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Abstract: The concept of L-fuzzy topological sum spaces is introduced
by Meng. In this paper, some properties for L-fuzzy topological sum
spaces are studied, and the relation between the L-fuzzy topological
sum spaces and crisp topological sum spaces is exposed, and the stra-
tum structures of L-fuzzy topological sum spaces are discussed.
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1. Introduction

In crisp topology, topological sum space is a basic concept [4],
and sum operation of topological spaces is of importance to simplify
proofs and the description of examples. H.Ghanim et al. [3] have first
extended the notion of crisp topological sum spaces to fuzzy topology.
Meng have introduced the concept of L-fuzzy topological sum spaces in
[1], and studied some additive L-fuzzy topological properties in [2].
In this paper, we discuss some properties of L-fuzzy topological sum
spaces, and expose the relation between the L-fuzzy topological sum
spaces and crisp topological sum spaces by taking the stratum struc-

tures of L-fuzzy topological spaces as the point of departure.



2. Preliminaries

Throughout this paper, L always denote a fuzzy lattice, 1.e., a
completely distributive and complete lattice with an order-reversing
involution / , it’s smallest element and greatest element are 0 and 1,
respectively. Let X be a nonempty crisp set, and A (C X, then ya.
denotes the characteristic function of A defined on X into {0,1}C
L. A mapping from X into L is called an L-fuzzy set on X. The collec-
tion of all the L-fuzzy sets on X, denoted by L*, can be naturally
seen as a fuzzy lattice (I*, <,/\,V,’ ). The smallest element and
the greatest element of L* are Ox and 1y, respectively, where Ox(x)
=0, and 1x(x)=1 for any x€X (L* §) stands for an L-fuzzy topo-
logical space (L-fts, for short), where § is a subfamily of I* con-
taining Ox and 1x, which is closed under finite intersection and
arbitrary union operation. For r €L and ACLX A, = {x€X: A(x) >r},
l-(4) ={x€X: A)4r}.P(L) ={r€L:r is a prime element of L and r
=+1}. Let (L*, §) be an L-fts ,and r EP(L). Then it is not difficult
to prove (see [5]) both [ ,.(6)={1.-(A): A€} and [6]={AEG: A
is crisp set} are crisp topologies on X. In addition, let ¢ (J§) =
{l+(A):r€EL, A€ 6}, then it is clear that ¢ (5) is the subbase of
some crisp topology on X, and the crisp topology is denoted by [ (6).
An L-fts (L*, ) is called weak induced [6], if for each A€ Jand any
reloy ,_w €9.

Definition 2.1. Let ®=£Y C X A€LY,B€L*. Then A*, A** €L* and B|YE
LY are defined, respectively, as follows:

{ Ax), x¢¥,
0, x €Y,

A™ (x) = xcX
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A(x), x€Y,
{ 1, XEY,
BIY) () =B(y), yyel

Clearly, A*|Y=A=A"*|Y.

A= (x) = Y x€X,

Definition 2.2 [1]. Let{(L*:, §4)}cer be a family of L-fts’s. Put X
=|{Jt erXs. For each t €T, j.:X.—X is crisp inclusion mapping (i.e.,
Je (x) =%, for each x€X.), it naturally induces an L-fuzzy mapping
Je: L**—L* Then it is clear that § ={ACL* wt €T, jo* (A) € 5.} is an
L-fuzzy topology on X. § is called the L-fuzzy sum topology of
{0c}eer and is denoted by X 6. L-fts (L%, §) is called L-fuzzy

t€T

topological sum space of {(L*¢, §¢)}eer, and denoted by té (LXe, § ).

Remark 2.3. In the sequel we will assume that the family of L-fts’s
described in definition 2.2 is pairwise disjoint, i.e.,for t,s €T and

t=8, Xo(X¢=®. The reason is expounded in [1].

Proposition 2.4 [1]. Let (L*§) =t§ (L*e, § ). Then
(1) o ={ACL*y t€ET, AlXe€ 5}
2) B€ s’ iff v t€T, B|IX. € 5
@) vt€T, if Ac€ 6. (resp. A.€ 5{), then Az, A2 € § (resp. AZ,
AT"€67);
4 vtET, 6|Xe= 4.

