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Abstract: Bounded closed interval-valued fuzzy numbers are
introduced based on interval-valued fuzzy sets,and their
algebraic operations are discussed. The degree of
uncertainty of the unmbers is portraied from the view of
information theory.The concept of induced fuzzy numbers is
presented , and the lattice theory structure of the family
of induced fuzzy numbers is pointed out.
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1. Preliminaries

In this paper, I and R stand for real unit closed interval
[0,1] and the set of all real numbers ,respectively , and

[I1={[a",a*]: a"<a*, a", a* €I}, [RI={[a,bl:a < b, a,beR}.
Definition 1.1 For [a, 5,1, [a,b] €[R], teT,i=1,2.

(1) Viola,5] =l V a0, V 51,

teT teT teT

N la,8] =l N a, N\ b1

teT teT teT
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(2) la,,b,1<[a,,b,] iff a <a, and b,<b, ,
la,.b,]=[a,,b,] iff a,=a, and b =5, .
Clearly , ([R],S,v,A) forms a lattice.

Definition 1.2 Let X be a non-empty set. A mapping
A:X—[I] is called interval-valued fuzzy set on X. The set of
all interval-valued fuzzy sets on X is denoted by [IT*.

For Ae[/]*, assuming that A(x)=[4"(x),4*(x)], x€X, then
we obtain two fuzzy sets 4~ and 4* onX, and 4~ and 4*
are called lower fuzzy set and upper fuzzy set of A
respectively . Sometime , A is written to be A=[4~, 4*].

?

Definition 1.3 Let Ae[/]* , [a,ble[I]. Then
A, ={xeX:a<4 (x) and b< 4*(x)}
is called [a,b]l-cut of A(see[3])
It is not difficult to prove that  4,, =4; N4}, where
A, ={xeX:4(x)2a},4;,, = {x e X: 4" (x) 2 b}.

Definition 1.4 A fuzzy set BonR is called bounded closed fuzzy
number , if (see [2]) '

(1) For each ae(01],B,, ={x R B(x)2a} [R] ;

(2) KerB={xeRB(x)=1}#4.

The set of all bounded closed fuzzy numbers on R is
denoted by BC(R).

2. Bounded Closed Interval-valued Fuzzy Numbers

Definition 2.1 4€[71® (i.e. A is a interval-valued fuzzy set
onR) is called a bounded closed interval-valued fuzzy number
(BCIFN, for short), if A4°,4* eBC(R). The set of all BCIFNs on
R is denoted by BC[R].

Theorem 2.2 Let AeBC[R], then for each [a,b]le[I] (a%0)
we have ~4,, €[R] and Kerd = ¢.



80

Proof From AeBC[R] we see that A47,4* eBC(R),and then
KerdA"2¢ . Take X, eKerd™, then for each [a, b] e [I] (a0) we
have X, e4,. It follows from 4" <4* that X, eKerd®

and so X, €4, . Hence 4, N4 #¢ . Note that 4,4 €[R],
we conclude that A4, "4, =4,, <[R]. O

Remark 2.3 The converse of theorem2.2 is false as shown
by the following example, this is different from bounded
closed fuzzy numbers (see theorem 3.11 in [1]).

Example 2.4 Let 4=[47,4"]€[I]® as follow:

[0, x € (—0,2] U [4,+c0)
A (x)= x-2, x €[2,3] ,

(4-x, x €[3,4]

0, x € (—0,0) U'(4,+x)
1 x €[2,4]

AT (x)=
1-05x, x €[0,1]
(0.5x, x €[1,2]

For each [a,b]e[l] with a=#0 , clearly, 4, c(24). Hence
A,y = Ay N 4y, €[R], and Kerd"#¢. But it is clear that
A* ¢ BC(R). Therefore AgBC[R]. O

Definition 2.5 Let AeBC[R].

(1) A is called a positive BCIFN, if 4*(x)=0 for each
X<0 . All positive BCIFNs is denoted by BC[R']

(2) A is called a negative BCIFN, if 4*(x)=0 for each
X20 . All negative BCIFNs is denoted by BCI[R].

3. Algebraic Operations on BCIFNs

Definition 3.1 Let *e{+,—,x,+} be the binary operation on R.
For A,BeBC[R], A*B is defined as follows:
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(4*B)(z) = V (A(x)AB(y)) , zeR ,

Z=X*y

where A(XAB(p)=[4"(x), 4 ()IA[B (y),B* (p)].

Theorem 3.2 Let A,BeBC[R], then .

(1) A*B €BC[R] for *e(+,-,x} ;

(2) A+B eBCI[R] for BeBCIR*] or BeBCIR] .
Proof (1) For =*e{+,-,x} and each zeR,

W) (D= V(4 @4 @HIAB 6B 0N

Z=X*Y

-V

Z=X*y

[A7(x)A B (), 4" (x) A B* ()]

LV wwnron, Vo wwnsoy ]

Z=X*y Z=X*y
= [(4”*B7)(2),(4* *B*)(z)] (from formula 4.21 in [2])

On the other hand, (4*B)z)=[(4*B) (2),(4*B)*(2)],
Hence ‘

(A*BY =A"*B~ , (A*B)" =A**B". (3.1
It follows from theorem 4.2.6 in [2] that
A *B ,4**B* eBC(R) . This shows A*BeBC[R] .

