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Abstract In this paper, the multiplication of containwise regular
spaces is discussed. Furthermore,the results that the containwise regular-
ity in an induced space is equivalent to the regularity in its underlying
space under the condition of closure preserving and the containwise regu-
larity is a good extension in the sense of Lowen are obtained.
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Ve regulnr neparntion iy one of the most important conéepliony in
topology. Because there is gradated structure in LF topological spaces
which be not in general topological spaces, there are varied LF regular
separations™) which have the research of regularity rich. One important
and interesting subject of this research is to discuss the relations between
two kinds of regularity,the one is in an induced space and the other in its
underlying space. Some LF regularity in lattice-valued induced spaces
were discussed in [1][2][3]. The principal job in this paper is to study
the relations between the contninwige repularity tnoa lntiies valued (1
duced space nid - e regularity in iy underlying space. T'he results in this
paper show us that the containwise regularity is a good extension in the
sense of Lowen and under some condition the two kinds of regularity

stated above are equivalent.

Definition 1131 Let (1X,6) be an LF topological space. (L*,d) is
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called a containwise regular space if for each open set U and each LF

point z,in U there is an open set ¥ such that L,V Sr-<U.

Definition 2 Let (L*,6) be an LF topological space. Called (LX,d)
a closure preserving space for the family of open sets, if ( VierU )

= VerU; for every family of open sets in (L*,d) .

At the first of the following , we shall discuss the multiplication of

containwise regular spaces.

Theorem | Let (L*,48) be the product space of {(L*,8,)},er .

(1> If (L*,8) is a containwise regular space,then so is (L% »d,) for
everyt & 7T .

2) 1f (L*,6,) is a containwise regular space for each ¢t € T and
(L*,8) is a closure preserving space for the family of open sets,then so is
(L%,5) . |

Proof (1) From that the containwise regularity is a topological
unchanged property and the project mapping is a continuous order home-
omorphism, (1) holds.

(2) LetU € 6,2z, <<U .Because there is a base of & consisted of the
open set P,TI(U,I) A A P;‘(U.l) wherel/, € 6, ,4, €T ,k € N ,s0 for
each 6 € B* (1), there exists U, = P,:‘(U,l) A A P,‘“(:)(U,m)) <U
such that 2, < U, . Thus for each T E(D) 2, < P,‘“‘(U,‘) . In this case,
(@)s = (=), = P, (2,) S U,. From that (L%,6,) (i < k(8)) is a con-
tainwise regular space,we know that there exists V,', < é,isuch that (x,._)d
SV SVE U, Sincez, = P ((2,),) <PIVOSPII <
PIIWD ey SNQPII,) < ( NPTV D<A MPIW o)
SARPIIWU) =U, . Taking V, = NEPIIVL) sthenz, <V, < V5

<X U, . From the condition listed in this theorem, z, TV ey Vs <
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( V.sep’(;.)Va)—= Vaep‘(;.)Va_<Vaep‘(z)Ua < U . Taking 4
=V 4ep* wV s sthen @, <LV LV~ U . Therefore (L*,0) is a contain-

wise regular space.

At the second of the following s we shall study the relations between
the containwise regularity in an induced space and the regularity of its

underlying space.

Theorem 2 Let (L*,0,(F)) be an induced space generﬁted by
(X ,9).

(1) L5 0(T))isa containwise regular space,then (X ,9)
is a regular space.

(2) 1f (X ,9) is a regular space and (L¥,6) is a closure preserv-
ing space for the family of open sets,then (L*,0,(F ) is a containwise
regular space.

Proof (DY U E T ,xE U ,we have Xy € w,(F7) . Taking arbi-
trary 2 € L\{0} ,then z,< ¥y . Since (LX,0,(9)) is a containwise reg-
ular space,there exists V € o,(F7)such that z, <LV LV~ ¥ . Since
(L%, 0,(F)) is induced, Vg = (Vg = Nosepn (Vs1)° - Taking arbi-
trary 6 € B(A) ;by 2, XV ,we haves EVHEVW)S (V))&
VISV -Soz €V CWw)s V)™ S =V m
C U . Therefore ( X ,J7) is a regular space. ‘

(2) ForeachU € 0, (F) and z, < U ,by Theorem 2.11.20 in
[2],there exists Ly C L such that U =V ,ez,74q, in which @, € F for
each r € L, . So for every 6 € f° (1) there exists 7(8) € Lysuch that z,
< r(8)X,,,, sfrom which we know that z € G, and é < r(8) . Since (
X ,9) is a regular space,there exists A € such thatz CACATE
G, -Thus s L 0%, K o¥ - ST (8)%, < U .Since (L* yo,(I7)) is in-
duced , we have that 6%y € w0, () and 0¥~ € (0,(F) . Thus
(8%,)~< 6%, . Taking vV, = 6%, sthen z, <V, < V) KU .By the
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condition listed in this theorem, z, = Vier wTs SViep Vs <
( Vdep' (A)z,j)—= VdEp'(A)V; < U. Takiﬂg V = Vaep'(»Vo ,thenza< vV
VU . So (L5, 0,(9)) is a containwise regular space.

From Theorem 2,we know that if (L*0,(F)) is a closure pre-
serving space for the family of open sets,then (L*,w,(F7)) is a contain-

wise regular space iff jts underlying space ( X , ) is a regular space.

Lemma 114 (X,6)isa containwise regular F topological space iff
for every F point z ,and open @ -neighborhood U of z s there exists an open
¢ -neighborhood V of z, such that V-Cvu.

Lemma 2 (X,6)is a containwise regular ¥ topological space iff
for every F point z, and every P € 77 (x,) there exists Q € 9~ (x,) such
that P < @°.

Proof It is easy to prove from the fact that P € 9~ (z,) iff P/ is an

open @ -neighborhood of z, and Lemma 1.

Theorem 3 Let (X »6) be an induced space generated by (X, 9) .
Then (X,0) is a containwise regular space iff its underlying space (X,
&) is a regular space.

Proof By Lemma 2 and Theorem 4. 8 in [3],the proof is obvious.

Theorem 3 shows us that the containwise regularity is a good exten-

sion in the sense of Lowen.
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