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Abstract : In this paper we introduce the concept of L- fuzzy lightly compact set . The
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an “L- good extension” of usual light compactness.
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1. Introduction

Lightly compactness is the important notion in topology and plays an important
part in the crisp light compactness . Hence it is a spectacular problem how the notion is
generalized in L- fuzzy topology. Chen Shuili introduced an almost F-compactness
and L- fuzzy H-sets in L- fuzzy topological spaces in [2,3,4,5] . This paper will
generalize the notions and the result of [7,8] ,and establish the theory of L- fuzzy
topology.
2. Preliminaries

In this paper, L=L (<, V, A, ) always denotes a fuzzy lattice. 1 and 0
denote the greatest and the least elements of L respectively .Let X be a nonempty
crisp set , L* is the set of all L- fuzzy sets on X and M(L) the set of all nonzero
irreducible elements of L .For Q < L*, we define that Q={A:AeQ},VQ=V{A:AeQ},
AQ=A{A: A e Q}, FS(Q)={¥Y c Q : V¥ is finite subfamily of Q }.For a € L,
A={xe X:A(x)2a }. Foreach A € L* LA, A°, A, will denote the closure, the
interior and the pseudo - complement of A respectively ; A is called LF semiopen (LF
semiclosed) if there exist a B € § (G € 8 ) such that Bc Ac B( G° c AcG); A is
called LF regular open (closed) if A=A ° (A= A° ™). Let SO(L") (SC(L*), RO(LY),
RC(L")) be the family of LF semiopen (semiclosed,regular closed ) sets in (L*,3).



Definition 2.1 [11] a) p € L is called a union-irreducible element of L , if for
arbitrary ab e L wehave p< aVb = p< a or p<b .The set of all the non-zero
union-irreducible elements of L is denoted by M(L).
b) p € L iscalled a prime element ofL if for arbitrarya,be L we have
aAb< p=a<p orb<p.

Put p(L) = {p € L: p is prime element of L and p # 1}.It is easy to check that
p € ML) iff p € p(L).

Put M(LX)={x,.xeX ,ae ML)}, then we easily check that M( L, X)
is just the set of all non-zero union-irreducible elements (molecule) of L.

According to Wang [11] , in a completely distrubitive lattice , each element o has a
greatest minimal set which we will denote by B(c). We will put B’(c)=B(ct)~M(L)
and o°(1) =(B°(r )"

Definition 2.2 [3] Let (L,3) be an L -fis , AeL* and aeM(L) Qc? s called an
almost a-RF of A ,if for each x, in A , there is PeQ such that P’en(x,) . Q is called
an almost o -RF of A if there exists A.&B"(ct) such that Q is a A-RF of A .

Definition 2.3 [3] Let (L*,3) be an L -fts ,A€L" and rep(L).

(1) Qc3 is called an r-cover of A if for each xeX ,there is BeQ satisfying B(x) £ r.

Q is called an r'-cover of A if there exists tea.’( r ) such that Q is a t-cover of A .

(i) QQ < & is called an almost r-cover of A if for each xeX , there is B € Q satisfying
B(x) £ r. Qcd is called an almost r'-cover of A if for each xeX , there exists
tea’(r) such that Q is an almost t-cover of A .

Definition 2.4 [9] Let (L*,8) bean L-fis,and AeL®. Ais called strong fuzzy
compact ,if for each o € M(L) and every o-RF Q of A, there exists ¥ eFS(Q2)
such that¥ is an a-RF of A .

Definition 2.5[9] Let (L",6) be an L-fis , AeL*, rep(L), Q6. Q is called an
r-cover of A , if for each xeAy’ , there exists UeQ such that U(x) £ r.

Definition 2.6 [9] Let Qc L*, rep(L) . Q is said to have finite r-intersection
property (f.r- ip. ,for short )in AeL" if for each WeFS(QQ) there exists X€A r’

such that (A¥) (x) 2T.

Definition 2.7 [10] Let (L*,8) be an L-fis , AeL* ,Q c L%, aeL . Q is called the
family which has almost o-intersection property (or briefly , almost f. a-ip.) in A, if



for each W eFS(Q) there is x€A, such that (A¥°)x) 2 a . Q is called the family
which has almost f. o’-ip. in A, if for each t € B°(ct) , Q has almost f. t-ip. in A .
Definition 2.8 [5] Let (L",5) be an L-fts .BeL" is called LF regular semiopen if there
exists a QeRO(L") satisfying Qc BCG; B is called LF regular semiclosed if there
exists 8 PeRC(L*) with P°c Bc P.

