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Abstract In this paper,a new definition for L—fuzzy semi—open sets in L
—fuzzy topological spaces is presented. The L —fuzzy semi—open sets pos-
sess almost all properties of usual semi—open sets in crisp topology. The
notions of L—{fuzzy semi—continuous mappings and L—fuzzy semi—open
mappings and L—fuzzy semi—closed mappings are defined,and some char-

acterizations for L—fuzzy semi—continuous mapping are obtained.
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1 Introduction

In 1981, K. K. Azad[1] first presented the concepts of fuzzy semi—
open sets and fuzzy semi— continuous mappings in fuzzy topological spaces.
Based on this,a series of works have been launched [2,3,9,10]. But just as
Azad himself pointed out, Azad’s fuzzy semi—open sets have some short-
comings ; for example ,the intersection of a fuzzy semi—open set with a fuzzy
open set may fail to be a fuzzy semi—open set, which was quite different
from the classical semi—open sets. Trace sth,to its source, Azad’s defini-
tion is only the simple translation for crisp semi—open sets [4], which it
was not considered that the stratification structures of fuzzy sets. More-
over,all works relate to fuzzy semi—open sets were done only for the case

of fuzzy topological spaces but not the general L—{fuzzy topological spaces.
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The main purpose of this paper is to define L —{fuzzy semi—open sets
in the general L —fuzzy topological spaces taking the stratification struc-
tures of L—fuzzy sets as the point of departure,and then proceed to build a
mathematical sound foundation for to study so—-called the theory of L—

fuzzy semi—topological spaces.

2. Preliminaries

Throughout this paper,we assume that L is a fuzzy lattice,i. e. ;a com-
plete,completely distributive lattice with an order — reversing involution”
7 ,its largest and smallest element are deroted by 1 and O respectively. Let
M(L) denote the set of all the union—irreducible nonzero elements(i. e. , p
€ L is irreducible if p<<aV b=> p<<a or p<<b).Let p(L) denote the set of
all the prime elements(.e. ,p€ L is a prime element if a Ab<p=> a<<p or b
<p) of L which are different from 1. It is easy to see that a€ M(L) & a' €
p(L).Let X be a nonempty crisp set. If A is a crisp subset of X ,then we let
Ya denote the characteristic function of A which takes value on {0,1}CL,A
mapping from X into L is said to be L—fuzzy set on X. The collection of all
the L —fuzzy set on X,denoted by LF(X),can be naturally seen as a fuzzy
lattice (LF(X),<(, V, A,'),its largest and smallest element are denoted
by 1x and O respectively. For A€ LF(X),WCLF(X),r€ L,we write ¢.(A)
={zEX.A(x)<r},¥' ={B' :BE¥}. Moreover,the empty crisp set is al-
ways denoted by ¢.

2. 1. Definition[8]. A pair (LF(X),d) is called an L—fuzzy topological
space,or an L—fts for short,if Ox,1x€ & and & is closed for finite intersec-
tion and arbitrary union. Each member of & is called an open set and its com-

plementary set is called an closed set.

2. 2. Definition[8]. Let (LF(X),8) be an L—{ts and € X,a € L\{0}.

we let z, denote the L—fuzzy set

09 X [
xa(y)_:{ y€ X\{z}

Ay Y—2I,

We call z,an L—fuzzy point ,or point for short,and call z,a molecule if a €
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M(L). The set of all molecules of LF(X) is denoted by M(L,X).
A closd set P is called a R—neighorhood[11] of a point z.,if aé’F P
(z),7(e) denotes the collection of all the R—neighborhood of the point e.

2. 3. Definition [8]. Let (LF(X),8) be an L—fts,and A€ LF(X). The

closure A~ and the interior A° of A are defined respectively,as

A= N\{B:B=A,B' €4},A°=V {B:B<A,B€E€d}.
2. 4. Remark.For A€ LF(X),A’ will denote the complement of A -

2. 5. Definition. Let f:X—>Y be an ordinary mapping. We define the L
—fuzzy mapping f:LF(X)—=LF(Y) and its inverse mapping YL LF(Y)
—>LF(X) as follows ;

FLAY(MD=V{A@) :z€X,f(x)=y},Y AELF(X),Y y€Y,

fU(BY(@)=B(f(x)),Y BELF(X),Y z€X.

