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ABSTRACT : In this paper, the Caristi type fuzzy hybrid fixed point theorem in
M-PM-space is considered. A new fuzzy hybrid fixed point theorem and a new
common fuzzy hybrid fixed point theorem of sequences of fuzzy mappings in M-
PM-space are obtained. These theorems improve and generalize the Caristis fixed
point theorem and correspoinding recent important results.

KEY WORDS ; Probabilistic metric space,Menger space, Caristi's fixed point theo
rem, fuzzy hybrid fixed point,common fuzzy hybrid fixed point.

1991 AMS SUBJECT CLASSIFICATION CODES;54H25,47H10

1 PRELIMINARIES

Throughout this paper, we assume the (E, F, 4) is a Menger probabilistic
metric space (briefly M-PM-Space) , where t-norm Asatisfies the condition ,
lim A(z, 3) = »,¥ y€ [0,1] (1.1)

1
DEFINITION 1.1 a mapping A; E— [0,1]is called a fuzzy subset over E
, we denote by . (E) the famity of all fuzzy subsets over E ,a mapping S: E—
F (E) is called a fuzzy mapping over E. Let S, E— & (E), T:E— E, if pE
E such that Sp(p) = runeaécS X w) and Tp= p, then pis called a fuzzy hybrid fixed

pOiIlt ofSand T. IﬁtSK:E—’?(E) (K= 1929"'),T:E_’E, lfpe ESUCh

that (:rjOlSKp) (p = mélé:(ﬁfgxp) () and Tp= p, then pis called a common

fuzzy hybrid fixed point of {Sx} and T'.
DEFINITION 1.2 Let (E,F,4) is a M-PM-space, T:E — E ,we say T
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satisfies the condition (1. 2),if ¥ x,y € E,
Fx9Ty(t) < FTx,T_’Y(x)av t>0 (1- 2)

2 MAIN RESULTS

Let S; E—~ & (E) is a fuzzy mapping, O;: E— (0,1 ] is a real-valued func
tion, Y z€ EletGr= (S2)ow = {#|Sx(u) = XKD}, the G E— 2Fis a set-
valued mapping, throughout this paper we denote this mapping by G .

THEOREM 2.1 Let (E,F,4) is a complete M-PM-space, Asatisfies the
condition (1,1), #,E— (— oo, 4 oo is a lower semicontinuous function,
bounded from below, &+ oo, T; E— Eis continuous and satisfies the condition
(1. 2),let S; E— & (E) is a fuzzy mapping.

(i) If there exists a real-valued function O; E— (0,1 ]such thaty =€ E,
Gx+# & ,TGx= GIx, and 3 y € Gzsuch that

Fy,Tx(t) = H@ — (P(x) — &(3))) st >0 (2.1

then for every u € E with @(Tu) #+ oo and f > 1 ,there exists p € E ,such
that p = Tpand Sp(p) = O(p) , moreover

Fru,p)(t) = H(t — B(P(Tw) — D(p))) (2.2)
if &(Tw) < inf &(2) + €< inf &(2) + 1, then psatisfies
2€T(E) 2€T(E)
FTu,p(t) = H@ — V¢) (2.3)

(i1) In particular,if ¥ x € E,X2) = meang:L(u) satisfies the conditions of

(i), then there exists p€ E, pis a fuzzy hybrid fixed point of S and T, moreover
satisfies (2. 2), (2. 3).
PROOF. Since YV € E,Gzr= (SD o = {u|Sx(u) =KD },G:E— 2Fis
a set-valued mapping, moreover satisifes the conditions of (i). By using G: E —
2E\{®} , we can define mapping Q; E— Esuch that{ =€ E,Qr= y, where y€&
Gzand satisfies (2. 2). Thus ¥ = € E which implies that
FQue, Tx(t) = H(t — (P(2) — B(QD)),t >0 (2-4)
By Lemma 1.2 of [ 9], F(E) = T(E), moreover T; E— Eis continuous, there
fore F(E) is a closed set,thus (F(E),F,A) is a complet M-PM-space, we prove
that Y £ € F(E),Q€ F(E), in fact, Y € F(E), since r= Tx,Glx= TGz,
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therefore Qr = QIx € GIx= TGx & T(E) = F(E), ..Qx € F(E).
Since @(Tu) F#+ oo ,if &(Tw) = léle(fE)CD(x) , then by (2. 4)

