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Abstract: The concepts of fuzzy set-valued class (D) stochastic process and measurable fuzzy set-valued stochastic
process are given. It is proved that a fuzzy set-valued stochastic process whose almost all trajectories are (d) right

continuous is measurable .The criterion of fuzzy set-valued class (D) stochastic process is got.
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1. Introduction

The theory of fuzzy set-valued stochastic process and fuzzy set-valued martingale
have been studied in [1],[2],[3]. But there are still many properties of fuzzy set-valued
martingale to be studied. This paper’s pupose is to discuss the properties of fuzzy set-
valued class (D) process and measurable fuzzy set-valued stochastic process e.t.. We
will give the criterion of fuzzy set-valued class (D) stochastic process.

For convenience, in section 2 we first introduce some basic definitions and results
of fuzzy set-valued stochastic process ,which may be found in [1],[2]. We will give
the main theorems in this paper and their proofs in section 3.

2. Some basic concepts of fuzzy set-valued stochastic process and main results

Let X be a n-dimension Euclidean space, (2,3, P ) be a complete probability

measure space,
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{3, }/cr, be a family of monotone increasing sub- o -fieldsof 3, 3, =

3, besub-o -fieldsof I and I, < 3J,, I__, c I, in this paper.

Let F(X) be the family of all fuzzy sets 4 : X— [0,1] with properties:
(1) A4 is upper semicontinuous,

(2) A is fuzzy covex,

(3) 4 ,is compact, for every «a (0,1],

~

where 4 ,={xeX: Ax)>a}isthe a-levelsetof 4.
,B e F,(X), define the metric between 4 and B by
4 ,§)=sup h(Z a,E 2)

a>0

If 4
d(
where h denotes the Hausdorff metric.

(F,(X),d) is a complete metric space.

A linear structure is defined in ( F}(X) ,d) by
(A+B)x)=sup{a €[0,1]: xe(4 ,,+B )}

A('x), if A%0,
(A A)yx)={ 0, if A=0, x %0,
supA(y), if A=0, x =0,

L yeX
for 4 ,B e(Fy(X).d), 4 eR ltiseasytoprovethat(4+B),=4 +5 _,
(4 Z)a=/1 4 . forevery a €[0,1].

Definition 2.1. Let F: (Q,3)—>( 17"0 (X) ,d) be a mapping from (Q,3) to
(F(X).d).
(1) F is called a fuzzy set-valued random variable, if
{w:sup (F)w)x)e B} €3
yeC
for any subset C of X and Borel’s subset B of [0,1], i.e. B €B ([0,1]).
(2) Fiscalled 3—level measurable,if F _ defined by (F ) (@)=(F (@) . for

every
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@ € Q is arandom set for every a e (0,1].

Theorem 2.1 The following two propositions are equivalent:
(1) F is a fuzzy set-valued random variable.
(2) F is J-level measurable.

Proof. See theorem 1.5.1in [1]

Definition 2.2. Let F:(Q,3)> F; (X) be a fuzzy set-valued random variable, F is called

to

be integrable bounded if there exists a nonnegative integrable function f such that
}'N”a (a))” <f(w) foreach a €(0,1]and w €Q,

F,(@)|=h{{0}, F, ()}

where

Define
( j Fap)(x)= v (@Al ()

where [FydP=Xand call [FdP tobe integral of F on Q.
Q Q

Theorem 2.2. Let F: (Q,3)—> F(X)be an integrable bounded fuzzy set-valued random
variable, then ( [FdP),, = j F. dP foreach a e(0,1]and jﬁdp 2®.
Q Q Q

Proof: See theorem 6.5.3 in [1].

Theorem 2.3. Let F:(Q,3)—> }70 (X) be an integrable bounded fuzzy set-valued random
variable, then for each sub- o -field 3, of 3, there exists an unique J | -measurable fuzzy

set-valued random variable G such that IF dP = I@dP foreachAe 3, .
A A

Proof: See theorem 6.5.4 [1].

Definition 2.3. Let F:(Q,3)—> 17“0 (X) be an integrable bounded fuzzy set-valued random
variable, 3, beasub-o-fieldof 3. G:(Q,3)> F;(X ) is called a conditional

expectation
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of F with respect to the sub- o -field 3 , of 3, and is denoted as E[ F¥ ]Sl l,if Gisa
3,-
measurable integrable bounded fuzzy set-valued random variable satisfying the following

condition:
IFdP = ICN}dP foreachAe 3, .
A A

The conditional expectation of F with respect to the sub- o -field , of 3 is existent and
a.s. unique and (E[ F|3,1(®)),, =E[ F, |3, (@) a.s. by theorem 2.2, theorem 2.3.

