (¥i)ien = (2i)ien, where z, = T + Yo — n. It is obvious that for z,y > 0,
T.(z,y) = (zi)ien * (yi)ien-
The commutativity of T, is obvious.
For z,y,z €]0,1], let z ~ (zi)ien, Y = (Yi)ieN, =z = (zi)ien, then
[(zi)ien * (yi)ien] * (zi)ien = (zi + yi — d)ien * (2i)ien = (Ti+¥i — 1+ 2zi —i)ien =
= (zi +yi +2i — i —1)ien = (Ti)ieN * (yi + 2i —i)ien =
= (2i)ieN * [(yi)ien * (2i)ien]-

If 0 € {z,y, z} then clearly T.(T\(z,y), 2) = 0 = T\(z, Ti(y, 2)). Therefore, associativity is
satisfied.

M8

Further, %— implies T.(z,1) = E siH=r =  whenever z €]0, 1],

and obviously T, (6 1) = 0, showing that 1 is the neutral element of T.

Let y < 2. Then there exists k € N, such that for all: € N, i < k, we have y; = 2;
and yx > 2. Thenz;+y; —i=z;+2z; —iforit e Nyi<kand o +yx — k > xr + 21 — k.
But it means, that (z;)ien * (¥i)ien < (zi)ien * (2i)ien- Now it is easy to see that T is
strictly monotone t-norm, i.e., the cancellation law holds, T.(z,y) = T.(z, 2) if and only
ifeitherz =0ory=2 0O
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We can deduce that for all z € [0,1],n € N, T, possesses the following properties:

. 1 1
(i) T. <w, _z_n_z) =T m eN.

Especially, T, (:c, %) = -;- .z,
" 1 1 1 2 1 1
(i) Tu (w,z—m+2—n) = o1 -$+271- (z—m—z—n); m,n € N; m < n.
. 3 1 1 1
Especially, T, (w, Z) =37 + 5 5o
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FI1GURE 1. Vertical cuts T (%,x) and T, (%,z)
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(iii) T (w,—1—+—1—+—1—) S SIS (_i___l__)J,
om on 2k 2k—2 21 om-—1 2k—2

1 1 1
+_.(.2m—ﬁ—_—2—);m,n,k€N;m<n<k-

. 7 1 1 1 1
Especxa.lly, T. (wa g) = ‘é-’lf + 5 . (271 + 2—32-)
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FIGURE 2. Vertical cuts T, (%,z) and T, (-g—,:c)
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3. Some properties of the new t-norm

First, we recall the well-known characterization of left-continuous t-norms.

Proposition 2. A t-norm T is left-continuous if and only if it is left-continuous in its
first component, i.e., if for each y € [0,1] and for each non - decreasing sequence
(Zn)nen € [0,1]Y we have

sup T(zs,y) = T(sup za,y). O
neN neN

Now, we will show the left-continuity of the proposed new t-norm.

Proposition 3. T, is left continuous.

Proof. If y = 0 or sup z, = 0 then for any t-norm T we have
neEN

sup T(zn,y) = T(sup z,,y) = 0.
neEN neEN

Let u €]0,1],u &~ (u;)ien and let (:t:("))
10,1} such that

ncn D€ @ non-decreasing sequence of reals from

Jm 2™ =u and 2™ (2" )ien-

Evidently (™ < u for all n € N. Then there exists k, € N, such that for alli € N,i < k,

and we have

=u; and :cs:l) > Uk, -

o
Note that

lim z(™ =u implies lim k, = oo.
n—oo n—oo

Now, let y €]0,1],y ~ (yi)ien- Then for any n € N

0<T To(em gy — L 1 1 - 1 1
<Tu(w,y) ~ (e ’y)_zykn—kn' QUi () + Z 2u.'+y;—i_2zg")+y.._,'

2%kn

i=kn+1
and hence 1
0 < Tu(u,y) — Tu(=™,y) < 2uk,,+yk1,. “H1 S R
Then
nl_ig.xo (T*(u,y) - T*(:c("),y)) =0
and

sup T*(x("), y) = Tu(u,y) = Tu(sup a:("), Y).
neN neEN

By Proposition 2, T, is left-continuous. [

Recall that the left-continuity of T, allows its application in the framework of fuzzy
logic to model a non-continuous fuzzy conjunction.
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Proposition 4. Fach point (z,y) €]0,1[%, where at least one coordinate has a finite
dyadic representation, is a discontinuity point.

Proof. Let u = 51 + 545 + ... + 797 be a finite dyadic number from ]0,1].
Then u ~ (my, ma,...,mg—1,mg + 1,mg + 2, mr +3...).
We can take strictly decreasing sequence (w(“))n N such that (™ €]0,1],n € N, and

lim (™ = .
n—o0

Now for arbitrary y €]0, 1[, where y = (¥i)ien, it is

T 1 1 1
+(u,y) < omi+y; -1 Tt 9me_1+yr—1—k+1 + omu+yr—k
and
Tu(z™,y) 2 s + . . S
* ) Z omityi-1 T T omaitgk—1—k+1 | omutge—k-
Then

2 ) = - ()
T.(jnf '™, y) = Tu(u,y) < inf T(2"™,y)

proving the discontinuity of T, in point (u,y). O

Remark. This result is also a negative answer to the open problem of E.Pap (Is a strictly
monotone t-norm continuous in point (1, 1) necessarily always continuous ?), see [5].

As an immediate consequence of Proposition 4 we see the set of all discontinuity points of
t-norm T is dense in the unit square. Now, we will turn our attention to the Archimedean
property. We recall another definition of Archimedean t-norms from [2], [3] which is
equivalent with the classical one.

Proposition 5. A t-norm T is Archimedean if and only if for each z €]0, 1] we have

lim T(z,...,z)=0. O

n=+00 b times

Now, we stress that T, is an example of a strictly monotone t-norm, which is not
Archimedean.

Indeed, for any z €]1 — 5,1 — 5:4x];n € N;

Tu(,onz) = 1 — —

lim —,
M0 m_times 2

violating the Archimedean property of T,. O
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Let T be a left-continuous t-norm which models a fuzzy conjuction. A standard way
how to introduce a fuzzy implication based on T uses the residual operator Rt

Rr(z,y) = sup(z € [0,1]; T(z,2) < y).

For t-norm T, we obtain the following residuation:

min(1, £), ifz<y or =3,
x y 2

RT. (:l}, y) =

f: 1 + 1 otherwise
S 20T T op—antk? ’

where (y; — z; +1)ien is an increasing sequence for ¢ € {1, ...,k} and
Yk — 2k + k > Yg+1 — Tk4+1 + k + 1. Note that % = 1 by convention.

4. Related t-norms

Another t-norm with similar properties as T, is T,

0, if min(z,y) =0,

T T —_ o0 .
«+(2,9) ) 2(3’__',“)‘(3;_”1)“_“ otherwise.

i=

Finally, a family of t-norms (Tk)ren with similar properties is given by:

k oo
1 1
Ti(z,y) = Zl gedwii T ;1 ozi—it+1).(gi—i+ i1’

Remark. Note that t-norms T, and T,. can be understood as limit members of the family
(Tk)ken
T, =T and T., =Tp.
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