20

The Transformation from Semantical Topologies
to Syntactical Topologies
in Fuzzy Propositional Logic System L*

Zheng Yalin, Chen Baili

(Institute of Information and System Science, Fazculty of Science,
Xi’an Jiaotong University, Xian 710049, the People’s Republic of China)

Abstract

In this paper, the interesting new informations are discovered and proved
that a kind of semantical toplolgies can be transformed as a kind of syntactical
topologies via the operators ( )—(a—=T(L"*)), ( )~(¢*—-T(L ™)), and ( )-T(L")
on the fuzzy propositional logic system L* of Wang Guojun.
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Let L' = (F(S),L) be a fuzzy propositional logic system, where F(S) be a
set of abstract fuzzy propositions, and a free algebra of type (—,\,V,
—); S be a set of abstract atomic fuzzy propositions; L be an evaluation lattice
and a algebra of type (—,/\,\V,—); the ordering < in L may be linear, or

nonlinear. .
Let R be any implication operator in the evaluation lattice L, Q, the set of

all the R — evaluation mappings on F(S), where every Revaluation v, be

a (—,N\,V,-)— homomorphism

F(S)— L,
Y&’ {‘A — v (4) = Fv (9, (P,)).
Let ®,, ¥,, ZR,---be the subsets of Q .
Suppose that aeL — {0},AeF(S). If v(A4) 2 a holds for every R
— evaluation V. €D, then A is said to be ‘a ®, — (e —tautology). For each aeL

—~ {0}, the set of all the ® . — (x— tautologies) in the fuzzy propositional logic
system L is denoted by @, —(x— T(L")). Thus a collection of operators
()= (a—T(L)) P, ) P(F(S)), (aeL —{0})

are obtained. We can prove that a kind of semantical topologies can be transform
ed as a kind of syntactical topologies via the operators
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()—(@=T(L")), (xeL —{0}).

Proposition 1. Suppose that ® c¥,, then
¥, —(@—T(L Nc®, —(@a—TL")),
i.e., the operator
()—(a—T(L"):P@ )~ P(F(S))
is a inverse — ordering mapping.
Proof. Let Ae¥ _ —(a—T(L ) ). Then v (4)2> 0 holds for every v,
e¥,. Particularly, v (4) 2> o holds for each v e®,. There fore Ae®, —(a

—T(L")). So
¥, —(@—TL Nc®, —(@—TEL")).
This completes the proof.

Propositin 2. Suppose that {Cb: | 6@} c P(Q,}. Then
(U0 —@—TIL " N=N@, —@—T(L" N,

i.e., the operator ( )— (o — T(L’)): P(QR)—>P(F(S)) is a U — ﬂ mapping.

Proof. It is clear that <I>:<:Ud>; holds for every 0

80
€® . It follows from Proposition 1 that
'} » ] ™
(gd’k)—(u— (L )@, —(@—T( ),
and hence

(Ue)—@-TL " Ne N@, —@—TE ).

8c® AcO®

On the other hand, suppose that Ae() (d)i —(a—T(L : ), thenA ed>: —(x

—-T(L')) holds for every 0e® |, i.e., vR(A)Za holds for every 6

e® and every VREQ:. Hence v, (A4)>« holds for every vReUd);, ie.,
060

Ae(U0)) — (@~ TL ).

[ 3]
There fore,
NE@° —@— T« MWe (U2 —@—TL" ).
[ ] [ 5]
This completes the proof. .
Propostion3. Suppose that {Qi | 0e® }cP(Q,), and ﬂd):e{d): | 0
80

€® }. Then
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(N®%)—@— T N= U@, —(@—TC" ),

i.e., the operator
()= (@—T(L ")) P@,)— P(F(S))
is a conditional (\—\) mapping.

Proof. It is clear that ﬂ(bi CQ: holds for every 0e® . It follows from

Proposition 1 that
o —(@— T N (N —(@—TL ),

(1]
and hence

U@’ —@—TL Ne (N0~ @—T(L" ).

On the other hand, since there exists a 6,€®  such that ﬂQi =d>1", so
(1]

(N®H—(@—T(L N=0% —@—TEL N Y@ —@—TL" .

9cO o

There fore,
(N0 — (@~ TL D= U@, —@—TL" ).

This completes the proof.