Definition 2.4. Let T be a set. The family of fuzzy random variables { F' , },_, is called a

fuzzy set- valued stochastic process with the set T of parameters.

Definition 2.5. Let {J, },., be a family of sub-o -fields of 3, { F , } rer, €8 {3}, -

~

adapted integrably bounded fuzzy set-valued stochastic process, i.e. F , isS , -measurable
and integrably bounded for eachte R,. { F , ;3 , },. », 15 said to be a fuzzy set-valued

martingale (resp. supermartingale, submartingale) if
E[F|S, ]=F (resp. < F, o F )as. for s<t, s,teR,.

Definition 2.6. A real function T defined on (,3) is called a {3, }.cr, stopping time if { @ :
T(w)<t} €3, foreachteR, .

Definition 2.7. A fuzzy set-valued stochastic process { ¥ ¢ }er, 18 called measurable if
{(t, w): sup F(o)(x) eB} eB(R,)X I
xeC
for any closed C of X and any Borel’s subset B of [0,1].

A {3, } & -adapted fuzzy set-valued stochastic process { F' , } rer, 18 called progressive

measurable if
{5, @)e[0,/]xQ: supF (®)(x) € B}eB (04X S,.
xeC

Definition 2.8. A family of fuzzy set-valued variables {f} :t €T} is said to be uniformly
integrable if

C1_1)1}}o J;wrll(ﬁ,),,(w)llzq (F,)a”dp =0 uniformly holds for ¢t €T and « €(0,1],

where |(F),, (@)] = ({0}, (F), ()) is the Hausdorff metric between {0} and (F')_ (w).



Definition 2.9 . A {3, },_; -adapted measurable fuzzy set-valued stochastic

process {F, }ier, 18 said to be a fuzzy set-valued class (D) process if { ﬁTI[Tm] :TeR}
is uniformly integrable, where R is the set of all {3J,},_ ¢, Stopping times.

Respectively,when {F},, is {3, },. -adapted set-valued stochastic process,we

also define some concepts like those above concepts of fuzzy set-valued stochastic
process.

3. Main theorems and their proofs

Theorem 3.1. If almost all trajectories of a fuzzy set-valued stochastic process
{(F },. x, are right continuous with respect to the metric d, then {F } rer, 158

measurable fuzzy set-valued stochastic process.

Proof. Since almost all trajectories of {F } e, are right continuous, there exists a

Ne 3 , P(N)=0 such that
limd(F; (), F, (@)) = lim{ sup h(F,), (@),(E,), (o))} =0
t—t, t—tgy ae(0,1]

>t 1>ty

fort, eR,, @ ¢N. Then
limh(F,), (@), (F, ), (@) =lim(sup

119 50

for each a €(0,1], where d, is the metric in Euclid space X. Hence
limd, (x,(F), (@) = d,(x,(F, ), (@))

1>ty

d,(x,(F) o (@) - d,(x,(F,) (@)} =0

for each x e X. Therefore {d, (x, (F, )a(@)) } oz, 1s a stochastic process whose almost
all trajectories are continuous for each « €(0,1]. Thus {d, (%, (F, )o(@) } s, isa
measurable stochastic process for each o €(0,1] and futher { (F}), }ier, 182

measurable set-valued stochastic process for each @ €(0,1]. Thereby {F Yeer, 182

measurable fuzzy set-valued stochastic process .

Theorem 3.2. Let {F }ier, e @ {3}, -adapted fuzzy set-valued stochastic

process whose all trajectories are right continuous with respect to the metric d. Then
{F},. #, 18 a progressive measurable fuzzy set-valued stochastic process.
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In order to prove this theorem, firstly we give the following lemma.

Lemma3.1. Let {F, },, bea {3}, -adapted set-valued stochastic process whose

trajectories are right continuous with respect to the metric h. Let F, be integrably bounded for
eachte R, . Then {F, } . isa progressive measurable set-valued stochastic process.

Proof. Define a sequence of set-valued stochastic processes {F." } 50, @s the following:

F(n)(w) F (w)l[s =0] +ZF ()] (Gl ke (s).

k=1 on P
Then
{(s,0) €[0,t]xQ :F”(0)NG = D}

={0} x [G)F(a))ﬂG;tCD]U{U[(k Dr &

] [w: F,, (@) G = @]} eB([0,t]) xS,

2
for each open subset G of X.. Thus
{(s,0) €[0,t]xQ :d, (x, F” (@)) <} eB([0,t]) xS,

for each reR and x €X by corollary 1.1.2 in [1].