Notice that we only consider the L—fuzzy mappings which are induced
by crisp mappings as above,and use the same symbol to denote the crisp
mapping and its induced mapping. Moreover,in[5, 7], the L —fuzzy map-
pings here are called Zadeh's type functions,hence from Theorem 1.1 and
1. 2 in[7Jwe have.

9.6. Theorem[7]. Let f:LF(X)—>LF(Y) be an L— fuzzy mapping,
then

(1) 1A =1x,,"1(0y) =0x;(2) fFHVBI=V (B, [T (AB)=
A (B);

(3)If A<B,then f(AS(B).;(4) ¥ AELF(X), A ST (f(A));

(5) Y BELF(Y),B=f(f~1(B), fT(B)=({T1(B;

(6) FCAYB iff AS~1(B);(7) For point z,,f(z.) = (f(z)).-

9. 7. Definition[8] Let (LF(X),8) be an L—fts,p=YCX.
(1) For AE LF(X),we define A|YELF(Y) as follows:
YV y€Y,(AIY) (=AM,
and call A|Y a restriction of A to Y.
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(2)8|Y={A|Y:AE€ 8} is an L—fuzzy topology on LF(Y),and (LF
(Y),8|Y} is called an L—fuzzy subspace of (LF(X),d).

(3) For BE LF(Y),we define B* € LF(X) as follows:
B(z), =z€Y,

0, €Y,
and call B* a extension of B over X.

v xGX,B*(:c)={

2. 8. Theorem [8]. Let (LF(X),8) be an L—fts,and (LF(Y) »0|Y)be an
L—fuzzy subspace of (LF(X),8),B€LF(Y),Then
(DB*|Y=B;(2) B°>=(B*)°|Y.

2.9. Theorem[8]. Let L be a fuzzy lattice,then ¥ a€ L,a can be repre-

sented as the intersection of some prime element of L.

9.10. Theorem Let f:LF(X)—>LF(Y) be an L—fuzzy mapping,A,B€
LF(X),WELF({),r€ p(L). Then

(1) ¢ (AB)=4(ANe(B; (2.1)
(2) ¢ (fAN=Ff(,(A); (2.2)
(3 (fTWN=F"CWD; | (2.3)
@ (W NS A@OFEe> (T A A Fe. (2.4

Proof. (D Y z€X. € (AN, (B) & z€(A) and z€4(B) & AX)Kr

and B r 87 A@ AB@L r © (ANBY (@) & z€4(AN
B). ‘ ‘

(2) ¥ yEY,yE o (F(A) & FLA(M=V {A):z€X,f()=y}<
r & 3 € X such that f(x)=y,A(x)S£ re 3 z€X,z2€,(ASf
()=y & y€ f(t(A)).

(D VY zEX,zE€E(FHW)) & fFAW @ r

SWUSfNgre fe,W) & € 71 (W)).

W, (WD) A IS A)DF

= (fTH WA f(A))Fp (by Theorem 2. 6(2))
= (WA fA))Fe (by Theorem 2.10(3))
= (WA f(A)Fg |

= (W) A, (f(LA))Fop (by Theorem 2.10(1))
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=3 yeY, W ro S r

>3 yeY, WL r A MN=V{A@ : f(@) =y} 7
= 3 yEY,W(y)<tr ryd z€X,f(x)=y,A(x)Fr

=3 2€EX, f (@D =y, W F@N=F" WM @D r Al 7
= 2€ (AN (T W) =(fTHW)ANA)

= . (fTTW)H NA)Fe

3 L—fuzzy semi—open sets

3. 1 Definition. Let (LF(X),8) be an L—fts,A€ LF(X). A is called an
L —fuzzy semi—open set ,if there exists an BEJ such that B< A and
V rEpL),¥Y WES, oW ANAFEeg=> (W AB)Fo.
The set of all L —fuzzy semi—open sets in (LF(X),0) is denoted by
SO(LF(X),6)sor simply SO(X).

3. 9. Definition. Let (LF(X),8) be an L—fts.If A€ SO(X),then A is
called an L —fuzzy semi—closed set. The set of all L—fuzzy semi— closed
sets in (LF(X),is denoted by SC(LF(X),8) ,or simply SC(X)

3.3. Theorem. Let(LF(X),8) be an L—fts. Then A€ SO(X) iff there is
an BE & such that B<A and

VY a(21)EL,Y WES, e, (WANAFo=> ,(WAB)Fo.
Proof. Sufficiency. It is obvious.

