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Abstract:

In this paper.first the concept of refinement of semi-lopogenous order on completely distributive lattice has
been introduced. Second ,the refine structure of syntopogenous structure on completely distributive lattice has been
resarched. Some important properties have been obtained. And further ,the extension of syntopoenous structure on
completely distributive lattice will be discussed.
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1 Preliminaries

In this paper, L will be a completely distributive lattice. 1 and 0 respectively maximal and
minimal clements of 1.

Definition 1. 1[1,2]. A binary relation < on L is called a semi-topogenous order if it satis-
fics the following axioms: (1) 00 and 1<€1;(2) - bimplies @ << b3 (3) @, < a € b < b, implies
a, K b,.

A semi-topogenous order is called

( 1) topogenous:if a K band ¢ K dimblies aVec&XbVdanda A c Kb A dy

(1) perfect;if a, Kb i € Iimplies V a; §V by

() co-perfect:if a; K b;7 € Iimplies A a, < A biy

() biperfect;if it is perfect and co-perfect;

(v )symmetncaluf & =<, Where I with ordcr-reversing involution *’” and e K& iff V<
a". A semi-topogenous order <, is called finer than another one < (i. e. K,is called coarser
than <) if @ &, bimplies a &,b, denoted by €, <, K, €K, and K, <Ky then &, K, are
called equivalent,denoted by <«,=<,.

# This research work is supported by the Important Subject of Sichuan Education Group,



27

Definition 1. 2[1,2]. A syntopogenous structurc on Lis a nonempty family S of topogenous
orders on L having the following two properties: (S,) For any &, <, € S, there exists K € S
such that<, V K,<KL. (5,) For any &€ S, there cxists &, € S such that €<«

(L.S) is called a syntopogenous space. A syntopogenous structure S, is called finer than an-
other one S, (i.\e. S,is coarser than S;) if for any <7, € S, there exists &, € S,finer than <&, de-
noted by 8, < S, S < S,and S; << Sy, then we call S, and S, equivalent, denoted by S, = S;.

Relative notions and signals please sce [3,4,0 1.

2 The concept of refinement of semi-topogenous order on L

Definition 2. 1. Let < be a semi-topogenous order on Land h € I.. We consider a binary re-
lation <. = k on I.as follows:

a <& % h biff there exists ¢ C I such thata < canda V (¢ A h) < b.

Theorem 2. 1. If < be a semi-topogenous order on L, then € * his a semi-topogenous ofr-
der on 1.

Proof.  (DChoose ¢ — 04 then 0 K0 and 0V (0 A R)Z0500% »h 0 similarly ,choose ¢
—~ . thenlland 1V U AM<Ls0l &K *hl.

(2) Ha <l x L b then there exists ¢ € Lsuch thata K¢ anda V (¢ A R) < b thena=aV
w A )by s0a < b

(3) 1 a, < a< »hb<h, then there exists ¢ € Lsuch thate “ canda V (c A h) < b, 50

g s cand ay V ¢ A h) <2 b by thus ay < x Dby

Theorem2. 2. lLet <€ be a semi-topogenous order on L, then (1)K * 0=<; )K=k,

Proof. (DHaK *0b il there exists ¢ € [.such thata K¢ anda V (c A 0) <b, thena V
e A 0) = a < by conversely.if a < b, choosec — 1 € L, thena < landa V QA0 =a<b,
sod s * 0 b

(D1 a < * 1 biff there exists ¢ € Lsuch thata € canda V (¢ A 1) < b, thena X < bso

a < by converselysif @ << b, choose ¢ = be Lihena<bandaV (WAL= b= b, thus a % *» 1b.

Theorem?2.3. Let <,<, be semi-topogenous order on L and h,h, € L,then (1)1f XKLL,
implies & * A< * Ry (D1 h < hiimplies K€ * b, <K * h; B)«L K »h<< (Horany h € L).

Proof (DIfa< *hbill there exists ¢ € I.such thata Zcanda V (¢ A ) <b, thena<;¢
anda V (¢ A R) < b,s0 a<k * h b,

(29 1{ a < % Aybiff there exists ¢ € Lsuch thata K canda V (¢ A b)) <b, thena < c and
aV (c A <LaV (¢ AhD <b,s0aK *xhb

(3) Since 0 < h<<1 Horany h € L), by (2) we get K * 1 <& rh<K %0, 50 KKK #h
<< (for any h € L), by Theorem 2. 2.
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Let H = {< * hh € L} is a family of refinement of semi-topogenous order on L. It is easy to
see that << and < are respectively maximal and minimal elements of H. Now we define respective-
Iv Urer K * hand Nier, K * hoas [ollows .

a Uner X % 1 biff there is hy € Lsuch thata < x h; by Moreover, o O"G" < *hbiff for any
h € L havinga < % A b. ’ .

