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Abstract: In this paper, the concept of a interval-valued fuzzy linear space
(i. e. i-v fuzzy linear space) is introduced, and its properties are shown. Then
using the extension principle of i-v fuzzy sets, images and inverse-images of i-v

fuzzy linear spaces under a linear transformation are studied.
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1. Introduction

In 1975, Zadeh [7] introduced the concept of interval-valued
fuzzy sets (in short, written by i-v fuzzy sets), where the values of
the membership functions are intervals of real numbers instead of the
real points. In [3], Gorzalczany studied i-v fuzzy sets for approxi-
mate reasoning. Meng [5] made a deep study on the fundamental
theory of i-v fuzzy sets, and had shown decomposition theorem and
expression theorem, etc. This makes it possible to establish some
corresponding mathematics theory with respect to the classical
branch. For example, Biswas’s i-v fuzzy subgroups [1].

It is well-known that fuzzy linear space is an important concept
in fuzzy algebras, and based on membership function valued in [0,
1], its theory has been built up by Nanda [6], Biswas [2] and Gu
[47]. The present paper’s purpose is to set up a theory of i-v fuzzy
linear space over i-v fuzzy fields, such that it is an good extension of
above mentioned works.

The rest of the paper consists of three parts. After preliminar-
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ies in section 2, the i-v fuzzy field is defined in section 3. Then in
section 4, the theory of i-v fuzzy linear spaces is built up.

2. Preliminaries

Let I=[0,1],[1]={[a,b]:a<<b,a,bEI}.For each a €I, if we
let a=[a,a]sthen a €[I].
Let a,€1,t€T. Then we write
té/fa,=sup {a.:t€ET}, té\ra¢=inf{a,;t€T}

Let [a.b, E[I]tET, we define
té/r[a,,bt:l:[‘élra‘,té/Tbt], té\f[a,,b,]=[’é\ra,,té\1'b,:|
Furtherly, for [a,b,]€[I],i=1,2,we define
[aisb:]=[a2:b:]a1==0a,,b,=b,;
[a1,8:]<[a2,0:)a:1<a2,b:<Cbss
[a1,0:1<[azsb:1[a;,6:1<[az,b;Jand[a;,b6:]5[az,b2]-
Obviously, ([7],<,V , A) is a complete lattice with universal
bounds [0,0]and [1,1].
Let X be a nonempty set. A mapping 4 : X—[7] is said to be an
i-v fuzzy set. If we let A (z)=[A4"(z),47(2)],¥Y z € X ,then the
fuzzy set A~ : X =1 (resp, AT: X —1) is called the lower (resp,
upper) fuzzy set of A.
We use the symbol IF (X) to denote the set of all i-v fuzzy sets
on X. |
Let A,€EIF(X),tET,¥ z € X, Then we define
UAd.:(UAD @)=V 4.(x);
teT teT

teT
ﬂAt:(nAt)(l‘)z /\At(x);
teT teT teT

AuCAgz(:)Au(Z )<A12(Z ) sl ytzET H
An=ApSAn(@)=Ap(x),t,6,ET.

3. i-v fuzzy fields
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Definition 3. 1. Let X,Y be two sets, f:X—>Y be a mapping. Then
the following mappings

fi+ IF(X)—IF (Y)

f(A)(y)={ VzEf_'(r)A (1')9 if f—1<?/)¢¢ W y€Y
[0,0],otherwise
and f ' IFQY)—IF(X),f'(B)(@)=B(f())
where ACIF(X),BEIFQX),f'@)={z€X:f@)=y)}
are called an i-v fuzzy transformétion and an i-v fuzzy iverse transfor-
mation, respectively.

