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1. Introduction

N(2,0) algebra is a Cominutative Monoid,the relation between its
proper subclass Strong N (2,0) algebra and lattice tmplication
algebra was studied.””’’ In this paper, we define the fuzzy N(2,0)
algebra and the fuzzy N-ideal of fuzzy N(2,0) algebra, and study
some of their basic properties. Moreover, we get out of the
restrict of the theory for algebraic structures wearker than
groups and which depend on the idempotents such as clifford,
inverse, and completely regular semigroups, we define partial
element and partial inverse of N(2,0) algebra.

2. Preliminaries
Definition 2.1 Let S be a set with a constant 0, and the
binary operation = subject to:
(N,) xx(y+z) = 2*(xxy)
(N:) (xxy)rz = yx(x*z)
(N_) Ovx = x
for any =x,y,z € S, then (8,x0) is said to be a N(2,0) algebra.

Remark. Let (S,%,0) be a N(2,0) algebra, then the following
identities hold for any x,y,z €8,

(1) X*y = y*x

(2) (x+y)rz = xx(y*z)

(3) x+(y*rz) = yr(x%z), (x*y)xz = (x%2)*+y
(4) 0 is Unit element.

Definition 2.2 Let S be a set. A fuzzy set in S is a function
u- S—~/0,1].

Definition 2.3 Let u be a fuzzy set in 8. For ¢ €[0,1], the



set u ,={x€S, p(x) > a} is called a level subset of | .
Defintion 2.4 Let S be a N(2,0) algebra, a function p: S—/[0,1]
is said to a fuzzy subalgebra of N(2,0) algebra, if for any x,y € S,
w(xxy) >min {p(x).p(y).
Thearem 2.5 Let S be a N(2,0) algebra, p: S—[0,1] is a fuzzy
subalgebra of S, if and only if )\ € [0,1],
ua={xlx€S, n(x)> A} is subalgebra of S, lfp_ AFEP-
Proof. Straightforward.
Let S be a N(2,0) algebra and x€S. For any t,r€/[0,1], M(t.r)
will denote min(t,r). The fuzzy subset )\ . of S defined by
A(8) = M(A(g*x),A(0)) “gES.
is called the fuzzy coset determined by x and ) .
Theorem 2.6 Let )\ be a fuzzy subset of S, S, ,the set of all
fuzzy cosets of A in S is a N(2,0)algebra under the
multiplication defined as follows:
ANc(8)OANL(E) = Axus(8) ¥x, ¥y, 8€S
Proof. we show that the composition are well defined. For any g €S
Ao(B)ONL(8) = M(A(8*0),A(0))OM( A(8*x),A(0))
= Ao.x(8) = M( A (g*(0+x)), A (0)
= M(A(g*x),A(0)) = A.(8)

hence, Ao(8) is unit for ® operator.

and AOAN, = M(A(g*x),A(0)OM(A(8*y), A (0))
ANxusy = M(N(8*(x*y)), A (0))
so M(A(gx(x*xy)),N(0)) = M( A(g*x), A\ (0))OM( A (g*y), A (0))

Since A xwcymzr(8)
= M( A (g*xxy*z))), A (0))
= M(A(g*2*+(x*y)),A(0))
= M(A(8*2),A(0))OM( )\ (g*x+y)), A (0))
M(ACE*2), A (0)O((M(A(8*x), A (0))O(M(A(8*y). A (0)))
= A=0(A 0N, I)*(g)
on the other hand, M A (g*(x*(y*2))),A(0)) = A.O(A,OAN)
Thus, AxO(ALOAN) = A-0(ALON,)
Similarly (A.OALOA= ALO(ALONL)
So, (S,,0,A0) is a N(2,0) algebra.

3. Fuzzy N-ideal of N(2,0) algebra
Definition 3.1 Let S be a N(2,0) algebra, a map A: S—[0,1] is
called fuzzy N-ideal of S, if for all x,y €S,
' A(xx(xxy)) > A(x)
Lemma 3.2 If A be a fuzzy N-ideal of S, then A(x) > A( 0) is
hold for any x€S. "
Proof. For any x€ S, Since
A(x)=A(0x(0xx)) 3> A(0)
hence A(x) 2 A(0) for any x €8.
Theorem 3.3 Let S be a N(2,0)algebra,BE (S)is a idempotents set
of S. A is a fuzzy subset of B(S), then A is a fuzzy N-ideol of



E(S), if only if A is a fuzzy subalgebra of E(S).
Proof. Let x,y € E(S), then xxx = x, yxy = Yy,
that is x*xy = xx(x*y) implies
A(x*xy) = A(xx(xxy)) 2> A(x), and y*x = xxy = yx(y*x), that is
A(xxy) = A(y*(y*x) 2 A(y)
so  A(xxy)>min(A(x),A(y)).
Conversely, if A is a subalgebra of E(S), then
A(xxy)2>min(A(x),A(y)), that is
A(xxy) = A(xx(xxy))>2min(A(x),A(y))
and A(xry) = A(y*x)=A(y*(y*x)2min(A(x),A(y))
hence, A(xx(xxy)) > A(x) or A(y*(y*x))>2A(y)
Therefore A is a fuzzy N-ideal of E(S).
Example 3.4 Let S={0,a,b} be the N( 2, 0) algebra with the
following mutiplication table:

* 0 a b
0 0O a b
a a a b
b b b b

where E(S)={0,a,b}, Let n: S—[0,1] be defined by n(0)= 1/4,
p(a)=u(b)=1, then n is a fuzzy N-ideal of S. Also y is a fuzzy
subalgebra of S.

