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Abstract: In this paper, The concept of weak-autocontinuity of set function is introduced. Relations
between this concept and the concepts of autocontinuity and null-additivity and A -subadditivity are given.
We also obtain the conditions for Egoroffs Theorem and Riesz's Theorem. They are weaker than
conditions given in [2,3] and one of them is the necessary condition for Riesz's Theorem.

Keywords: Autocontinuity, Set function; Weak-autocontinuity.

1. Introduction

Throughout this paper, let X be a classical nonempty set, F be a o -algebra, { f,,} and fbe
measurable functions. All concepts and signs not defined in this paper may be found in [1,2,3,4].

In [2] the following concept is given:

Definition 1.1 A set function b is called autocontinuous from above (resp. from below) if we have

B(AUB, )~ 1 (A) (resp. 1 (A-B,)—1(A))
whenever AEF, B, €F, ANB, =@(resp. B, CA), n=1,23,..., u B,)—0.
1 is called autocontinuous if it is both autocontinuous from above and autocontinuous from below.
In [4], Zhao gives

Definition 1.2 A fuzzy measure P in a fuzzy measure space is called A -subadditive if whenever

A,BEF, we have
LAUB)< A u(A)y+A n(B), A =1.

In [2,3,4], Wang and Zhao give their own asymptotic structural characteristics respectively, and give
the following results.

Theorem 1.3 (Egoroff's Theorem) If u is autocontinuous from above(resp. A -subadditive) and
A EF, then

I —2& 5 f s equivalent with I — 4% 5 f onA.

Theorem 1.4 (Riesz's Theorem) Suppose 1 is autocontinuous from above(resp. A -subadditive) and
AEF, If f, —£ 5 fon A, then there exists a subsequence{ fnk } of {f, }, such that
fn ) a.e. f )

Conclusions under the condition of autocontinuous from below can be found from [2]. Concepts of
{fa} convergesto f " almost everywhere "(a.e.) and " pseudo-almost everywhere "(p.a.e.)," almost
uniform "(a.u.) on A come from [1,2,3] wholely.

2. Concept of Weak-autocontinuity

Definition 2.1 Let 1 be a set function, if for any E , , AEF, n=1,2,..., and u (E ;, )0, there exists a



subsequence { E;, } of {E }, such that

B (AU(U Ep, )~ 1 (A) (resp. 1 (A(U By )~ 1 (A),
k=m k=m

then U is called weak-autocontinuous from above (resp. weak-autocontinuous from below).

b is called weak-autocontinuous if it is both weak-autocontinuous from above and weak-
autocontinuous from below.

Theorem 2.2 For any E €F, n=1,2,3,..., u(E , )0, if there exists { € ,} , where {¢,} isa

sequence of subsequences of {E ,} : ¢, ={ Egk) } Lk=1,23,...,
1

(e o)

such that lim p (AU(U Egk_) )=1u (A), then B is weak autocontinuous from above
1

k>0 i=1

(resp. lim b (A-U Eg‘) =1 (A), then b is weak-autocontinuous from below).
1
k— oo i=1
Proof. From the condition of the theorem, we know for E, €F, n=1,23,..., u(E, )—0, there exists

{€,},where ¢ k={Eg(_)} , such that
1

lim 1 (AUUEY)=u@).
1
k—>oo i=1
So first, we can obtain € ; ={ Efll‘) } ,suchthat n (AU(U Egl.) N<u(A)y+l.
1 1

=1
For this ¢ |, because lim (ES) )=0 is true, so furthermore there exists a
1
i—> (o o)
oo

1
subsequence € ,={ Eflz) } of &,,suchthat b (AU(U Eflz) N<u(A)y 5 . In general,
1 1

i=1

there exists a subsequence €, ={ Eflk) } of{ Eflk_'l) } ,such that
1 1



(o o]
)
1 (AU(UE, )< b (A)+ L =23,...
i=1
If we takeni=n§i) , then {En_ } isasubsequénce of{E,} and U En' c U Egg ,k=1,2,...
1 1 1

i=1 i=1

Consequently,
O OO o0 oo
BAUNUE )<u@UUE_)<u@UUEY )y<u@y 2
1 1 1
k=1li=k i=k i=1

for all k=1,2,3,..., and therefore lim » (AU(UE_ )=u(A).
1
k—oo i=k

The proof for the situation of weak-autocontinuous from below is similar.

The following proposition gives the relations between weak-autocontinuity from above with other
concepts.

Proposition 2.3

1).If v is apossibility measure, then u is weak-autocontinuous from above;

2).If » is autocontinuous from above, then 1 is weak-autocontinuous from above;
3).If v isaquasi-measure, then 1 is weak-autocontinuous from above;

4).If v isa A -fuzzy measure, then U is weak-autocontinuous from above;

5). If a fuzzy measure u is M -subadditive, then B is weak-autocontinuous from above at 0.
Proof.