The above method, i.e. f and f 'are induced by f is called ex-
tension principle. Clearly,

FAY@=[ V 4 @), V A4*@&)]

s€57() sef )

=[fUAD@),FfUG)]
FIBY@)=[B (f&)),B*(f )]
=[f "B @), f ' BNH@)]
Definition 3. 2. Let X be a field and F an i-v fuzzy set on X. If the
following conditions hold:
(D F@+y)=2FG@)AF @)z, y€X;
) F(2)=2F ),z €X;
B F@y)=2FG@)ANF@)z,yE€X;
) FGaHZ=2F@), s (F0EX. |
then F is said to be an i-v fuzzy field of X, denoted by (F,X).
Proposition 3. 1. If (F,X) is a i-v fuzzy field of X, then
(DFO=2F@),2€X;
(2) F(OHZ=F @),z (F0)EX;
(3) F(O=F (1
Proposition 3. 2. Let X and Y be fields, and f a homomorphism of X
into Y. Suppose that (F,X) is a i-v fuzzy field of X and (@,Y) is a i-
v fuzzy field of ¥ ,then |
(1) (F(F),Y) is a i-v fuzzy field of Y.
(2) (F @) ,X) is a i-v fuzzy field of X.
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4. i-v fuzzy linear spaces
Definition 4. 1. Let X be a field and (F,X) be an i-v fuzzy field of
X. Let Y be an linear space over X .and V be an i-v fuzzy set of Y.
Suppose the following conditions hold:

DV@+y)=2V@)AV(g),z,y€Y;

QD V(E2I)Z2V(x),z €Y

BV A)Z2FUWAV (@), a€X and 2 €Y ;

(4 F(LH=V 0)
then (V,Y) is called an i-v fuzzy linear space over an (F,X).
Definition 4.2 Let (V,Y) and (W ,Y) be two i-v fuzzy linear space
over an i-v fuzzy field (F,X). If W CV, then (W ,Y) is said to be
an i-v fuzzy linear subspace of (V,Y).
Proposition 4. 1. If(V,Y) is an i-v fuzzy linear space over (F,X),
then |

(1) FOOZ=V(0);

Qv OO=V (), z€7;

BOF(LH=2V ()2 €Y
Proposition 4. 2. Let (F,X) be an i-v fuzzy field of X, and ¥ a linear
space over X. Assume V is an i—v fuzzy set of Y. Then (V,Y) is an
i-v fuzzy linear space over (F,X) iff

WDV Qe +pp))ZFWDAVE)) N FWAVEDAue X

and 2,y €Y ;

QDF =V (z),z €Y.
Proposition 4. 3. Let(V,Y) be an i-v fuzzy linear space over (F,X);
and W C V. Then (W ,Y) is an i-v fuzzy linear subspace of (V,Y) iff
WGz +ud)=FX AWE)DAFEW AWE@),hu€Xandz,
yevt.
Proposition 4. 4. The intersection of a family of i-v fuzzy linear
spaces is an i-v fuzzy linear space.
Proposition 4. 5. The intersection of a family of i-v fuzzy linear sub-
spaces is an i-v fuzzy linear subspace.

Proposition 4. 6. Let Y and Z be linear spaces over the field X, and f
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a linear transformation of Y into Z. Let (F,X) be an i-v fuzzy field
of X, and (W,Z) be an i-v fuzzy linear space over (F,X). Then
( £7Y(W),Y)is an i-v fuzzy linear space over (F,X).

Proposition 4. 7. Let Y and Z be linear spaces over the field X, and f
a linear transformation of Y into Z. Let (F,X) be an i-v fuzzy field
of X and (V,Y) be an i-v fuzzy linear spacevover (F,X). Then
(f(V),Z) is an i-v fuzzy linear space over (F,X).

References

[1]R. Biswas, Rosenfeld’s fuzzy subgroups with interval-valued membership
functions , Fuzzy Sets and Systems 63(1994) 87-90.

[2]R. Biswas, Fuzzy fields and fuzzy linear spaces redefined, Fuzzy Sets and
Systems 33(1989)257-259

[3]M. B. Gorzalczany, A method of inference in approximatc reasoning based on
interval-valued fuzzy sets, Fuzzy Sets and Systems 21(1987)1-17.

[4]Gu Wenxiang and LuTu, Fuzzy linear spaces, Fuzzy Sets and Systems
49(1992),377-380.

[5]Meng Guangwu, The fundamental theory of i-v fuzzy sets, Appl. Matk.
6(1993)212-217 (in Chinese)

[6]S. Nanda, Fuzzy fields and fuzzy linear spaces, Fuzzy Sets and Systems
19(1986)89-94.

[7]L.A.Zadeh, The concept of a linguistic variable and its application to ap-
proximate reasoning I. Inf. and Control. 8(1975)199-249