It is easy 1o see that User << * rand Nier, € * A both are clements of /. Summarizly , we get

Theorem2.4. Let H = {< x h:h € L} be a family of refinement of semi-topogenous order

on L, then H is a perfect lattice.
3 The properties of refinement of semi-topogenous order on L.

Theorem3. 1. Lel € be a scmi-topogenous order on L, then (K » A)? =< # A,

Proof. a(<& % h)Wiff there exist a;,b; € L(i = |,2,++m,j = 1,2,*,n) such that a
= Vma b = Albja, K % h b for any ¢, jiff therc exist ¢; € Lsuch thate =V .a,,b = Aj-,b;,
a, K egand a; V (¢; A B) < by for any i, j. U choose ¢ = A7y Aj-icij» we can obtain a K'cand &
Ve AMN<Lb ffakg kb

Theorem3. 2. Let < be a semi-topogenous order on Lythen <? % A << (K * h)2

Proof. a <<% h biff there exists ¢ € Lsuch thatea < and a V (¢ A h) < biff there exists
d € Lsuch thata KdKcand a NV (¢ A h) < by then chooseey =a V (d A h), since e K d and
aVWdARD=c<gss0aK *heyMsincec, =aV dARMELdKcandg V (c Ah)=a
VAdAMD NV cAh)y=aV (c Ah) b Goco e, % cande, V e AR Zh)es0c, K #h b
Thus a (< * )b, by D) and (2).

Theorem3. 3. Let < be a semi-topogenous order on Lythen (1) (£ # AY =<2 % h; (2) (K
* ) =<t xh.

Proof (1) a<<®+ h biff there exists ¢ € Lsuch thata €?cand a V (¢ A h) < biff there exist
{a;+f € I} such thata = V¢uiva;, Kcanda V (¢ A h) < b, for any ¢ €l iff there exist {a;,¢ €
I} such thata =V gja;0a;, K canda;, V (¢ A h) < b, for any i € I iff there exist {a;,i € I} such
thata =V c;ai,a; € *h b, for anyi € I. i.e. a(<K » h)? b,

(2) a(K * h)®biff there exist {a,;,i € I} and {b;,j € J} such that a = V ;esa:,b = A jesb;,a; K
* hd;, for any i € I,j € Jiff there exist ¢;; such that a = Ve1aiy6 = A jesbj,a; K ¢y and a; V (¢
Ah)<b,foranyi € I,j € J. Choosec; =V cij» thena = V12,6 = A jesbj0a, K c;and a; V
(e; AN W)Y b, foranyi € I,j € J. Setc = A ¢, thena = Vegai0b = A jesbjsa<KPcanda V (¢
AR <b.sou<t+hb Converscly: a < » £ bilf there exists ¢ € Lsuch thata €*canda V (¢
A h) << biff there exist {a;,¢i € I} and {¢;. j € J} such thata =V eraiv¢ = A jescjra; K ¢;y and a
VAR Lbioranyi € I,j € J. Chooseb; =a V (¢; A h),thena =V ca;, AN by=a V (¢
AR)=b <b,a.Kcjanda; V (c; A h) < b, foranyi € I,j € J, thena =V e12,,b, = A bj,a;
L. +hb;,foranyi € I,j € J. Soa(K * h)b, < b, thus a(K * h)*.
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Theorem3. 4. Let {; 1., = I;be a GOH( 2] ,let < be a semi— topogenous order on L,,
then [ (<) < f7HU(KL * h).

Proof. a f~'(K)biff there exist a;. b, € Lysuch thata, € b anda L a1 <b,
then there exist a,,0, € Ly such thata, < % hbanda<<f a7 (h) < b. So af~ ' (K * h)b.

4 - The properties of refinement of syntopogenous structure on L

Now by L » we shall denote a nonempty subsets of 1. satisfies the [ollowing condition:

for any a,,a, € L « implies a < a, A a,, for somea € Lx. O

Theorem 4. 1. For any syntopogenous structure SonlL,S*L» = {K *h. K€ S,h €
L % } is also a syntopogenous structure on L. '

Proof. Each element of S * L  is topogenous ,because by (K #* A1 =<' * h=<K * h, (for
evey K€ S,h € L ). <, K € Syhyho € Lox s and <, UL, <K€ S, A h,2zhe& Lx,
then (< % hy) U (s % hy) << % he For any <€ S,k € L , there is K, € S with KKK, then
& #h < rh < (K *h)E So S * Lx is a syntopogenous structure on L, by Def. 1. 2.