1). Suppose b is a possibility measure, then u (UA )=sup 1 (A ;).
iel i€l
Soif E, €F, u(E, )0, n=1,2,3,..., then for any & >0, there exists a natural number N such
that 1 (Ey)<< e, (n>N). Now we take Enl =Ey, Enz =Enu

geuvy

co

then B (AU(U Enk )D<u(A)+ e .From Theorem 2.2 we know u is weak-autocontinuous from above.

k=1

2).If u is autocontinuous from above, then b (AUE, )— 1 (A) for any {E, } such that u (E, )—0.

So forany ¢ >0, there exists Enl such that

BAUE )<y %,furthermore, fom w(AUE UE,)—~ k(AU B, )we

£ 3¢
know there existsn, >n suchthat t(AUE_  UE_ )H)<uAUE_ ) — <u A)+—,
n, ny 752 4



In general, we taken ,,;, >n, such that

k+1 k

WAUE )=e(AUUE JUE )<u(A)HI- ye <u(Ayte.

2k+1

i=1 i=1

o8}
Now we obtain a subsequence {En- } of {E,;} such that 1 (AU( U En- N<wp(Ayte.
i i=1 i
From Theorem 2.2 we know that v is weak-autocontinuous from above. Similarly, if » is
autocontinuous from below, we can easily obtain the corresponding conclusion.
3). A quasi-measure is autocontinuous from above has been proved in [1].
4). Also in [1], it has been proved that a A -fuzzy measure is a quasi-measure.

5). Suppose u is A -subadditive, for any E, €F,n=1,2,3,..., and B (E, )0, we
taken, <n, <---<n, <--, such that
£ & £
p(E <—, w(E_ X
moo22 127 22)?

Because 1 is A -subadditive, we have

k
2 1
B ( UEni )< A u(Enl W A u(Enz ... +Ak u(Enk )<(1-2—k)e <e.
i=1

Letk—oo, then n (U Enk )< ¢, from Theorem 2.2 we know that u is weak- autocontinuous

k=1"

from above at 0 . |
The following example shows that although weak-autocontinuity from above at 0 can be obtained from
autocontinuity from above or A -subadditivity, the former is actually weaker than the laters.

Example 2.4 Let , X={1,23,...}, F=PX).

1

u(E)=(CarE) » —, EE€F.

: 2t
ieE

We easily know that p is a fuzzy measure and it is weak-autocontinuous from above at 0.

In fact, for any B;, €F,n=1,2,3,...,and u (B, )0, if there exists m €lim B,, , then there exists

n— oo

B , B .y B ,..,suchthatm€ B_ ,k=1,23,.... From the definition of 1,
ny nj ny Ny

1
weknowthat B (B_ )=Z— k=1,23,....
ny 2m
So u (By )X0. It's a contradiction. That is to say lim B, =®.

n—bw



But 1 is not autocontinuous from above, this result has been given in [1].

Now we show that 1 isnot A -subadditive.
Suppose there exists A, >1, such that 1 (AUB)< A, (1 (A)+u (B)) for arbitrary A,BEF. Now

wetake E,={1},E,={m } ,E;={m,},..,E,y ={m ,}, where

o 1 A 1 a4 1

Py caey

2m1 2 2m2 22 ’ 2mn 2n

n+1 ‘
1 1 1 n+l
Sowehave u( UE;=u(l,m,,m,,...m , )=(n+1)( 5+ . +...+2mn > o

i=1
On the other hand, if u is A -subadditive, we should have

n+1

2 n+l
2 +1 _ ’10 j'0 '10
WO UE)SAGBE D AHuE .+ Ay u@ha F 7+2m1 +...+ .
i=1

1 1 1 1 1 1 3
<)»0(-+5+2—2+,_,+—;1—)_)»0(5+1.2—n)<E A,

When we take n>3 A -1, we will have a contradiction. So u isnot M -subadditive.
Theorem 2.5 If u is weak-autocontinuous from above, then it is null-additive.

Proof. It is very evident when we take E,, =®,n=1,2,3,....
The following example shows that null-additivity is weaker than weak-autocontinuity from above.
Example 2.6 Let X={0,1,2,...}, F=P(X) and

[
BE= 4 D, .11 OgE.
i €E 2' g
o, 0EE and E-{0} # ©.
1, E={0}.

\

Then b is a fuzzy measure and it is nuil-additive (See [1]). But now we show that it is not weak-
autocontinuous from above.

In fact, if we take A={0}, E,, ={n}, n=1,2,3,..., then 1 (E , )—0. Suppose{ Enk } is an arbitrary
subsequence of {E, } , from the definition of 1 we know
oo
L(AU(U Enk )D=e<c,but B (A)=1.
k=m

This example shows that the concept of weak-autocontinuity from above is a concept between



autocontinuity and null-additivity.