Necessity. Suppose that A€ SO(X). For any a (#%£1) € L,from Theo-
rem 2.9 we have a =té\Tr,. Where 7, € p(L). It follows from A€ SO(X) that
there exists B€E & such that B<KA. If (W A A)#¢,then there exist € X
such that (W A A)<£ a,and so there is t € T such that (W A A) (x)4 Te
From definition 3.1 wesee that (W A B)(2)<{ r,,and so (W A B) )< a,
This shows that ¢,(W A B) #¢.

3. 4. Theorem. Let(LF(X),8) be an L—fts. Then AESOXDO itV rEep
(L)Y WES, . (ANW)Fp = (A°AW)F¢

Proof. Necessity. Suppose that A€ SO(X). Then there exists an V €6 such
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that V<CA and
VY rEpL) ¥V WES, . WANAFp=> (W AV)Fe.
But V<CA°,and so.
VrEpL),¥Y WES, . (WAAFp=> (W NA®)Fe
Sufficiency. It follows easily from A=A°€ 0.

3. 5. Theorem. Let(LF(X),8) be an L—fts. A€SO(X) ,BE S, Then AA
BESOXD).

Proof. YV r€ p(L),Y VE,if (VAAAB)F¢,then from VABEGS and A
€ SOX) we have .((V AB) A A°)5¢@,hence (VA A°AB)=¢(V A (AA
B)°)#¢,This shows that AAB€ SO(X).

3.6. Theorem Let(LF(X),8)be an L—fts.If {A,:tET}CSOCX),then
V A,€SOXD. '

teT

Proof: VY rEp(iI) WV VEdif ¢ (V A( é/TA,))#qD,then there exists ant€T

such that ¢ (V A A,)#¢. Because A,€ SO(X),,, (VA A°)F#¢,and then ¢ (W

AV A%D) @, But (V. AD= V A%, thus (VA (V AD°)#¢. This shows
teT teT teT teT

that XTA,GSO(X). '

3.7. Corollary. Let(LF(X),8) be an L—fts.
(1) HAESC(X),BEd ythen AVBESC(X);
(2) f{A,:t€T}CSC(X) ,then é\TA,GSC(X).

3.8. Theorem Let (LF (X)’,S)be an L—fts,and (LF(Y),8|Y)an L—
fuzzy subspace of (LF(X),8),and A€ LF(Y). If A* €SOF(X),8),then
AESOLF(Y),0|Y).

Proof. VY r€p(L),¥ VEJ|Y,we need to prove that «(VANAYFEeg=> o (V
A (A)°y) #o,where (A)° denotes the interior of A in (LF(Y),6|Y).ForV
€ 8|Y,3 UE & such that V=U|Y,and then ¢, ((U|Y) A A)F#¢,and so ¢ (U
AA*)#@ From A* € AO(LF(X),0) we obtain that ¢ (U A (A*)°x)F@and
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thus 3 yo,€ X such that U(yo)gF ry(A” )°x(yo)$rF r. Clearly, yo €Y because-
A* (y0)=0 for y,€ X\Y. Hence (U 1Y) (yoo=U (yo)<tr r. (A% | YD (yo)=
(A* )°x(yo)§ rrand so ¢ (U YY) A ((A")°x | Y)F @, but (A)°y=(A" )% YD,
and therefore ¢, (V A (A)°y) #Z¢.

The converse of Theorem 3. 8 is ,in general ,false. However we have.

3.9. Theorem. Let (LF(X),d) be an L—fts,and (LF(Y),6|Y)an L—
fuzzy subspace of (LF(X),0).1f AELF(Y), and Xy € SO(LF(X),0) sthen
A*E€ESOWF(X),8) iffAESOLF(Y),d|Y).

The proof of next Lemma is direct.

3.10. Lemma Let (LF(X),d8) be an L—fts,then 0= {A°: A€ SO(LF
(X),0)}.

From Lemma 3. 10 we have directly the following

3.11. Theorem. Let (LF(X),8) and (LF(X),t) be L—fts's. If SO(LF
(X),8) CSOCLF(X),t),then 6Cr;1f SO(LF(X),8)=SO(LF(X),t),
then 0=r.