Theoremd. 2. Let S is a syntopogenous structure on L,then (1) S<S*Lx;(2)S*{0}=
(<)) Sx {1} = 8. | .
The proof is omitted.

Theoremd. 3. Let S is a syntopogenous structure on L,then (1) (S * Lx) =8 %Lx;
(2)(S*L*)=35S%Lx.

Proof. Using theorem 3. 3,we get theorem 4.3 easily.
Corollaryd. 4. If S is perfect or biperfect,then S * L # is also .

Theoremd. 5. Let J:I, = L;be a GOH . define; f~'(L*) = {f'(h):h € L»}, then
(D S S US*Lx ) (DfH(S*Lx) < fUS) * (L% ).

Proof (1)Using theorem 3.4 we can get; it(2)For any YUK *h) € [FHUS*L#),af (K
% h)b iff there exist a;,b, € L, such thata, K * hbyra < f4ay) o 7 (b)) < biff there exist d; b,
¢, € Lysuch thate, K ciand @y V (cy A k) < b, va < @) 71 (hy) < b Choose ¢ = e,
then af~'()c and f'[a; V (a0 A DI f~'(b). Then af'(K)cand f'(a) V [f ') A
FUO1< 7YY, Soaf T (K)canda V (¢ A FR) L @) VI e AT <
FU0y) < b Thus af 7'() * [TH(RIb. i e af (&K »h)bimplies af () * [T (A)b.

Now ,we prove following 3 lemmas so that we can prove theorem 4. 6.

Lemma 1. Let f:l., — L, be a GOI{, and { is injective, then for any a € Ly, f(a) <
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fa'n'.

Proof. Since fis a injective,then f'f(a') =a'. Asa < a then fifa@)<d.Sa<
F1(fC@))'. Thus fa) < (f@))'.

Lemma 2. Let fil, — L, is aGOH, then-[o’r anyh € L,,h < [fUARNT.

Proof. Since fis a GOH , then ff'(W') < k' soh < [ff"‘(h')]'.

Lemma 3. Let fil,—1,is a GOH,and fisa injective ,then if f(a) € (f(")) and f(a) V
[ AR (FB)) imply af ' (K * h)b.
" Proof Choose a, = f(a).b, = (S')) i — (f(c"))'. thena, Lc¢,,anda, V (c;.A k) <b,
a = @) = " (a) ¥ — [7SW) (since [is a injective). imply a; K # h &, a<a=f""a),
beh=STW) = ) de af THK % h)b.

Theorem 4. 6. Let f:ly — IL,is a GOIl, and f is a injective, then [T (S*L») =
FUS)Y* fTHLw ) ‘

Proof. From theorem 4.5(2),we only need to prove FUSY* L) (S *Lx).

For any f~1() » f~1(h) € [TH(S) * FU(Lw ). af' (L) * f71(h)b, then there exists ¢
€ L,such thataf~'(K)canda V (¢ A () < b. As af ' (K)c, then there exists a,,¢; € L,
such that @, € ¢;and a < f7'(a)) .f“(‘c‘) <c, s0a, K cand f(a) <ay,¢ < f~'(c}). Hencea, K
cand f(@) < ay f(e) << iff fla) <a, K¢, < () then fla) K (f(c'))" . And sincea V
G AN LL Y <d ANV SR, then f(bi) < f@) NIV SR Sisa
GOH ). So (f(a'))' V [N A LYW (fWHY, thus fa) V LG A Ml <
¢f¢"))'. From lemma 1,2,3.we get af ' (K x h)b.

Acknowledgement

The author is grateful to prof. Zhi Wen Mo for his valuable suggestions.

References

[1] Mo Z W. Su L.,Syntopogenous structure on completely distributive fattice and its connec.tedness +Fuzzy sets
and Systems,72(1995),365—371

[2] Wang Guo—jun. ,Theorem of topological molecuiar lattices. (Shanxi Normal University Press,1990. )

(3] Liu Y.M. Fussy topology(l),]. Math. Anal. Appl. ,76(1980),571—599

[4] A. K. katsaras and C. G. petalas. On fuzzy synmpbgenous structure, J. Math. Anal. Appl. ,99(1984),219
—236

[5] MoZ W.SuL.On fugzy syntopogenous structurc and preorders, Fuzzy Sets and Systems,90(1997),355—
359 ., )