(2) It is similar to (1). 0

Theorem 3.3 Let A,B,C eBC[R]
(1) A+B=B+A ;
(2) AxB=BxA ;
(3) (A+B) +C=A+(B+(C) ;
(4) (AxB) xC=Ax (BxC) .

, then
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Proof The proofs of (2) , (3) and (4) are similar to (1) ,
and hence we only prove (1) .
From formula (3.1) and theorem 4.2.7 in [2] we have
A+B= [(4+B) ,(A+B)']1=[4" +B",4A" + B*]
= [B"+A4°,B"+A4"]=[(B+4) ,(B+ A)"]
= B+A . U
In general , Ax(B+C)#(4AxB)+(4xC) .However we have

Theorem 3.4 1If 4,B,CeBC[R'], then
Ax(B+C)=(AxB)+(AxC) .

Proof It is similar to theorem 3.3 .

Definition 3.5 Let 4,BeBC[R] . Define AvB and
AAB as follows :

UvB@= Y UmABOY) , zeR

Z=XVY -

(AAB)(2)= v (A(x)AB(y)) ,. z€R

Z=XAY
Theorem 3.6 If 4,BeBC[R] , then AvB,AABeBC[R] .

Proof Only prove AvBeBC[R] . For zeR

b

(4v B)(2)= Vv (4(x) A B(y))

Z=XVy

Vo ([47(x), 4" (D] A[B™(»), B* (»)])

Z=XVY

\4 [4"(x)AB (1), 4" (x) A B* ()]

Z=XVY
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[ V w@nron VYV @wmasoy ]

Z=XVY Z=XVYy

(4" vB™)(2),(4" vB*X2)] ,
(by formula 4.2.10 in [2]).

Note that (4AvB)X2)=[(4vB) (2),(AvB)'(2)], so we have

(AvB) =A"vB ,(AvB)' = A4*vB* (3.2)
Since 47,B ,4*,B* ¢ BC(R), it follows from formula 4.2.12 in [2]
that 4" vB~, A*vB* €BC(R) , and so (4vB) ,(4vB)' eBC(R) .
Hence Av BeBC[R] . W

Theorem 3.7 If A,B,CeBC[R] , then
(1) A+(BvC)=(A+B) v (A+(C) ;
(2) A+ (BAC) = (A+B) A (A+C) ;
(3) A-BvO=(A-B)AA-0) ;
(4) A-BACO=(A-B)v(A-C) .

Proof Take (3) for example .

A-(BvC)=[(4-(BvO) ,(4-(BvCO)']

=[4"=(BvC) ,4* —=(Bv(C)*] (from (3.1))

=[4 = (B vC),4*—(B*vC")] (from (3.2))

=[(4" =B )A(4™ -C),(4* =B )A(4* -C")]

(by theorem 4.2.10 in {2])

=[(4-B)" A(4-C)",(4-B)" A(4-0O)"]
=[((A-B)A(4-C))",(4-B)A(4-C))"]

=(A-B)A(4-C) . 0

Similar to theorem 3.7 , we have

Theorem 3.8 If 4,B,CeB(C[R'], then
(1) Ax(BvC)=(AxB)v(4xC) ;
(2) Ax(BAC)=(AxB)A(AxC) ;
(3) A+ (BvC)=(A+B)A(4+0C) ;
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(4) A+ (BAC)=(4+B)v(4:0) .

4. The Measure for Uncertainty of BCIFNs and
Induced Fuzzy Numbers

Given A4 eB(C[R],for xeR,A(x)=[47(x),4*(x)].From the view
of information theory, if A (x)=4%(x),then information of
element x itself is complete . If the information for x is
not complete , for example, we only knew roughly the age of Zhang
is about. 30~35,then membership grade of Zhang is
"Young" is a interval number, say, [0.7,0.8]. Inthis case,
A™(Zhang) = 0.7, A* (Zhang) = 08 . This shows that the interval
number [A47(x),A"(x)] is, in reality, a reflection for a
mount of information of x , the width of the interval
d(x)=A"(x)- A (x) is aquantification of uncertainty forx.
Therefore we present the following concept .

Definition 4.1 Given 4eBC[R] . Then
D)= [(4"(x)-4 (x))dx BEENCIY

is called degree of uncertainty of A .
Note that 47,4 e BC(R) , so infinite integral in (4.1) is
convergent.

Definition 4.2 Let 4 eBC[R] . We define a fuzzy number B e BC(R)
as follows:
Vx € R,B(x) e[4™(x),4*(x)] , and

1, x € Kerd ={m,n] # ¢
B(x) =4 L(x), x<m '
R(x), xX>n

where , L(x) and R(x) are , respectively , increasing
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right-continuous function and decreasing left-continuous
function , and lim L(x) = 0 = lim R(x)

X—> —0 X—> + 00

B is called a fuzzy number induced by A . All fuzzy numbers
induced by A is called fuzzy number family induced by A, and
written I(A) .

It is not difficult to prove the following two theorem :

Theorem 4.3 Let AeBC[R] , then (J(4).<,v,A) is a complete
lattice , and 4~ and A4* are , respectively , its minimal
element and maximum element .

Theorem 4.4 Given 4eBC[R] . VBel(4) , we define 4, e B([R]
as A4, =[B,A"] , then

(1) D(4,)<D(4) ;

(2) VB,Cel(4),B<C= D(A.)< D(4,) .
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