4 L—fuzzy semi—continuous mappings

6. 1 Definition[8,12]. Let (LF(X),8) and (LF(Y),t) be two L—fts's,
and f:(LF(X),8)—>(LF(Y),r)an L—fuzzy mapping. Then

(1) fis called L —fuzzy semi—continuous (or LFSC, for short),if f~!
(V) ESOLF(X),6) holds for each V& rt;

(2) fis called L—fuzzy semi—open,if FU)E€SOWF(Y),) holds for
any U€0;

(3) fis called L—fuzzy semi—-closed,if fF(W)€&€SC(LF(Y),1t) holds
for each WE ' ;

(4) f is called L—fuzzy semi—continuous at e€E ML, X),if fFUPHE
sn(e) holds for each PE7(f(e)); '
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(5) f is called L—fuzzy continuous,if f~1(V) & é holds for each V€ r;
(6) fis called L—fuzzy open,if f(V) €t hold for each V&€ 4.

4.2. Theorem. Let f:(LF(X),8)—>(LF(Y),7) be an L—fuzzy contin-
uous mapping and an L —fuzzy semi—open mapping,then f(A) € SO(LF
(Y),7) holds for each A€ SO(LF(X),4).

Proof. Y A€ SO(LF(X),0 we need to prove that
VrEpL),¥ WET, . . (WALFANFp= (WA (fAD)Fe,

L (W A FA)Z

= FU(, (W A F(A))Fg

= o (fTHW) A FUFA)HE | (by (2.1))
= o (fT W) NA)F#g (by (2. 4))
= o (fT (W) AA)HEe (fHW)ES, AESOCX))
> F(fTHW) NADFEe

= (FUFIWINADFEe (by (2.2))

= (f(fTTWD A A Fo

= (WA f(A°))Fo

= (WA (F(AD)DFp | (f(A* eSO
= (WA (F(A))DFe.

4. 3. Theorem. Let f:(LF(X),8)—>(LF(Y),t) be an L—fuzzy open
mapping and an LESC. Then f~1(V) € SO(LF(X),d) holds for each V€SO
(LF(Y),t).

Proof. VYV VESOLF(Y),r),we need to prove that
¥V r€p(L),¥ WES,, (WA fTHV)Fe=> (WA (I Fe
(WA V))Fe
=> f (WA VIDNFe
= (f(WASTVDFe (by(2.2))
= (fMASUSTTIINFe
= (fW)AV)Fo
= (fWH ANV)Fe (fW)ET,VESOT))
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SWVHYAV)Fe

SWHYAV)Fe (by (2. 3))
NSV Fe

\ IV Fe (by(2.4))
AN (fTHVODDFe (fTHVHESOX))

ACSfTHIVNDFEe

4. 4. Theorem. Let f:(LF(X),8)—>(LF(),r) be an L—fuzzy map-
ping,then f is L—fuzzy semi—closed iff for each BE LF(Y and any A€ SO
(X) with A>>f"1(B) there exists CE SO(Y) such that C=B and A= f"!
.

Proof. Suppose that f is L—fuzzy semi—closed and AESOX),A=f1
(B). Now C=(f(A"))' €S0O(Y),and frorﬁ A(fUB) =B we
have f(AND<F(f (B ))<XB ,hence BX(f(A'))' =C and FAO=1uf
(ANH=TSfANMKAD =A

Conversely, suppose that the condition of the theorem is satisfied and D
€ SC(LF(X),8),Put B=(f(D))',then

FUB) = F DN =DM SD' AAESOLF (X))
Hence there exists CE SO(LF(Y),t) such that C=ZB= (f(D)) and f!
(CO)<LA=D ,i.e. ,f((C'")=D, and thus FDOLFFIH(C'))C . Hence
F(D)=C' € SC(LF(Y),t). This shows that f is L—fuzzy semi—closed.

Similarly,we can prove

4.5. Theorem. Suppose that f:(LF(X),8)—(LF (Y),r) is an L—
fuzzy mapping,then f is L—fuzzy semi—open iff for each BE LF(Y) and
any A€ SC(LF(X),0) with AZf71(B) there exists C€ SC(LF(Y), r)
such that C=B and A=f"1(C).
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