We have FQTu, TTu(t) = H(t), so Qu = TTu = Tu, Taking p=Tu €
F(E), we have Tp= p= Qp € Gp, moreover satisfies (2. 2), (2. 3). If &(Tw)
— inf &(x) =e>0 ,since (F(E),F,4) is a complete M-PM-space, by Lemma

x€T(E)

1.1of [9]VY A> 0,3 p€ F(E) such that
FTu, xt) > H: — 37<¢<Tu> — B(p)),¥ >0 (2.5)

FTu, t) > H@ — %),V t>0
VY 2€ F(E),x# 3 t, = t,(z) > 0, such that
Fz, pt) < Hito — 2(@0(p) — #()) (2. 6)

we shall show that Qp = A In fact,it Qp5~ p, then by (2.6), 3 4 = £,(Qp)
such that

FQp, pt) < Hity — (®(p) — B@))
By (2.5) and taking A = —1—, we have

FQP,P(to) < H(to — (DP(p) — D)) < FQp, T(t,) = M9P(to)
This is a contraction. So Qo= A Thus p€ F(E) = T(E) satisfiesTp= p= Q4
€ Gp By (2.5),we have

Flu,p=> Ht — 2(&(Tuw) — &)

— Ht— (&(Tw) — O(p)) (A=)

€

> H@t — B(D(Tw) — &(p)) i.e. (2.2)
I &(Tw) < inf &(2) + e< inf H(2) + 1, tet B = ——, we have
2ET(E) 2€T(E) ﬁ

FTru,(t)>= Ht — B(D(Tw) — D(Pp)))
> Ht— -9
> H@e— Ve) ie (2.3)
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In particular,if O(x) = rileaé:Sx(u) satisfies the conditions of (i),since p=
QE GHLSHpP =Z0(p = TS;‘SP(“) =SSP, S.SKp = rzlélé(Sp(u) , it is ob
vions that pis a fuzzy hybrid fixed point of Sand T'.

THEOREM 2.2 Let (E,F,A) ,®P, Tsatisfies the conditions of theorem 2. 1
moreover z; % z, with Ty # Tz, let Sg: E— F(E) (K= 1,2,") isa se
quence of fuzzy mappings.

(i) If there exists a sequence of functions O¢:E— (0,1](K = 1,2,°*)
such that¥ € E,Gyxr= (SK:C)OK(I) #= &, TGxx= GxTx, andq y€ Ggzx (K =
1,2,+++) such that

Fy,Txe(t) = Ht — (P() — DP(3)),¥ t>0 (2.7)
Then for any u € E with &(Tw) %+ oo and 8> 1, there exists p € Esuch that
p=Tp€E Gep (K =1,2,+) and satisfies (2. 2), (2. 3).

(ii) In particular,if Y € E,Og(2) = rzlea;:SK:L(u) (K=1,2,-) satisfies
the conditions of (i), then there exists p € E, pis a common fuzzy hybrid fixed
point of {Sx} and T ,moreover satisfies (2. 2), (2. 3).

+oo
PR(X)F, V JCG E, lethZKOIGKJL', Where GKJE= (SK.'L')OX(_:) (K-_— 1 929 "')

, by the conditions of (i) ¥V z€ E,Gz+ & and3 y € Gsuch that (2. 7),by
proof of Theorem 2. 2 of [9] TG = GT ,thus G; E— 2F satisfies the conditions of
theorem 2. 1,for T'and G applying theorem 2. 1, we obtain p € E, such that p=

400
TP E Gpand (2. 2) ’ (2. 3) ,by PE Gp=_[lGKPg.(;KP9 (K= ].929“'). In par
ticular,if O¢(2) = maxSgx(w)(K = 1, 2, =), by Sktp) = Ge(p) =

weE

+oo
maxSep(w) = Sxpw), ¥ u € E, and ([1Sxp(p) = minSgp(p) = min

uc E

oo +oo
maxScpw) = minSep) = (1S ()Y u € E ywe have ([1 Sk () =

ue E

I:{lélé((:QISKP) (w) = (:DISKP) (P, thus (:QISKP) (p = r},?é((:QISKP) (w,pisa
common fuzzy hybrid fixed point of {Sx} and T'.

REMARK 2.1 For a complete metric space (E,d) ,we can define map
ping F.E X E— Das follow Fixr,(t) = H(t — d(z,y)),t € (— o0, + c0),
it is easy to prove that (E, F,min) be a complete M-PM-space, A= min satisfies
the condition (1. 1) ,therefore it is easy to prove that the theorems of this paper
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improve and generalize Carist's fixed point theorem and corresponding recent im
portant results of [1—8].
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