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Abstract The concept of interval —valued fuzzy events is introduced,and
the probability for this events is defined. The basic properties of the proba-
bility are discussed,and the relation between the probability and the proba-

bility for fuzzy events is pointed out.
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1. Introduction

The prerequisite discussing probability of fuzzy events[4 ]is to build
membership functions of fuzzy events which conform to the actual situa-
tion, but it often is not easy to determine the membership functions,espe-
cially , when information is not complete,even unable to set up them. For ex-
ample, We want to set up the fuzzy event”Bejing is fairly cold on December
30,1998” ,then we must know,in an all—round way,that some information
for Beijing,such as air temperature of all previous years in the city and,cold
resistance and living conditions of Beijingese . But it is not easy to obtain all
these information, sometimes even is impossible. On the other hand, the
standard for”fairly cold” varies from person to person,and from city to city.
Hence, we will use interval — valued membership function to replace mem-

bership function. On the one hand,this is easy to put into effect and,on the
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other hand,interval —valued membership function reflect the innate charac-
ter of fuzzy event. For example,for —20°C,membership degree which be-
longs to ”fairly cold”is better to take [0.7,0.8]than take 0. 8. this is just

the basic starting point fo present interval —valued fuzzy events.

2. Preliminaries

In this paper,I denotes real unit interval [0,1],and[I]={a=[a"sa*]:
a~<a't,a " ,at€1I}.Note that for each a€ I,a=[a,a],and so IC[I],VY a
=[a",a*],6=[6",b 1€ 1],

aNb=[a" Ab",a* Ab*], aVb=[a" V& ,a*Vb*],

a=[1—a*y1—a"], a<<b iff a~<<b~ and a*<b7,

a <biff at<<b~ a=>b iff a—=56" and a*=b".

Given a nonempty crisp set X , the mapptng A X—[1] is called and in-
terval —valued fuzzy set on X. All interval —valued fuzzy sets on X is de-
noted by [I]%.

For A€ [I)*,2€ X, assume that A(z)=[A"(z), A" (2)],then we
have two fuzzy sets; '

A" : X—~>1I At X—>1I

z|—=A"(z) z|=A* (),

A~ and A" are called lower—fuzzy set of A and upper —fuzzy set of A, re-
spectively. ‘

On [I}*,V,A,’,<,= are defined in order as follows

Y A,Be[I]*,¥ z€X

(AVB)(@)=Ax)VBx)=[A"(x)V B (z),A*(z) VB (z2)],

(AABY(@)=A) AB(x)=[A"(x) AB~(2) ,A*(z) AB* ()],

A@=UGE)H'=[1—-A%@),1-4A" @],

A<B iff A(x)<B(x);A<B iff A(x)<B(x),A=B iff A(z)=B(x).

It is easy to prove the following theorem;

Theorem 2.1 ([I1*,V, A,’,0,1) is a complete De Morgan algebra,
where,0=[0,0] and 1=[1,1].

3. Interval —valued Fuzzy Events

Definition 3.1 Let 2 be a sampel space,[1]° be all interval —valued
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fuzzy sets on 2, tC[I]?is called interval — valued fuzzy o— field (IFs —
field ,for short),if

(1) T€7; (2) if A€ then A’ €3 (3) if A,€rin=1,2,then V A,Ex.

The member of r is called an interval —valued fuzzy event,simply,IF—

event. 1 is called IF —certain event,and 0 IF —impossible event.

Example 3. 2 All constant interval —valued fuzzy sets on 2 forms an IFo—
field ,where,by constant interval —valued fuzzy set A on 2 is meant A(z)=
la,6]€[I],¥Y € Q.
For A, B€ rC[I]?, according to the operations of interval — valued
fuzzy sets,we obtain some operations for IF —events as follows:
AVB,AANB,A',A<B,A=B.
In addition,we also introduce two operations as follows:
for AyBE€r,and B<A,z€ N,
(A—B)(X)=AX)—B(X)=[A"(2)—B*(2), A" (2)—B~ (2) ],
AT(@)=[A"(z),A~(2)].
Note that for IF—events A, generally
AVAF#1,ANA'FO0.
This is different from crispvevents. '

It is easy to prove the following theorem;

Theorem 3.3 Let A,B,CE€rC[I]?,then
(1) AVB=BV A;ANB=BA A.
(2) CAVB)VC=AV(BVC);(AANB)AC=ANABAOC).
(3) (AVB)AC=(AACOVBAC); (AANBYVC=AVC)ABVO.
(4) (AVB)Y=A'AB;(ANB)Y=A"VB.

Definition 3.4 Let A,BEtC[I]% 1f ANB=0,then A and B are called

exclusive,and in the case, AV B is written as A-+B.

4. Probability of Interval —valued Fuzzy Events

Definition 4.1 Let 2={w,,w;,***} be a sample space,and probability of w;
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be p(w;},i=1,2,+,and Z_‘l;p(w,-)=1,and A€ rC[I]° Then probability of
A is defined by

PA) = §A<w..> p(w,->=[;A-<w,-> p(w), §A+<w,-> pw)].

Remark 4.2 For A€ rC[I]% supose that A=[A~,A*],then A~ and A*
are called lower —fuzzy event of A and upper—fuzzy event of A, respective-
ly. From definition of probabilify for fuzzy event (ref. [1]) we see that P
(A)=[P(A7),P(A*)],that is ,P(A)is an interval number,its left hand
point and right hand point are,respectively,the probability of lower;—fuzzy
A~ of A and that of upper—fuzzy event A* of A.