3. The properties of L-fuzzy topological sum spaces

Theorem 3.1. Let (L% §) =%}(L’f, d¢), then for each r € P(l),



& 1:(8)) = Z&e, 12(84))-

Proof. For each I/.(A) € 1.(8), we want to prove that -yt €T,
- A NXe € 1:(5e).
It is not difficult to check that
=) NXe=1-AlX) (3.1)
It follows from A€ § that Yt €T, A|X.€ §e.
Hence |.(A)\XKe=1.A|Xe) € 1:(8e). [0

Theorem 3.2. Let (I*, §) = X (L*, §.). Then (X, [6]) = ZXe, [5]).

t€T t€T
Proof. For each AC[ 5], we have y.€ §. Hence yt €T, yalXe€ 5. It
is not difficult to check that y4|Xe= y,~x. Then y t €T, X axs €

0« Therefore ANX. €[ 6.]. [

Theorem 3.3. (L%, §) = X (I*, §.) is weak induced iff tET, (LX, §4)

teT

1s weak induced.
Proof. Necessity. Suppose that (L*, §) is weak induced. VET, v A€
de, Vr€l, we want to prove y |, L (ae € 0¢. From A € 5. we see that
At€ S, and so Yr€EL, y .y €06. Therefore yt €T, y v, ot 1Xe €
d¢ Also, it is mot difficult to check that yt €T,
opanXe=2, .,

This shows y , Lo €04

Sufficiency. VA€ §, yrEL, we want to prove X ¢ _a €0 From
A€ 5 we get that yt€T, A|X., €65, and so el oy, arxe €0+

It follows from proposition 2.4 (3) that (x , aixe) "€ 8. Thus

V(X ,=caixe) "€ 8. We next will prove that

t€T

X, =V (x L oarxe)” 3.2)

teT
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First, yr €P(L), VA, €EL*s, it is clear that
It is not difficult from Eq. (8.3) to check that

-

(x , r(At)) =X 1

Second, we will prove that A= \E/T(A|Xt) ..
t

vx €X=|JX,, there exists s €T such that x€X,. Then

te€T

(VA1) ") x) =V @AlXe) * (x) = (AlXa) (x) =A(x)

t€T teT

Hence A=\ (A|X:) ™.

t€T

Finally, we have

X i, X ovarxo® = LU aixo™

tET t€T

=V, caxom =YX 1, arxe)”

teT

Therefore (3.2) holds. From this, ¥ ! L@ € § follows immediately. []

Given a crisp topological space (X, t), then y _={y, A€ 1} is

clearly an L-fuzzy topology on X.

te€T

Theorem 3.4. (X, 7) = X (X., 7¢) iff % y _) =§(th, X =)

Proof. It follows from v A C X, Xa~x,= XalXe. [

Lemma 3.5. Let (X, 7) and (X¢, 7.), t€T, be crisp topological

spaces, and Q be the subbase of (X, 7). Then (X, 7) = X (Xe, 7.) iff
t€T

VAEQ, §tET, AK€ Te.

Proof. Necessity is clear. Let us prove the sufficiency.

ky,
Y BC 7, assume that B=|) (/") A¥), where AY€ Q. Then vt €T, BN\X.

heH i=]
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k, |
=U(N AxNXe)) € 7. [

nel j=1

Theorem 3.6. Let (IX §) = X (I*¢, §.). Then

t€T

X 1.(8)) =2Fe, 1 (84)).

t€T

Proof. It follows from lemma 3.4 and Eq. 3.1). []

Given an L-fts (L*, §),let A~ (6) ={A€ S:Vr€L g R €6}

Then Zhang and Liu have proved in [6] that A1~ (6) is an L-fuzzy
topology on X.

Theorem 3.7. Let (L* §) =X (1*:, §.). Then

fer
(Lx,/l‘(é))=t§(Lx*, A*(d)).
Proof. A€ A*(6) => A€, and YreL y , , €9
=> Y t€T, AlXe€de, and yrel x , 4 [Xe€ 0
=> §t€T, AlXe€de and Vrel, y, o ~x. €6
=> §tET, AlXe€ S, and yrel x ;% €0

=> tET,AIXtG/‘l*(at) ]
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