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Abstract: The concept of P-evanescent fuzzy set-valued stochastic process is proposed. A
comparison between two fuzzy set-valued stochastic process is made. Further it is proved that a P-
evanesent fuzzy set-valued stochastic process whose trajectories are (h) right continuous is a
predictable fuzzy set-valued stochastic process.
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1.Introduction

The theory of fuzzy set-valued stochastic process has been studied in [1] [2],. But there are still
many properties of fuzzy set-valued stochastic process to be studied. This paper *ppoXs is to
discuss a comparison between two fuzzy set-valued stochastic process and the relationship
between P-evanescent fuzzy set-valued stochastic process and predictable fuzzy set-valued
stochastic process. It is proven that a P-evanesent fuzzy set-valued stochastic process whose
trajectories are (h) right continuous is a predictable fuzzy set-valued stochastic process.

For convenience, in section 2 we first introduce some basic definitions and results about fuzzy
set-valued random variable, which may be found in [1], [2]. In section 3, we will give the main
results, i.e. theorem 1 and theorem 2 and their proofs.

2. Basic notions of fuzzy set-valued stochastic process
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Let X be a n-dimension Euclidean space, (€2, 3, P) be a complete probability measure space,

{3}, be a family of monotone increasing sub-c -fields of 3, 3 0=V 3,

3,3, ,and I, c3J,,where I_ and J_are sub-c -fields of 3 in this paper.
Let 17;) (X) be the family of all fuzzy sets 4 : X - [0,1] with properties:

) 4 is upper semicontinuous,

2) Ais fuzzy covex,
3) 4 o is compact, for every o €(0,1],

~

where 4  ={x€X: 4 X)2 o }isthe o -level set of 4.

~

If 4,B¢ FO(X ), define the distance between A and B by
d(;f ,l~3)=sup h(Z a,E o)

a>0

where h denotes the Hausdorff distance.

( Fo (X),d) is a complete metric space.

A linear structure is defined in ( I?;) (X).d) by
(A +B)x=sup{a €[0,1}:xe(4d ,+B )}

A%, if A#0,
(A Z)(x)=j 0, if A=0, x#0,

sup 4(y), if A=0, x=0,

L reX

foo A ,B G(E,(X),d), A eR It is easy to prove that (Z+§)Q=Zu+§a,
(A A)g =M

4 o forevery a €[0,1].

Definition 1. Let 7 : (Q,3)—>( F})(X) ,d) be a mapping from (£2,3) to ( FZ,(X) ,d).
)] F iscalleda fuzzy set-valued random variable, if
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{0 :sup (F ) o )x) € B} €3

yeC
for any subset C of X and Borel’s subset B of [0,1],i.e. B S/ {0,1D.
@) Fis called J-level measurable if F _ defined by (F), (0 )=(F (), for

each® €Q)
is a random set for every a € (0,1].

The following two properties are equivalent:
) Fisa fuzzy set-valued random variable.
@ F is J-level measurable

See theorem 1.5.1 in [2].

Definition.2. A family {I~7; }.ep of fuzzy set-valued random variable is called a fuzzy set- valued
stochastic process with pramatric set T.

Definition 3. (1) A subset A of R, xQ is called P-evanescent, if projection T(A)of A on Q )
is a P-zero probability set, i.e. P(1t (A) )=0.
(2) A set-valued stochastic process F={F , } ., is called evanescent if the set
[(t,0):F, (o) # {0}] is a P-evancscent set.
(3) A fuzzy set-valued stochastic process F'={F},. g, is called a P-evanscent fuzzy set -
valued stochastic process, if the set
[(t,o): F () # {0}]is a P- evanscent set.

Definition 4. (1) Two set-valued stochastic processes F={ F, } ,_, and G= {G,}cp, is called P-
indistinguishable and denoted as F=G, if the set

[((t,0):F,(0) # G,(®)]
is a P- evanscent set. G is said to be no less than F and denoted as F c G if the set

[(to):F(o)zG (o)]

is a P- evanscent set.

(2) Two fuzzy set-valued stochastic processes F ={F,} rer, and G={G,},. g, is called P-
indistinguishable and denoted as F=G , if the set

[(t.0):F @)% G ()]
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is a P- evanscent set. G is said to be no less than F and denoted as F' c G if the set
[(ho):F (o) 2 G, (0)]

is a P- evanscent set.

3. Main theorems and their proofs

Theorem 1. Let F=({F },_ g and G= {G},. x, be two optional (resp. predictable) fuzzy set-

G
valued stochastic processes. Then G is no less than F if ﬁT c GT a.s. for each bounded
) T

stopping time (resp. predictable time

In order to prove theorem 1,we first give the following lemma.

Lemma 1. Let F={F,},, and G={G,},., be two optional (resp. predictable) set-valued

stochastic processes.Then G isno less than F if F, < G; a.s. for each bounded stopping time
(resp. predictable time) T.