3. Convergence Theorems

Theorem 3.1(Egoroff's Theorem). Suppose AEF, u(A)<co, and B is weak-autocontinuous from
above at 0. If

LN on A, then LN on A.
n n

(e o)

1
Proof. Write E;'= Nix| | fi—f | <—)} ,m=1,23,...,thenE{" Eé" c ...and
m
i=n
x| f,> f}= N VE] LetB={x | In -\-)f},because fn——&)fon A, so u (B)=0,
m=1 n=1

and U E, 5 A-B,m=1,2,3,....Thus lim (A- E};’ }=A-U E}¥ c B. From the monotoneity of u

n=1 n—o° n=1

we have 0<lim u (lim (A- E,;’ ))< 1 (B)=0.

m—»oo n—-»oo

Furthermore, from the continuity of 1 and the condition u (A)<<oo, we can know that

lim u(A-E, )=0is true for every m=1,2,3,....

n—cc

1
So for every m, there exists n,, suchthat u(A-E” )< — . If wenote Fp=A-E”
R,y m n,,

b

then lim u (Fp, )=0. Because 1 is weak-autocontinuous from above at 0, there exists a

m—)w

subsequence {Fmi yof {F,} suchthat u(N U FIni )=u (®)=0. Therefore,

n=1 i=n
for every ¢ >0, there exists a éubsequence (It's no harm to note it { Fmi } again)

e =) oo

such that u (U Fmi )<e.Then{ f,} convergesto f uniformly on A-U Fmi .

i=1 i=1



. 1
In fact, forany € '>0, wetakei, satisfying m; 0 > -, and we note k=m; 0
&

oo
then for every xEA-U Fmi , it satifies xE A and x & F i , therefore x€ E’]:k , that is to say
i=1
oo

1 1
xEn {| fi-f | <;}.Sowhenwetakei?nk,itmusthave | fi-f 1| <;<£'. |
i=n,

For the case of weak-autocontinuous from below we have the following result:
Theorem 3.2 Suppose AEF, B (A)<ee,and B is weak-autocontinuous from below,

if f,—=<f onA,then fnﬂ)f onA.
Theorem 3.3 (Riesz's Theorem) Suppose AEF, then f, —£ f on A implies there

exists a subsequence { fnk } of { f,, } such that fnk —2€ 5 f ifandonly if 1 is

weak-autocontinuous from above at 0.

Proof.

Sufficiency. There is no harm in assuming A=X. Forany { f,, }and f ,iff, £, f on A, then

for every k=1,2,3,.. ., there exists n , respectively, such that

px 11 fy ®O-f ® 2—11;})<%,k=1,2,3,....

Without any loss of generality, we suppose n,; >n, k=1,2,3,.... If we note

1
E~{x | | fnk ®-f ® | 2; },thenlim u (E )=0.As # is weak-autocontinuous

k— oo
from above at 0, there exists a subsequence { Ek'_ } of { E } , such that

oo oo oo oo
u( N U Eki )=0. Now we provethatfnk —>f onX-N U Ek', .

n=1i=n n=1i=n

[e s e o oo oo

Ifxex —nN U Ek,~ ,thenxe UN E; . So surely there exists j(x) such that
1

n=1 i=n n=1 i=n



10

oo |
x€ NE; ,thatistosay | I, 1 < = when i=>j(x). This conclusion means
1 1 .
]
i=j(x)
we have proved the following result:
1
For every given € >0, we firsttake i, suchthat —— < ¢ | then we take i=j(x) V iy , now we have
ig ‘
1

1
<
ki ki,

[== e o)
and { x |f”k,~ \)f}c N UE . So, fnk,- 2L 1.
n=1 i=n

Necessity. Suppose E;; €F,n=1,2,3,...,and u (E ,)—0. We want to prove that there exists a

subsequence {En,- yof {E,}suchthat u( N U En,- )=0.
m=1 i=m
1 X€E,,
Let f.(x)= { and f(x)=0.
0 x& E,,

Evidently, f,, —£, f . From the hypothesis of the theorem, there exists a subsequence

{fnk yof{ f,, } such thatfnk —2% 5 f That means 1 ({x | f"k %}f})=0.

oo O

Note N UE, c{x| f,, —X / }.the conclusion follows. ]

m=1 k=m

In paper {2] and [4], properties of measurable functions were discussed by using the properties of u .
But the necessity of theorem 3.3 tells us that we can use the properties of measurable functions to discuss
the properties of 1 .

For the case of weak-autocontinuous from below, we have the following resuit:

Theorem 3.4 Suppose A EF, then f,, £, Jf on A implies there exists a subsequence

{ fnk } of { f,; } such that fnk —pae , f ifand only if B is weak-autocontinuous from below.

The proof is similar to Theorem 3.3.
Until now, we get weaker conditions than [2,4] to satisfy Egoroff's theorem and Riesz's theorem.



i1

References

[1] P.R.Halmos, Measure Theory ( Van Nostrand, New York, 1967 ).

[2] Wang Zhenyuan, The autocontinuity of set function and the integral, J.
Math. Anal. Appl. 99 (1984) 195—218.

[3] Wang Zhenyuan, Asymptotic structural characteristics of fuzzy measure and
their applications, Fuzzy Sets and Systems 16 (1985) 277 —290.

[4] Zhao Ruhuai, (N) Fuzzy integral, Mathematical Research and Exposition (in
Chinese), 2 (1981) 55—72.



