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Abstract : In this paper, we discuss the uniformly integrable family of fuzzy set- valued random variables and its
properties .We obtained the results that the sum of two uniformly integrable families of fuzzy random variables
and the multiplication of an uniformly integrable family of fuzzy set- valued random variables by a real number are

both uniformly integrable.
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1. Introduction

It is well known that set-valued functions and set-valued random variables have been used
repeatedly in economics ([4], [8], [9]). The conditional expectation of set-valued random variable
and set-valued martingale have been studied by F. Hiai, N. S. Papageorgiou, W. X. Zhang, e. t..
The discussions of fuzzy set-valued martingale have been originat in [1],[2]. This paper’s purpose
is to discuss uniformly integrable family of fuzzy set-valued random variables and its some
properties, and to get some more deep results.

In section 2, some elemental notions and properties of fuzzy set-valued random variable are
given.

In section 3, we will give some properties of uniformly integrable family of set-valued random
variables, which will be used in section 4.

In section 4, there are some results of uniformly integrable family of fuzzy set-valued random
variables.

2.Some notions of fuzzy set-valued random variable

Let X be a n-dimension Euclidean space and (€2, 3,P) be a complete probability measure
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space, {3, }, .z, be a family of monotone increasing sub- & -fields of 3, 3,..=Vv 3,, 3,

3, besub-o -fieldsof Jand J,. € J,, I, C I in this paper.
Let F o (X) be the family of all fuzzy sets 4:X> [0,1] with properties:
m Ais upper semicontinuous, '

@) 4 is fuzzy convex,
3) Za is compact for every a €(0,1],

where Za ={xe X: Z(x) >a }isthe a -levelsetof 4.

A linear structure is defined in E, (X) by
(A+B)x)=sup {a €0,1]: xe 4,+B,)},

A(A7x), if A#0,
(A Ayx={ 0, if 1=0, x#0,

sup 4(y), if A=0, x=0,

L yex
foo A ,B EFO(X), A €R. It is easy to prove that (Z+§)a=2a+§a,
)o =4

(A A A

. forevery a €[0,1].

Definition2.1. Let F: (Q,3)— F,(X) be amapping from (Q,3)to Fy(X).
1) F iscalled a fuzzy set-valued random variable, if
{w:sup (F)w)x)eB}eJ
yeC

for any closed subset C of X and Borel’s subset B of [0,1], i.e. B€ b ([0,1D).
2) Fis called I level measurable, if F o defined by (ﬁ ), (@ F (w)), for every

w € Q is a set-valued random variable for every a €(0,1].

The following two propositions are equivalent:
I Fisa fuzzy set-valued random variable.
2) F is 3-level measurable.

Definition 2.2. Let F: (Q,J3)—> F}, ( X) be a fuzzy set-valued random variable, F is called to
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be integrable bounded if there exists a nonnegative integrable function h such that
“ﬁa (w)|| <h(®) foreach @ €(0,1]1and @ €Q

Define
(P = 3 (@1 0

where j FydP =X and call IF’dP to be integral of F' on Q.
o Q

Theorem 2.1. Let F: (Q,3)—> F‘O(X )be an integrable bounded fuzzy set-valued random
variable, then (j FdP)a =I FadP foreach « €(0,1] and IﬁdP .
Q Q Q

Proof: See[1] pp. 257-258.

Theorem 2.2. Let F: (Q,3)—> F},(X )be an integrable bounded fuzzy set-valued random
variable, then for each sub-o -field 3, of J, there exists an unique 3, -measurable fuzzy

set-valued variable G such that J-F’ dP = I(N?dP foreachAeJ .
4 4

Proof: See [1] pp. 258-259.