Proof. Since F={F,},, and G={G,},, are two optional (resp. predictable) set-valued
stochastic processes. Suppose A={(f,®): F,(®) & G, (w)} is a P-nonevanescent set. But

A={(t,0):F,(0) 2 G, (@)} ={6}[(t,€0)=f,("’ ©) €G,(@)]}* €O (resp. P),

where F (o) =cl{f"(@):n=1}, f,"is an optional (resp. predictable) selection of F;.
Then A is an optional (resp. predictable) set. Thus there exists a stopping time (resp. predictable
time) such that [[S]]={(t,® ):S(® )=t} C A and P([S<]) >0 by the section theorem . Suppose ¢
is a constant number such that P([S<c])>0. Let T=SAc. Then T is a bounded time (resp.
predictable time) and F,(0) @ G,(®) for ® €[S <c]. This is in contradction with the

assumption. Then A must be a P-evanescent set. Hence the set-valued stochastic process G isno
less than the set- valued stochastic process F'.

The proof of theorem 1. Since F and G aretwo optional (resp. predictable) fuzzy set-valued
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stochastic processes, then F, ={(F )at,., and Ga={(G,)a},ER* are two optional (resp.

predictable) set-valued stochastic processes for each a €(0,1].
Since Fr c (N?T as. for each bounded stopping time (resp. predictable time) T, then

(FT)ot c ((N?T)a a.s. for each o €(0,1]. Hence (N?a is no less than Fa for each o €(0,1] by

lemma 1. But
F@)Xn= yvianrls 0] G@)x)= yvlanrls, )]

where (), is the set of all rational numbers in (0,1]. Then
Pim[(1,0):F(0) @ G, (@)}
= P U [(50):(F). (@) @ (G @)D}
< Y Pirf(t,0):(F), () 2(G), (@)

aeQ,
=0

Thus G is no less than F.

Corollary 1. Let F = {F’, }ier, and G= {G,} rer, b€ two optional (resp. predictable) fuzzy

set-valued stochastic processes. Then Fand G are indistingushable, if FT = GT a.s. for each

bounded stopping time (resp. predictable time) T.

Theorem 2. Let {3, } be complete, i.e. J,_ includes all P-zero probability sets. Then

1€R, U0~}
each (d) right continuous P-evanescent fuzzy set-valued stochastic process F= {F', Yk Ufo-) isa

predictable fuzzy set-valued stochastic process.

In order to prove theorem 2, we first give the following lemma 2.

Lemma 2. Let {J,} be complete. Then each (k) right continuous P-evanescent set-

teR, U{0-}
valued stochastic process F' = {F}}, 3 \)_, is a predictable set-valued stochastic process, where

)
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represents Kuratowski’s sense.

Proof. Define F™ = {F"} as follows:

1eR_U{0-}

F(n)(m) F(m)I{O}(t)+ZFk+l(m)Ikk+l (®)

n n n

foreachneN,te R, and ® EQ.
Since F is a p-evanescent set-valued stochastic process, then Fy(®)= {0} as. and
Fi, (®) = {0} as.. Therefore F, and F,, areboth 3, -measurable,since {J,}, z 0., I8

n n

complete. Because the predictable & -field P=c (C), where

C={{0} x A:Ae T, }U{(s,]x 40<s<t,5,t€Q,,A€eUS,}

r<s

and ), is the total of rational numbers in R, . Then

(1.0):F? @)G % ©) = (0} x[F, NG # cD]U(U(“*—‘] [FiuNG# 0D 0.

where G is any open subset in X.. Then F ™ is a predictable set-valued stochastlc process. Since
{F,},cr, is (k) right continuous, then

@ ImF"(@)=F (), for (t,0)eR, xQ.

Thus F = {F,},_, is apredictable set-valued stochastic process.

The proof of theorem 2. Since F = {F, }ier, 1s (d) right continuous P-evanescent fuzzy set-
valued stochastic process, then ﬁa = {(1?; )a }ier, is 2 (h) right continuous compact set-valued

stochastic process for each o €(0,1], further ﬁa = {(F} Yo }ier, is @ (k) right continuous
compact set-valued stochastic process for each o € (0,1] by theorem 1.5.33 in [4]. Since

0=P P{n[(t,0):F (o) # {0}]} = P{ﬂ(ag [(£,0):(F), (@) = {03D} ,

then P{r[(t,0):(F), (@) # {0}]} = 0 foreach o € Qy.But {(F)),},cs isa predictable



82

set-valued stochastic process for each o € Q, by lemma 2 and
(F; ((D ))(x) = a\e/Qo(a A I(F/)a(‘o) (x)) .

Thus F ={F},. x, is a predictable fuzzy set-valued stochasic process.
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