=0, then

xeX

limd, (x, F;'” (®))=d,(x,F, (a))) . Hence
{(s,) €[0,¢]x Q :d,(x,F,(w)) <r} eB([0,t]) xT, for eachr R and x eX. Thus
{(s,0): F,(0)NG # @} eB([0,t]) xJ, by corollary1.1.2 in [1]. Therefore {F} g, 18

progressive measurable.

Proof of theorem 3.2: Since {17 }eer, 188 {3,},, -adapted fuzzy set-valued stochastic

process whose trajectories are right continuous with respect to the metric d, for each a €(0,1],
{(F Jatier, 1@ {3,},, -adapted set-valued stochastic process whose trajectories are right

continuous with respect to the Hausdorff metric h.. Then {(F})_},. . 1S a progressive

measurable set-valued stochastic process for each a €(0,1] by lemma 3.1. Therefore
(E},. #, 1s a progressive measurable fuzzy set-valued stochastic process by theorem 2.1.

Theorem 3.3. Suppose {F} }te§+ isa {3,}, o, -adapted progressive fuzzy set-valued

stochastic process whose trajectories are left continuous with respect to the metric d, then
FI [T<w) and



F.=F ey + F wlir-) are 3 -measurable for every {3} ek, -stopping time T, where
3 ={A4e3,:AN[T<t] €, foreachteR, }.

In order to prove theorem 3.3 we first give thefollowing lemma, i.e., lemma 3.2.

Lemma 3.2. Suppose { F, } isa {3,},5 adapted progressive set-valued stochastic

teR,
process whose trajectories are left continuous with respect to the Hausdorff metric h, then
Frlipyand Fp = Fp Ly o+ F I, are 3, -measurable for every {3}, &, -Stopping

time T.

o~

Proof. For each {3,}, ; -stopping time T, since TA is 3, -measurable for eachte R, ,
and F,,, can be considered as the composition of the measurable mapping
o (T(w) A t,w) from (Q,3,) to ([0,t] X Q,B([0,t]) X T, ) and the measurable set-
valued mapping (s, @) = F, (@) from ([0,t] X Q,B([0,t])X J,) to X. Then F,, is 3, -
measurable. further

[(FrliryNG 2 @INT <t1=[F,, NG=DINT<t] €S,

for any open subset G of X and
Filp o =Fr hm I[T<n] hmF Liran

Tan

with respect to the Hausdorff metric h by the continuity of {F,} (<R, - Then F. I, is
3., -measurable. Consequently [ ;1. (1G # ® ] € 3, for any open subset G of X, i.e.
Fi Iy .y 18 3; -measurable for each {3}, . -stopping T.

It can be proved easyly by similar method that Fr=Fliyp o+ F 1 is Jp -
measurable for each {3J,} oz, -Stopping T .

Proof of theorem 3.3. Since for each « €(0,1], {(F), }

tel?+

isa {S,}EE -adapted

progressive set-valued stochastic process, and its trajectories are left continuous with
respect to the Hausdorff metric h, then (F;),_ I [T<w) a0

(Fp)o = (F) o Lipewy +(F,) o I sy are both 3, -measurable for each {3,}, &

stopping T by lemma 3.2. Thus %1, and F, = Fy 1, +F.I,.., areboth 3, -
measurable for each {3J,} (eR, -stopping time T by theorem 2.1.
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Theorem 3.4. Let {F;3, },z be afuzzy set-valued submartingale and its almost all

trajectories be right continuous with respect to the metric d, then {17", } R, is a fuzzy set-

valued class (D) stochastic process.

Proof. By asumption and theorem 3.1, {}7, }te[1 is a measurable fuzzy set-valued stochastic
process and . is integrable bounded. Then {E [F, |ST]} o 18 uniformly integrable by
theorem 4.3 in [3], where R is the setof all {3} 'R, -stopping times and E[ﬁw|5T] o F,
a.s. by theorem 3.4 in [2]. Therefore {FT}Tea is uniformly integrable by theorem 4.1 in[3].
Since [(FyJirea)a < [(Fp).| for @ €11, then {(Fi L), : Te R, @ eO,1]} is

uniformly integrable. Thus {FTI[T@]:T € R} is uniformly integrable. Further {F}}t & isa

fuzzy set-valued class (D) stochastic process.
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