Definition 2.3. Let F: (Q,3)— F,(X)be an integrable bounded fuzzy set-valued random
variable, 3 | be a sub- o -field of 3. G:(Q,3)— F,(X) is called a conditional expectation
of F with respect to the sub- o -field I, of J, and is denoted as E[F |3] Lif Gisa 3, -

measurable integrable bounded fuzzy set-valued random variable satisfying the following
condition:

jﬁdP=I6dP foreachAe 3 | .
4 A )

The conditional expectation of F with respect to the sub- o -field I ; of J is existent and as.
unique and (E[ F|3,1(@)) , =E[ F,,|3, (@) a:s. by theorem 2.1,2.2.

3. Some properties of unifomly integrable family of set-valued random variables
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Definition 3.1. A family of set-valued variables {F,:# €T } is said to be uniformly integrable if
F,|dP =0 uniformly holds for te T, where ||F,(@)]=h({0}, F (@)} is the

lim j
c—+o0 | F, (@)]2c}
Hausdorff metric between {0} and F (@)

Theorem 3.1. let R be an uniformly integrable family of set-valued random variables, N be a

family of set-valued random variables.If for each FeX ,there exists a G € R such that FC G
a.s. then N is uniformly integrable.

The proof is simple.

Theorem 3.2. Let {F,:t €T} and {G,:t €T} are two unifirmly integrable families of set-
valued random variables. Then {F,+G,: teT}and {AG,: teT} are also two uniformly

integrable families of set-valued random variables, where
{F,-i—G, Ww)=cl{ F, ()G, (@)}, A €R.

proof:Sine |F, + G, | < || +1G.]. MG/ <IA-1G,] But (4 |+G.1: €Ty and 21
t T} are two uniformly integrable families of random variables, therefore {F,+G, : teT}and
{AG, : teT}are two uniformly integrable families of set-valued random variables by theorem

1.11 and corollary 1.14 in [5].

Theorem 3.3. Let F be an integrable bounded set-valued random variable, { J,:teT}bea
family of sub- o -fields of J. Then {E [F |3 , J: t€T } is uniformly integrable.

Proof: Since

0< I{m:|\5[1<'|3, e ElF |3, ]‘PP < L“”E["F“IS, 2c) El|F |||S, 1dP — 0 holds uniformly fort€T,

while t— 00. Then
E[F |S, ]“dP — 0 holds uniformly for t € T, while t— 0.

I (o] E{F]3,)2e)
Thus {E[ F | 3, J: t €T } is uniformly integrable.

Theorem 3.4. Let { F, : t €T} be an uniformly integrable family of set-valued random variables
and x be any point in X. Then { & (x, F,): t€T} is an uniformly integrable family of random

variables,where
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o(xF, (@)= sup (x,)),

yeF (@)

where (x , y) is the inner product of x and y.

Proof : Since

ook, (@)= sup (x,) < sup - = |Fi @)
yel (o

yeli (o
Then { o (x, F, ): t€T} is an uniformly integrable family of random variables by theorem 1.11
in[5].

Theorem 3.5. Let {F :teT} and {G, :t€T} be two uniformly integrable families of set-valued
random variables. Then {h (F,, G, ): f €T} is uniformly integrable.

Proof : Since
h(F, (0),G, (@)<h ({0} F, (@)*+h ({0}, G, (@)=|F, (@) +|G, ().
Then {h(F,,G,): t €T} is uniformly integrable by theorem 1.11 and corollary 1.14 in[5].

4. The uniformly integrable family of fuzzy set-valued random variables

Definition 4.1. A family of fuzzy set-valued random variables { 17; :teT } is said to be uniformly
integrable if {(17, ),: teT, a €(0,1]} is an uniformly integrable family of set-valued random

variables.

Theorem 4.1. Let R and N be two families of fuzzy set-valued random variables and X be
uniformly integrable. Then R is uniformly integrable if there exists F eX foreach G eR
such that G C F as.

Proof: By assumption, { (ﬁ ). F eRX  a (0,11} is an uniformly integrabe family of set-valued
variables,and there exists F eN for each G € R such that G < F as.Then there exists
(F), e{(F),, F eX, ae@1]} foreach (G), e{(G),, G €R, a €(0,1]} such that
(G)a c (ﬁ)a a.s.. Then {(G),,, G e R, a €(0,1]} is uniformly integrable by theorem3.1.

