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ABSTRACT: A notion of L-R fuzzy number and the law of large numbers are recalled.
The LR-fuzzy numbers, for which the law of large numbers hold, are investigated. The
case, when the law of large numbers is violated, is studied.
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1. Introduction

We recall that fuzzy quantity A is a fuzzy subset of the real line.

Definition 1.
A fuzzy quantity A is a so called LR-fuzzy number A = (a, , P)rr if the corresponding

membership function satisfies for all xe R

L(=x), for a-a<x<a,
A(x) = § R(5), for a<x<a+p ,
0, else

where a is the peak of A; & > 0 and > 0 is the left and the right spread, respectively,
and L and R are decreasing continuous functions from [0,1] to [0,1] such that L(0) =
R(0) =1 and L(1) = R(1) = 0. Recall that L and R is called the left and the right shape

function, respectively.
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The addition of fuzzy quantities is based on a given t-norm T, following Zadeh’s

extension principle, by

A® B(z) = sup (T(A(x), B(y))z € R

*+y=z

where A, Bare given fuzzy quantities. If T is an Archimedean continuous t-norm with

additive generator f then the addition of fuzzy quantities can be expressed as follows

A®B(z)= f(_l)(xigf_z(f o A(x)+ foB(y)), ze€R,
where £V is the pseudoinverse of f, defined by

F ) = £ (min(£(0), %)), x €[04+l

Let A, - ,A, be fuzzy quantities, n € N then their T- arithmetic mean M, is

defined as follows Mn(x)=.}l_(4‘era QTaA")x);_—_ (41? ?A,,)nx).

2. The law of large numbers for fuzzy numbers

Fullér [2] introduced the law of large numbers for special LR-fuzzy numbers
and Hamacher t-norm.

Theorem 1 (The law of large numbers, [2])

Let A, =(a,,a,a),,L=1-x,neN, be symmetric triangular fuzzy numbers and let

T<T,,where T, (x,y) =—-+—xy—— (whenever (x,y)#(0,0)) is the Hamacher
X+ y—xy

. a, ++a, .
product. If a =lim—————= exists, then
n—yo n

timl(4,@ - 04 )= 2. M

o n

However, under some conditions Theorem 1 may fail, see [4] or Example 1.
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In the same paper Fullér showed that for Ty ( Tm (x,y) = min (x,y) ) the law of large

numbers (1) is violated .
Recently, Hong [5] has shown that to each shape function L there exists a

concave shape function L'suchthat L' > L.

Lemma 1

For any additive generator f and any shape function L there exist a shape function Ly

suchthat L, 2L and foL, is convex.

Proof.
For f corresponding to a nilpotent t-norm T, let f be the corresponding normed

generator. Then K =1-f *o L is a shape function and hence there is a shape function
L>1-f"oL which is concave. Put L = (f)'e(1-L). Then
L, >(fH)M1--foL)=L and
foL, =fO-f o(f)" o(1-L) = f(0)-(1-L) is convex.

If f is a generator of a strict t-norm, then K = e '°!'is a shape function. Let L'>K bea
concave shape function and put L, = f"(-InL). Then L, 2 f 1(-InK)=L and

foL,=-InL isconvex.

Theorem 2

Let A, =(a,a,,f,)z-n €N be LR-fuzzy numbers with bounded spread sequences, i.

e, a, <c,B, <cfor some c > 0. Then the law of large numbers holds with respect to

any continuous Archimedean t-norm T, i. e.,

1iml(AleTB GPA,)@:{I if z=a

no g 0 otherwise’
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Proof.

Let L 2L R, 2Rbe shapes such that the composites f oL and f o R are convex
(existence of Ly, Ry is ensured by Lemmal). Then A, < B, =(a,c, c)L,R,, neN.Itis
obvious that

—1—(A€B---® ))—lf all N

el £ A, Ja)=1forall neN.

Further, for z # a , say for z €la,a + c], we have by [7,8,9]

%(41? ?A")z)S%(BI? ?B”)Z)=f'l(min[f(0),n-foRf(z;a)D—)O.

For z>a+c, l(AIGTB---ETBA,,)z)=O.Thecasewhen Z < a is similar.
n

Theorem 2 can be easily generalized to the case of fuzzy numbers
A, =(a,@,,B,) such that @, <c, B, <c L, <L, R, <R,,neN. However, we

cannot drop the requirement of Archimedean property for T as well as the requirement

of equal peaks for A,,neN.

Theorem 3

Let A =(a,a,p)z.neN and let T be a continuous t-norm. We denote

A(z) =sup(c €[0,1]; c < A,(2),T(c,c) =c). Then liml(ﬂ D EBA,,)z) = A(2).
n—o p T T

Proof.

Following [1],if T(c, ¢) = c and Ay(2) = c, then l(ﬁ, GTB GPA,,)z) = ¢ = A(z)for all
n

neN. If Ai(z) is not an idempotent element of T, then it is contained in some
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interval la,, B, [ from the ordinal sum decomposition of T. Then by [1] and Theorem 2,

uml(A,@ GTBA,,)z)=ak = A(2).

n—ycc n

Corollary 1

Let A =(a,a,B)x,n€N and let T be a non-Archimedean continuous t-norm. Then

the law of large numbers does not hold.

The following Example of Hong [4] shows that the dropping of the equality of

peaks of A,, n € N, may violate the law of large numbers.

Example 1

xy
Let =(a.,a,a),,,L=1-x,neNand let T=T,, T, (x,y)=————
A, =(a, . x Hy a1, y) Xty

whenever (x,y)#(0,0), be the Hamacher product. If b= limZa,. exists and

nwo £
i=l

0<lbl< oo then the law of large numbers is violated.

Indeed, since a = 1ilea,. =0 then by Fullér [2]

n—>o n i=1

1 1 na-\bl a
lim~l4 ® - ® —limL(4 ® - ®A J0)=1lim =
nlfin(A‘r rA")a) "Egn(AlT rA")) mena+m-1)1bl a+lbl

We can generalize Hong’s example in the following way.

Theorem 4

Let A, =(a,,a,B) .z, n €N, and let an Archimedean continuous t-norm T with additive

generator f, such that f oL and f oR are convex, be given. Let a = lilea,. and

n>op o

n oL)(0) if b>0
b =1lim Za,. —nal, |ble)0,0[.Let c= (f ),( ) 1 z be positive. Then
R=>® (f o R) (O) if b<O

i=l



1> 1iml(4,ep ?A,,)a):

n-»o n

i. e., the law of large numbers is violated.

Proof.

Suppose that b > 0. Then there is some n, € N such that for all n2n,, Za,. > na.

i=1

Then

A")a)=(AleT9"'?A,,)na)=f‘“” n-fo M

na

s
=
~0D
~®

Now

lim

n—0

f OL((ia,. —na)/na)
7 (oL@ -2 =2
a

—>0
a

n

and consequently 11_{2 f "”[n -fo L((zn:ai - na) /nan = f(")(% )

Note that in Hong’s example a =0,b = Za,,, foL(x)=foR(x)= l—x-—, i.e.,
-Xx

n=1

1

1+2

<1.

=la= imL(a @ _ penfl11) _
c—l,a—ﬂandhence},x_r)gn(ﬂ? GTBA,,)O)_f (-a—_
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