Example 4.3 For shooting practice,2={0,1,2,+-,10}. The interval —val-

ued fuzzy event”hit the high—point rings”is defined as follows:
A=[0.6,0.8]/6+[0.7,0.9]/7+[0.8,1]/84[0.9,1]/9+[1,1]/10.
If assume the probability hitting each point ring is same,i.e. ,p (k)=

1 - e
119k—0919 ,lO,then

PCA)=([0. 6,0. 814+[0.7,0. 9]+[0. 8,1]+[o0. 9,1]+[1,1]>><%
=[0. 364,0. 427 ].

We now discuss the basic properties of probability for IF —events.

Theorem 4.4 Let A,BE€EtC[1]%, then

(1) if A<B,then P(A)<XP(B);

(2) P(AHY=[1,1]—PA).

Proof (1) If is clear.

(2) First,for fuzzy event B on 2 we have B=1—B,ise. ¥ w€ 2,8
(w)=1—B(w). Also,it follows from theorem 2~17 in [3] that the proba-
bility of B'is P(B')=1—P(B). On the other hand,for A€ r,suppose that A
=[ A=,A*],then from theorem 3.1 in [2]we have (A')~=(A*)'and (4A)+
=(A7)". By remark 4. 2 we get

PAD=[P(A)T),PUADD)]=[PUAN),P((A7))]

=[1—PA",1—P(A]=[1,1]-[PA7),P(A")]



72

=[1 ,1]—P(A).» U

Theorem 4.5 Let A,BETC[I]%,then P(AV B)=P(A)+P(B)—P((AA
B)T).
Proof First,it follws from theorem 3.1 in[2]that (AVB)"=A"VB~,(A
VB)t=A%*V B*. Then from theorem 2~17 in [3] we have
P(AV B)
=[P((AVB)™),P((AVB)")]
=[P(A"VB™),P(ATVBH]
=[P(A")+P(B~)—P(A~AB™), P(A+)+P(B+) —P(A*ABY)]
=[P(A),P(AD]+[P(B),P(BY)]—[P(A*AB*),P(A-AB)]
=P(A)+PB)—[P(AANB*),P((ANB)T)]
=P(A)+P(B)Y—P((AANB)D). ]

Corollary 4.6 Let A€ rC[I]",i=1,2,"',n,and A;and A;(G#j) be ex-
clusive,then :

P(A1+Az+"'+A,,)=P(A1)+P(Az)+"'+P(An).

Coro‘lary 4.7 Let A,ETCI:I]OQi—;l ,29"' N ,then
P(A VA,V VADSP(AD+P(A)+--+P(A).

Theorem 4.8 Let A,B€ErC[I]?,and B<A,then
P(A—B)=P(A)—P(B).
Proof From the definition of A— B we have
(A—B)"=A"—B*,(A—B)*=A*—B",
and then
P(A—B)=[P((A—B)™),P((A—B)*)]
=[P(A™—B*),P(A*—B7)]
=[P(A™)—P(B*"),P(A*)—P(B7)]
=[P(A™),P(AN]-[P(B),P(B")]=P(A)—P(B).
]

5. Induced Fuzzy Events and Their Probability
Theorem 5.1 Let tC[I)? be an IFo—field on 2. ¥ A€ r,¥Y w€ 2, take
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N@Pe[A™ (w),AT(w)],then we obtain a fuzzy set N,on £.Put N.={N,:
A€r},then

(1) 1€ N,,where ,1(w)=1,Y w€ Q;

(2) if BEN,,then,B € N.;

(3) 1f B"EN-,-yn:l,Z”",then ?aneNr-

Proof (1) It follows from 1€ r that 1EN..

(2) From B€E€ N,,there is A€ r such that A7 (@) <<B(w)<<AY (w) for
each w€ 2,and then 1 —AY (w)<1—B(w)<1— A" (w),that is, (A1) ()<
B (w)<<(A7)'(w). By theorem 3.1 in [2],(A") " (w)<B (w)<(A) " (w).
Since t is IFo—field,we see that A’ € r. This shows that B € N..

(3) Since B, € N.,there exists A, € r,such that A; (w) <B,(w)<

Al (w) for each w€& .Q,n=.1, 2,++,and then ?IA"_ (W< zB,,(w)g zA'T
(w),that is, (V 4D~ (@< (V B (@)<(V A)* (@), Tt follows from T is

an IFo—field that zA,,Ez',This shows that ZB,.E N.. O

Definition 5.2 Let tC[I]% N.in theoren 5.1 is called a fuzzy s—field in-
duced by 7. For A€ r, N4 is called a fuzzy event induced by A. All fuzzy
events induced by A is denoted by IN(A).

It is easy to prove the following theorem;

Theorem 5.3 Let A€EtC[I]?,then (IN(A), V, A ,<{, )forms a complete

lattice,and A* and A~ are,respectively,its greatest and least lelments.

Theorem 5.4 Let A€ rC[I]?,and probability of A is P(A)=[P(A™),P
(A*)7]. Then for each éE€[P(A™),P(A*)]. there is No€IN(A) such that
the probability of fuzzy event N is P(N4)=§.
Proof Clearly,there is «€ [0,1]such that §=((1—a)P(A~)+aP(A*),De-
fine fuzzy set N4 on 2 as follows:

Ni(@)=U0—a) A" (w) +aAT (w),¥V w€ N (%)
Since the derivative of function f(z)=A"(0)(1—2z)+ A% (w) (z) (z€ [0,
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1Dis f(z)=A%"(w)—A" (w)=0, f(z) is increasing function,and so A~ (w)
<N (w)<LAY(w). Hence N4,EIN(A). From formula (3. 92)and (3. 93)in
[1]we get probability of N4

P(ND= Z;NA(w.-) (@)= 21 (1= @) A~ (@) p(w) +aA* (@) p(w))

=(1—a);A‘(w;)p(w;)+a§A+(w;)p(w;)
—(1—a)P(A™)+aP(A*)=&.
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