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ABSTRACT
In the paper , a valid definition of pointless T, in Frame—fuzzy topological
space is introduced, and the relationship between several kinds of Frame—fuzzy
topological space T, separation axioms and the conditions of their application

are discussed .
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Throughout this paper L is a frame . We will denote by pr(L) the
set of primes of L , by (L*,§) the Frame-fuzzy topological space .
VxeX,Aepr(l) , Aj: X — L is the L-fuzzy set defined by A; (x)=4
and 47 (y)=1 if y#x .-x=v{beLbax=0} .We say a € b if there

exists ceL with cna=0and ¢vb=1; L is spatial iff for all a,bel ,
atb , there exists lepr(L) with a¢4 and b<a.™

1. Pointless Hausdorffness in Frame-fuzzy
topological space

Definition 1.1  (I*,8) is T iff Ai=v{Be&B< AF }for each
xeX andl epr(l).”

By this definition ‘however , all fuzzy topological
spaces(i.e. L=Tl)aren’t T," . In fact ,if (I*,8) is T, then L must
satisfy some separation axioms .

Definition1.2 (1) L isT,iff A=v{p eL:p€a}foreach A epr(L) .
(2) L is T." iff for every r,r, epr(L) with r, #r, , there exist
a,belLsuch that atr , btr, and anb=0 .

Theorem 1.3 For any non-empty set X, if pr(l)# @, then the
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following conditions are equivalent :

(1) There exists §c L* such that (I*,8) is T, ;

(2) L is Tz‘ ;

Morever, if L is spatial, then (1) and (2) are equivalent to the following
condition:

(3) L is T.".

Proof : (1)<>(2) : obviously .

(2)=>(3) : Assume that L isn’t T.". Then there exist n , A epr(L) with
n#A (without loss of generality , let ntA ), for any a,bel,
atnand b£ A imply anb#0. If there exists peL with p€nand p£ 1,
then for each ge L with gAp=0, we have g<n. So ﬁpvnﬁqﬂ . This
contradicts with p €n. Thus p <75 implies p<A . Hence v{pelL:
p€nl}<A and vipeL: p€nl#n. This is a contradiction .

(3)=>(2) : Let A'=v{peL: pZA}. Assume A’'#A .Then there exists
nepr(L) such that A 47, A'<n.By T.™, there exist a, be L such that
atA, b£nand anb=0. Thus b£ A’ . On the other hand, if avAi=1"#1,
then there exists A" e pr(L) such that 1£4™ , A”<A" . This implies
A< A™, a contradiction . Hence b €4 and b<A’. This contradicts with
bt A .

We have known that there exists a T," topology on X iff L is T, .
However , when L is a pointless frame , even if § is the trival topology
on X, (L*,8) is T.". Therefore the definition of T." isn’t satisfactory
sometimes . We give the following definitions .

Definition 1.4 let a,bel,a#l.Wesay b3 q iff b<a and b ¢ a .
Definition 1.5 (L*,5) is a T."space if 4=v{Be&:B < A }for every
A €d.

Theorem 1.6 If L is spatial , and 4jeé for each Aepr(L) and

xeX (i.e. (L*,8) is a T. space™), then the following conditions are
equivalent :
(1) (L*,5) is a T space;

(2) (L*,5) is a T¢ space.
Proof : (1)=(2) Assume that (L*,5) is T.",then A’=v{Be&B<A4]} .
Let B<L 4, then there exists Ced such that CAB=0, CvA4=1. Hence
—sB £ Aj. Thus B< 4; . If A#1, for each A€, then there exists x e X
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such that A4 (x)#1 . Therefore there exists Aepr(L) such that
A (x)<A<1. Thus A<4;. Since B< 4; , AAB< A . Hence A=v{4AABed :
AABZ A} . So (L*,8) is T¢ .

(2)=>(1) For each Bed with BX 4] , let B(x)=aeL and denote
—;B(x)=—a. If Av—-a=bzl , then A =A;vB.Thus 4 ed and
Ay =v{De& D<A } . On the other hand , if D(x) £ Afor each De§
with D< 4, then by D(x)A—;D(x)=0<A1 and Aepr(l) , we have
—sD(x)<A . Thus —;D<A;<A; . This contradicts with D < 4. Hence
D < 4; implies D(x)<A. Sov{D e&D< 4 }<4j#4; , acontradiction.
Hence Av—a =1 . Furthermore , take CeL* satisfying C (x) = —a and
C (¥)=0 for each y(#x) , then C<—;B . From (4;vC) (x) =Av—a =1,
it follows B<€ A . Hence (L*,5) is a T: space .

2 Hausdorffness in L-fuzzy topological space
and Frame—fuzzy topological space

In usual documents ([6]) , (L*,5) is a T: space if for any pair of
distinct L-fuzzy points x, and y, (x#y) , there exist U,V €§ such that
x,€eU,y, €V and UnV=0 .

Theorem 2.1 If 4;=v{Bes : B€4], B(x)=0}foreach xeX and
Aepr(l)—— (%), then (L*,8) is a T, space .
The proof is directed .

It is easy to see that the condition (¥) of Theorem 2.1 is strictly
weaker than T." separation axiom .

Example 2.2 Let X={a, b} UNxN , where abgNxN . Denote
L, =N x{i} .Define O,(i=12,3) as follows :

O,={Adel* 4 @)=Ab)=0} ;

0,={AeLl*:(A(a) #0)A@k e N,Vi> k,|{x el A(x)= O}] <{No)}

O,={4elL*:(3n,A(b) > 1——1-)/\(Vi <nl{x e L;:A(x) = 0}|<Ro)}.

n

Let t be the topology generated by O;UO200s Then (IX,t) forms a fuzzy
space . It is obvious that(/*,7) is a T. space . But for each A e pr(L)

and 150, we have Ay #v{det: A€ 4’} . Infact, if 4 (a)#0, then there
exists ieN with i=A{jeN:A(x)#0,xeBcL,|B 28} . If BAA=0
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for every Bet, then B (b)(l-}— .Since 4; (b)#1, (A;vB) (b)#1 .Hence
; :

A< A4; doesn’t hold . This implies that if A< A} , then 4 (a)=0 . Thus
vi{det : A€ A2} (a)=0 . But A’ (@)=1 ,a contradiction.

”»

By making use of the relation “<” introduced in the paper ,a
characterization of T. separation in (L*,5) is given . It also shows

clearly the differences between T." and T: in (L*,6) .

Theorem 2.3 (L*,5) is T, iff 4=v{Bed : B S A7, B (x)=0}for
each xeX andlepr(l).

Proof : “<” It follows from Theorem 2.1 .

“=” Obviously 47 (x)=0. It is sufficient to verify A4;(y)=1 for
every y(#x) . Assume that A4; (y)=a=#1 , then there exists nepr(L)
such that 1£ 7, a<n. Take A;e€d.By T., there exist B, , B, €6 such
that B, £ 4, , B,Z4; and BAB,=0, thus B, < 4; . Since B £4] ,
A7 ) £n . Therefore 4; (y)#a , a contradiction .
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