Therefore R is uniformly integrable.
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Theorem 4.2. Let { F:t €T} and {G,:t €T} be two uniformly integrable families of fuzzy
set-valued random variables. Then {F', + G,: teT } and {Zﬁ,: teT} are two uniformly

integrable families of fuzzy set-valued random variables.

Proof: Since {(F‘,)a:t eT,a €(0,1]} and {(G,)a:t eT,a €(0,1]} are two uniformly

integrable families of set-valued random variables by assumption and definition 4.1. Then
{(F), -i-(a,)a:t eT,a €(0,1]} is an uniformly integrable families of set-valued random

variables by theorem 3.2. Because

(F+G),=(F),+(@G), c (F), +(G,), foranyteT, a e(0,1],
therefore {(F’, +G,)a: teT, a €(0,1]} is an uniformly integrable families of set-valued
random variables by theorem 3.1 . Further { F', + (N;, :teT } is an uniformly integrable family of

fuzzy set-valued random variables by definition 4.1.
Similarly it can be proved that { AF,: teT} is an uniformly integrable family of fuzzy set-

valued random variables.

Theorem 4.3. Let F be an integrably bounded fuzzy set-valued random variable. {3,},r bea
family of sub- o -fields of 3. Then {E[ F |S, ]: t €T} is an uniformly integrable family of fuzzy

set-valued random variables.

Proof: Since (E[ﬁ|3,] )a=E[ﬁa|S,] as. for each a €[0,1], teT by definition 2.3.

P

E[F,|3, P

Furthermore,

(E[FI3, D,

J;||(E[F| 3, Dafeel

‘j[umms,lnm

E[|F,

< 3, |dP
-[[E[||Fa|||3,]2c'] | .

F,

a

F, ap

‘][E[HEHD,]Zc}dP +j[||ﬁa|]za]

F]dP

a

< j' i
(LA

~

< & P{E[||F,

5,12 ¢+

1Al
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<SE|F. F
C

1+ [ el

Since F is integrably bounded, then sup E [“F; ”] <o and {
ae(0,1]

integrable .Thus for any positive number £, we can find a positive number & such that

F,

Fa : a €(0,1] } is uniformly

&
_"[“ﬁa“zﬂ |dP<5 for each @ €(0,1]. Thus

(ELF|3, D).

_[ . .dP <&
TR Daf2ed

for every a €(0,1], teT, when CZE sup E[ F |l]. Therefore (E[[F.|3,]: @ €©0,1], t€ T}
£ acl] a al>t

is uniformly integrable. Hence {E[ F |S, )t €T} is an uniformly integrable family of fuzzy set-

valued random variables.

Definition 4.2. Let {3, },., be a family of sub- fields of 3, {F, }, g bea {3, } e, -
adapted integrably bounded fuzzy set-valued stochastic process, i.e. F , 183 , -measurable and
integrably bounded for each te R, . { F 33, ) reR, 18 said to be a fuzzy set-valued martingale

(resp. supermartingale, submartingale) if
E[ F“,|S‘ |=F, (resp. € F, 2 F,)as.fors<i,s, te R..

o~

If there exists a J_-measurable integrably bounded fuzzy set-valued random variable ﬁm such

that
E[ Fw|3, J=F, (tesp. < F,, 2 F)as.,

{F; 33, ) rer, 18 said to be a closed fuzzy set-valued martingale (resp. supermartingale,

submartingale) at the right side, and F’m close { }7; 33, }ieg, from the right side.

Corollary 4.1. Let { F} ;3 | }ier, beaclosed fuzzy set-valued martingale or a closed fuzzy set-
valued submartingale at the right side, and Fw close {F', 33, }ier, from the right side. Then

{F i Yier, 18 uniformly integrable.

Proof: This corollary is obtained immediately by theorem 4.3 and theorem 4.1.
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