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Abstract;
Based on the elementary fuzzy point,a definition of the L-fuzzy set is

presented, Furthermore, an axiomatic system of the L-fuzzy set theory is
established,
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1.Introdaction

Zadeh gave the concept of fuzzy set by means of membership function in[1].
Fuzzy set was usually equated with its membership function in general references
of fuzzy sets theory, The concepts of ensembles floues and nested sets were
introduced in (2] [3] [4]. Furthermore, the expression theorem and another concept
of fuzzy set were given, The concepts above of fuzzy set are all based on the
mappings and belong to nonpoint types, In[5], the reasonable definition of
elementary fuzzy point and axiomatic definition of fuzzy set were given, In
this paper , the axiomatic definition of fuzzy set is given from another side,
And the corresponding axiomatic system is established, Therefore, the close
logical foundation are settled for fuzzy sets theory.

2.Axiomtic definition of LF set

Definition 2.1. Let X be nonempty set, (L, <,\/, A\) be a complete lattice,
L=L-{0), XCLYXXLA{(x A) : x€X, A €L,}. The element (x, A) in X(L) is called

elementary fuzzy point of X, where, x is called support point of (x, A), A is
called value (or level) of (x, A),

The order relation in X(L) is defined as follows;:
X Ay, pI<DX=y, A |, for any (x, A), (y, ) €X(L).



Proposition 2.1. (X(L), <) is an nontotal order,

Definition 2.2. Set A is callled L-fuzzy set of X (or LF set simply) if
ACX(L) or A=¢ or A satisfies the following

(1) (X A)EA=>(x, u) €A for any p €L, and p>A ;

QD (% A):tETICA and N yA=A =XX A)EA,

especially, A is the fuzzy set of X if L={0,1]. And A is the classical set
if L=(8, 1} F(X). F(X) and P(X) denotes the all LF. fuzzy and classical set
on X respectively,

Definition 2.3. Let ABEF(X)

(1) A is called LF subset of B, if for any (x, A) €EA=>(x, A)€B, We write
ACB or BDA;

(2) A is equal to B if ACB and BDA, we write A=B,

Definition 2.4. Let A€F(X), The mapping AC - ) : X—L is called membership
function of A, Where, AX)=A{A :(x A)EA} (we stipulate Aé=1).
From above definitions, we get easily,

Proposition 2.2. Let A B€F(X), then
(D (%KX EA if Mx)F0;

(2) A6 A EXL) A<

(3) ACB<==>B(X)H)<MX) for any x€X;
(4) A=B<==>MX)=B(X) for any x€X.

Proposition 2.3. (F(X),C) is a complete lattice,
Proof, 1t is clear that (F(X), C) is an nontotal order. For any
AEFRX), t€T, Let
A= A EXL) P AGAMISA)
A= A EXL) ¢ V ANKA)
ASAEFCX) and A=sup, A, A=inf A can be proved easily, F(X) have the
maximal element X(L) and the minimal element ¢. Therefore, (F(X), C) is a
complete tattice,



Defimition 2.5. Let (A;t€T)CF(X). We define
U= A) XA AKKA)
N A) €XL): V A A}
Obviously, we have

Proposition 2.4. Let {A;t€T)CF(X). Then, for any x€X,

(U e AXKIZA ALK (N A=V ALK

L=(p : X-—L)} denotes the all mappings from X onto L, If we define an nantotal
order “<"” pointwisely and the following operations in L'

Va BICO=AG B (A BX=V g LX)
where p €L, t€T, x€X, Then (L) <) V5 A) is a complete lattice,

Progosition 2.5. (F(X),C, U, N) and (L, <, V5 A,) are isomorphic complete
lattice,

Proof. First, (FCX),C, U, N) and (L), <Y V5 AD are all complete lattice,
Let mapping f : F(X)—>L', A—~f(A), where, f(AX(X)=A{A :(xX A)EA}=MX) for any
x€X,

(1) f is injection,

Let A, BEF(X) and f(A)=f(B), then AXx)=B(x) for any x€X, From Proposition 2, 2(4),
we get A=B,

(2) f is surjection,

Let RELY A:X—l, A=((x A)EXL) : MO A YKL,
It is obvious that A€RCX) and fCAXX)=A{A : (% A)EA)=AX), Therefore f(A)=A,

(3) f is homomorphism between complete lattices,

Let (A : t€T)CF(X), then for each x¢cX,

FCUAICO=AL A 3(% A) € UA)=CU AXX)

A ALKI=ZA L TAXX=( V1 fAD X(X)

FCNLAXCO=ALA 1 (% A) € NeA)HNAXX)

Ve ALX)I=V (o fAD D= AL TCA) X X)
From above, f remains operations. Therefore, this proposition holds.



Definition 2.6. Let x€X, A €L,. The set x,=((x, 8): 8 €L, andS > A}
is called L-fuzzy point(or LF point simplely). Where x is called support point
and A is called value, X denotes the all LF point,
Obviously, we have

Preposition 2.6. (X, C) and (X(L), <) are isomorphic nontotal order sets,

3.0ecomposition of LF set

Definition 3.1. (1) Let ACF(X), A €L, The set

{x:C(x% A)EA AF£D
A=
¢: A=0
is called A-cut set of A- A =U,.A is called strong A-cut set of A,
(2> Let BEPX), A €L, The set

((% RIEXCL) 1 x€B, A<p), A#0 and B£ 6

AB=
¢, otherwise
is called the product of A and B,
A XGB
Obviously, ABEF(X), and (ABXX)= ¢ for any x€X,
1, x¢B

Proposition 3.1. Let A€F(X), Then
(1) For each A €L, ,we have x€A, if and only if AX)<A;
(2) For each A €1, ,we have x€A, if md only if ACx)<A;
(3) (Decomposition theorem I) A=UJ, AA,
Proof, (1) For each A €L,, x€A<=(x A) EADMEIKA,
(2) First, x€A, =>X€ U,,A,=> there exists pu<A ,such that x€A, =AU <A;
On the other hand, A(X)<A => we take p,=A(x)<A, then x€A,=>x€ U, A=A,
(3) For any x€X, we have
(Ui AAXCD = Al AAXX=ALA L A €L, XEA)
=A{A I AEL, MOKA}I=AX)



Proposition 3.2. Let L be a dense complete lattice, then
(D A=NLA
(2) (Decomposition theorem II) A=U. AA. ;
Proof. (1) For each A €L, . First, x€A=>Mx)KA<p for every p>A =>x€A,
for every p>A =>x€N,,A,.; On the other hand, x€ N,,.A, =>x €A, for any
ROA =A< B for any p> A =SAXKA, B =A=>X€A,
(2) For each x€X, we have
U AADCOI= AL CAADCO=A{A ¢ A €L, x€A)
=A(A D A €L, AO<A)=A),

From proposition 3.1. and 3.2., we get
Proposition 3.3. (Decomposition theorem I) Let L be a dense complete lattice,
A€ER(X), If the mapping K, : L—P(X) Satisfies A, CH(A)CA, for any A €L,
then A= U, AHCA) ad A=N,H(a), A =U.. a).
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