4. Fuzzy subpartial groups of N(2,0) algebra
Throughout S ia a N(2,0) algebra, E(S) 1is the set of all
idempotents is S.
Definition 4.1 An element ex € S is called a partial identity
for x €8, if
e *X = X (e.+#0)
Obvious, for any x €S, e. € E(S).
Definition 4.2 If x has a partial identity e.., then y€ S is
called a partial inverse of x if '
(1) xxy = e, (ii) e*xy =y
The partial inverse of x, if exists, is unique and is dnoted by x 7.
Theorem 4.3/%7 S is a Completely regular semigroup if and only
if every x € S has a partial inverse and a partial identity.
Theorem 4.4/%7 A Completely regular semigroup is a partial
group if and only if E(S) is Commutive.
From theorem 4.3 and Theorem 4.4 we have:
Theorem 4.5 If every x €S has a partial inverse and a partial
identity, then S is a partial group.
From now on S is a partial group unless stated otherwise. -
Theorem 4.6 Let A be a fuzzy subset of S, if for every x €S
(i) A is a N-ideal of S, then A(x)p» A(e..)



(i) A is a subalgebra of S, then A(ex)>mm(A(x) A(x~ 1))
Proof. For any x € S, we have

(i) A(x) = A(e *(e.*x))>A(e,)

(it) A(e.) = A(xxx ")2>min(A(x),A(x" 7))

Definition 4.7%7 Let (S,+,0) be a N(2,0) algebra and g :S— S
x—+x = be a unary operation. Then (S,x,g ) is a partial monoid if
the following are satisfied, ~x,y€S.

(PM,) x® is an idempotent
(PM ) (x=)= =x*
(PM.,) X € xx = Xx

(PM,) (xxy)® = x=xy*=

Definition 4.8 A function p: S —=[0,1] is called a fuzzy
subpartial monoid of the partial moniod (S,*,g ) if for all x, y€ S,
we have .

(i) p(xsy)>min( p(x),p(y)
(it) p(x=) = pu(x)=, p(x)= is the partial identity of
u(x)in [0,1].
Definition 4.9 A function p: S —-[0,1] is called a fuzzy
subpartial group of the partial group S if for x, y €S, we have
(i) p(xxy)2min( u(x), u(y))
(ii) pu(x’) = pu(x)
. (i) pu(er) = p(x)=
where e is the partial identity of x in S and p (x)=is the
partial identity of p(x) in [0,1].
Theorem 4.10 A fuzzy subset | of S is a fuzzy subpartial
group of S if and only if
u(er) = pu(x)=, and p(xxy *)>min( u(x). pu(y)),
for all x,y €S8S.
Proof. Clear, if n is a fuzzy subpartial group of S, then
p(x+xy=7)2min( p(x),u(y=7)) = min( p(x),u(y)),
and p(e.) = p(x)*=.

Conversely, if p(e.) = p(x)= and y (xxy ")2min( u(x),u(y)),
for all x,y €S, then

p(x™) = plerx")2min( y(e.),p(x))=min( u(x)=,u(x))=p(x),

pu(x) = ples(x*)?)>2min( p(e.), p(x%)

min( p(x77)=,u(x ")) = p(x7)
hence p(x) = p(x*). Also
p(xxy) = p(xx(y2)7)2min( p(x),u(y~7)) = min( u(x),u(y)).
Therefore y is a fuzzy subpartial group of s.
Definition 4.11 For any x, y €S, we defined
(x,y) €ER, iff x+e, = x and y+e, = y

Theorem 4.12 R is a congruence relation on S.

Proof. Clear R is reflexive, symmetric. For any x, y, z€ S,

From x*e, = X and yxe, =y
y*e, =y and zxe, = 2
so xre, = xx(yxy ') = x  xx(yse )ty " = x



x*e xe, = X x*€, = X
zee, = zx(x*xx"7) = zx(xre,)xx"T) = zxe xe, = zx(yxy T )re,
= z*(y*ex)*y”’ = z*y*y" = zZxe, = 2

hence (x, z) € R. Therefore, R is a epuivalent relation on S.
Further, ™~x,, x5, ¥;, Y2€S, if (x5,x2)€R, and (y,;,y=) € R, then
((x,*yi,Xx2%y2) € R.
where (x,*xxz)xe, ., = (x,xe, )x(xoxe, )re, *y-
= (x,xe, Jx(xzre, I+ (Y *y2) "% (y,*y2)
= (x]*e_yl)*(xz*eyz)*yzhl*yz_’*yl*yz

(x,%(e, *e, ))*(xox(e, e, _))

= (x,*xe, Jx(xzxe, )
= Xs*¥X o
similarly, (Y *Y2)*€. %Xo = ¥*Y 2, so R is a congruence on S.

For a congruence relation "R”, we defined by the following:
[x] = { ¥yl y€S and (y, x)ER }
SIp = { [x]| x€8} ,
In S|/R, the binary defined by the following:
v [x],[y] €SIR [x]¥[y] = [x*y]
Then one may easily verify that (S/R.,¥%) is a N(2,0) algebra, also
called it is a quotient N(2,0) algebra.
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