Definition 2.9 [1] Let (L%5) and (LY, € ) be two L-fis and f: L*> LY a fuzzy
mapping

(i) f is semicontinuous if f "'(B) € SO(L®) for each Best .

(ii) f is almost continuous if f'(B) € & for each BeRO(LY).

(iii) f is weakly continuous if f '(B) = ( f(B))° for each Be .

3. Lightly compact sets

Definition 3.1. Let (L*.3) be an L-fis , AcL* . A is called lightly compact , if for
each countably a-RF Q of A, there exists W eFS(Q) such that ¥ is an almost o ™-
RF of A . Particularly , when 1, is lightly compact set , we call (L* ,3) as a lightly
compact space .

Theorem 3.2. An L-fuzzy set A in (L*,3) is a lightly compact set iff for any re
p(L) and every countably r-cover Q0 of A, there exists ¥ eFS(Q2) such that ¥ is an
almost r'-cover of A .

Theorem 3.3 Let (L",5) be an L-fis , Ae L*. Then A is lightly compact set iff for
each reM(L) and every countably family Q & which has the f. r-ip. in A, there
exists xeA, such that (AQ)(x) 2.

Theorem 3.4. Let (L*,5) be an L-fts, Ae L". Then A is ligtly compact set iff for each
regular closed countably a-RF Q of A, there exists weFS(Q2) such that y is an o -RF
of A.

Theorem 3.5. Let (L*,wi(1)) be the L-fuzzy topological space topologically generated
by a crisp space (X,t). Then (L*,wi(1)) is L-fuzzy lightly compact iff (X,7) is lightly
compact.

Proof. Assume that (L*,wi(1)) is L-fuzzy lightly compact space and Q is an countably
open cover of X. Put xo={xa: AcQ}cwi(7). For each rep(L), ¥q is a countably r-
cover of 1x. Indeed, for each xeX, there exists AeQ such that xeA, and so



xa(X)=1£r. Hence g is a countably r-cover of 1x. From the Theorem 3.2, Q has a
finite subfamily {A,,...,As} such that y={y Ai:i=1,2,...,n} is a finite almost 1*-cover of

1x, ie., for each xeX, there is x, ey satisfying (y, )@ #0. Since (Xa) =% and

X€E K ,UX: = X. This implies that (X,) is lightly compact space.

i=1

Conversely, for each rep(L), suppose that ¢cwi(T) is any countably r-cover of
1x. Then for each xeX, there exists Pe¢ such that P(x) £r.ie., xe/(P)et. Hence
I(0)={I(P):Ped}cr is a countably cover of (X,r). From the lightly compactness of
(X,t), there exists yeFS(¢) such that Wls a cover of (X,7). Hence for each xeX,

there exists Pey such that xe [ (P) el (y),ie., P(x)£r. Hence y is an almost r'-

cover of 1x. Therefore (L*,wi(t)) is L-fuzzy lightly compact.
Theorem 3.6. An L-fuzzy set A in (L%5) 1s a lightly compact set iff every countably
a-RORF Q of A has a finite subfamily \ that is an o-RORF of A for each aeM(L).
Definition 3.7. Let (L*, 8) be an L-fis, Ae L*. A is called RS-compact, if for each
aeM(L) and each a-RSORF Q of A, there exists yeFS(Q) such that y is an o-
RSOREF of A. (L%, 8) is called RS-compact, if 1, is RS-compact.

It is easy to verify that crisp RS-compactness is a special case of fuzzy RS-
compactness.
Theorem 3.8. Let (X, 7) be a crisp topological space and (L, 3) be the corresponding
L-fis, then (X, 1) is RS-compact iff (L%, w(t)) is RS-compact.
Theorem 3.9. An L-fuzzy set A in L-fis (L*, 8) is RS-compact iff for each rep(L) and
every r-regular semiopen cover Q of A, there exists yeFS(Q2) such that v is a r-
regular semiopen cover of A.
Theorem 3.10. Let (L%, 5) and (L”, €) be L-fts and f: (L%, 8) = (L, €) be an almost
continuous L-fuzzy mapping. If A is an L-fuzzy lightly compact set in L*, then fA) is
an L-fuzzy lightly compact set in L.
Theorem 3.11. If £ (L%, 8) — (L, ¢) is both weakly continuous and semicontinuous
fuzzy mapping and A is an lightly compact set in (L, 5), then f(A) is lightly compact
set.
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