Theorem 1. Suppose that T is a topology on the lattice P(QR), and any finite

subcollection H of T is closed under the operation ().
Let

T—(@—T(L )={®, —(@—(T(L")) | DT},
and
P (F(S)={A|Q,—(@—T(L )<AcFS

Then T — (a — T(L')) must be a cotopology on the sublattice
P (F(S)) of the lattice P(F(S)).

Proof. (1) It is obvious that both the minimum element QR—(a

— T(L ’ )) and the maximum element @ — (o — T(L : )) belong to T — (a— T(L : ).
(2) Taking arbitrarily a subcollection {d’i — (o — T(L') | 0e® , Q:ET} of T
—(a— T(L")). Notice that |)®}eT,

[ ]
so it follows from Proposition 2 that

N@, —@—TEL M=) — (@~ T(L NeT — (@ — T(L")).
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, , , , , 8 . 9
(3) Taking arbitrarily a finite subcollection {d)R —(@—T(L ))| 6e® ,®,

€T} of T— (@— T(L")). Since any
finite subcollection of T is closed under the operation N, so
0 0
QQRe{d)R | 0e® }.

Notice that ﬂtbieT, then it follows from Proposition 3 that

U@ — (@~ TL M=(N®)—(@— T(L )T — (@— T(L")).

[ 5] 060
Combine (1),(2), and (3) together, we see that T —(a— T(L ')) is
indeed a cotopology on the lattice P (F(S)). This completes the

proof.

We have similar informations about operators ( )——(cz+ — T(L‘)): PQ,) -
— P(F(S)), and ()=~ T ): P(Q,)— P(F(S)). Where, for every ® ,cQ., @,

Y —T(L ")) is the set of all the ®, — (u

—(a +

— tautologies) in the fuzzy propositional logic system L‘; Q.
—T(L") the set of all the ®,—tautologies in L. Let 4
€F(S) be a fuzzy proposition, if v, (A)>a holds for every evaluation v,
ed

=1 holds for every evaluation v, e® ., then A is said to be a ¥, — tautology.

R’

then A is said to be a d>R —(az+ — tautology). Similarly, if vR(A)

Proposition 4. Suppose that ® ¥ . Then
¥, —@ —T(L Ned,—@ —TL")),
i.e., the operator ( )—(azJr —T(L')):P(QR)——»P(F(S)) is a inverse

— ordering mapping.

Proposition 5. Suppose that
{©°16e®@ }cP@,)
Then
(Uo)—@* =1 " N=NE@, @ —T(L"N),

i.e., the operator ( )—(ac+ — (L : N:P(Q,)— P(F(S)) is a U - ﬂ mapping.

Proposition 6. Suppose that {d): | 6e®} = P(Q,), and ﬂQ:e{CD: | 8



e®}. Then (ﬂQi)_—(a+ —T(L ")) = U(<I>ft —(a—T(L‘))), i.e., operator ( Y—(a*

—-T(L')): P(Q,)— P(F(S)) is a conditional ﬂ — U mapping.

Theorem 2. Suppose that T is a topology on the lattice P(Q,), and any finite
subcollection of T is closed under the operation (). Let

T—(' —TL N={0,—(@" —T(L NPT}
and P, (F(S)={B | Q,—(a* —T(L"))cBcF(5)}. Then T—(a"
—T(L ")) must be a cotopology on the sublattice P, (F(S)) of the lattice P(F(S)).

Proposition 7.Suppose that ® <¥,. Then
\I’R —T(L )C(DR"T(L )’
ie., operator
()—T(L"): PQ,)— P(F(S))

is a inverse — ordering mapping.

Proposition 8. Suppose that {®,|0e® }cP(Q,).
Then Ud): —T(L" )= ﬂ(d)i —T(L")), i.e., operator

() —TWL : ):P(QR)—rP(F(S)) is a U - ﬂ mapping.

Proposition 9.Suppose that {tbi | 6e®} = P(Q,), and ﬂlbie{d):‘ | 8
L[5 ]

€® }. Then (N®,)—TL )= U@, —T(L")), ie., operator ()= T(L"): P(,)

— P(F(S)) is a conditional ﬂ - U mapping.

Theorem 3. Suppose thatT is a topology, and any finite subcollec —
tion of T is closed under the operation (). Let

T—T(L")={®, — T(L ), T},
and
P,  (FS)={B|Q,—T(L )cBcF©S)
Then T— T(L : ) is a cotopology on the sublattice P (F(S)) of the
lattice P(F(S)).
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