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ABSTRACT ;In this paper,we bring forward the concept of Caristi type fuzzy hy-
brid fixed point in M-PM-space,gave a fuzzy hybrid fixed point theorem and a

common fuzzy hybrid fixed point theorem of sequences of fuzzy mappings, our

theorems improve and generalize the Caristi's fixed point theorem and correspoind-
ing recant important results.
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1 INTRODUCTION AND PRELIMINARIES

IN 1976, Caristi proved the Caristi's fixed point theorem [1],because this
theorem does not require the continuity of the mapping, it finds applications in
many fields.

In 1991, Chang S. S. etc, bring forward Caristi's fixed point theorem and
Ekeland's variational principle in PM-spaces. In 1993,Chang S. S. etc [4],bring
forward set-valued Caristi's theorem in PM-spaces.

In 1997,Shi C. bring forward Caristi's type hybrid fixed point theorems in
PM-spaces. In this paper,we bring forward the concept of Caristi type fuzzy hy-
brid fixed point in Menger-PM-space,gave a fuzzy hybrid fixed point theorem
and a comonon fuzzy hybrid fixed point theorem of sequences of fuzzy map-
pings, our theorems improve and generalize the Caristi's fixed point and corre-
sponding recent important results.

Throughout this paper, we assume the (£, F, 4) is a Menger probabilistic
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metric space (briefly M-PM-space) ,where t-norm 4 satisfies the condition
i m ACz,y) =9,¥Y y € [0,1] | (1.1)
17"

DEFINITION 1.1 a mapping A;E— [0,1]is called a fuzzy subset over E
swe denote by & (E) the famity of all fuzzy subsets over E ,a mapping S:E —
F (E) is called a fuzzy mapping over E .Let S;:E - & (E),T:E—E, ifp €
E such that Sp(p) = mgSp(u) and Tp = p ,then pis called a fuzzy hybrid fixed

point of Sand T . Let Sx: B — F (E) (K = 1,2,++++),T:E—>E ,,if p € E
+oo +o0

such that ( [ Sxp) (p) = max( () Sx) (u) and Tp = pthen pis called a common
K=1 v€E K=1 .

fuzzy hybrid fixed point of {Sx}and T .

LEMMA 1.1 (ChangS.S,etc [4],[8]) Let (E,F,A4) be a complete M-
PM-space, A4 satisfies the condition (1.1), ®;E — (— oo, + oo be a lower
semicontinuous function ,bounded from below and Z+ oo ,If for any ¢ > 0,u
€ Esuch that &(u) << i2£¢(x) + &, then for every A>> 0 ,there exists some point

p € E such that
(1) Fup® = H( — 2@ — 0())),¥ 4> 05

(> Fu,p@® = HG — 3),¥ 2> 0;

3OV z€ E,z 5% p,q tp = t(z) > 0 such that Fz,p(t) < H(t —
L0k — 0G)).

LEMMA 1.2 Let (E,F,A) and A satisfies the conditions of lemma 1.1,
T.E — E satisfies; Y z,y € E

Fz,Ty@) < FTz,Ty(@®),¥ t> 0 1.2

then T(E) = {z|z = Tz,z € E} = F(E) = {z|z = Tz,z € E)

PROOF. It is obvious that F(E) C T(E).Y z € T(E),3 2z, € E,z, =
Tz,, by (1. 2).

FTz ,T2,(t) = Fz,Tz,(t) = FTz,,Tz,(¢) = H(),V t € R, thus we
have Tz, = Tz, = z,, i.e. 2, € F(E), therefore T(E) & F(E), by F(E) &
T(E) and T(E) € F(E) ,we have T(E) = F(F) .

2 MAIN RESULTS

Let S:E — 5 (E) is a fuzzy mapping, O.E — (0,1] is a real-valued func-
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tion, Y z € E Let Gz = (S2)oy = {u|Sz2(u) =0(2)}, then G, E — 2% is a set-
valued mapping,throughout this paper we denote this mapping by G.

THEOREM 2.1 Let (E,F,A) is a complete M-PM-spacem, 4 satisfies the
condition (1. 1), #:E — (— oo, + oo] is a lower semicontinuous function,
bounded from below, =+ co,T;E — E is continuous and satisfies the condition
(1. 2),let S; E — S (E) is a fuzzy mapping.

(i) If there exists a real-valued function 0. E — (0,1]such thatV z € E,
Gz # (),TGz = GTz, and 3 y€ GzsuchthatyV ¢ > 0,3 ¢, >,5, > 0,1, + ¢,
= { satisfies

APy, T=(t) , FTz,Ty@)) > H(t — (0 — ) (2.1

Where a > 0 is a constant, then for every u € E with ®(Tu) 5%+ oo and
B > 1 ,there exisis p € E such that p = Tpand Sp(p) = 0(p), moreover

FTu,p(t)}H(t—é(T(u) —o(»),¥Vt>0 (2.2)
if ®(Tu) < inf &(z) + e < inf &(z) + 1, then p satisfies
€T(B) s€T(B)
F'Tu,p(t)}H(t-——\/—E—;),Vt>0 (2.3)

(ii) In particular,if Y z € E,0(z) = maxSz(u) satisfies the conditions of
1=y

(i) ,then there exists p € E,pis a fuzzy hybrid fixed point of S and 7' ,moreover
satisfies (2- 2) ’ (2- 3). )

PROOF. Since ¥ z € E,Gz = (82)oy = {u|Sz(u) = 0(z)},G.E—> 2% is
a set-valued mapping, moreover satisfies the conditions of (i) ,we can difine map-
ping Q:E— Esuch thatV z € E,Qr = y ,where y € Gz and satisfies (2. 1) ,thus
VYV z € E which implies that; ¥ ¢ > 0,3 ¢, > 0,6 > 0,t, + &, = ¢, satisfies;

ACFQz,Tz(t) , FTz,TQz(6)) = H (¢t — 7,1;@(:) — B(Q))) (2.4)

by lemman 1. 2, F(E) = T(E) ,moreover T;: E — E is continuous, therefore
F(E) is a closed set,thus (F(E),F,A) is a complet M-PM-space. We prove that
Vz2€ F(E),Qr € F(E), in fact; Y z € F(E), since z = Tz,GTz = TGz, there-
foreQz=QT2 € GTz=TGzZT(E) =F(E),..Qx € F(E). since d(Tu) #*+
oo ,if ®(Tu) = inf &(z), then D(QTu) = DP(Tu), by TTu = Tu,¥ t> 0,3 ¢,

s€T(E)

> 0,t, > 0,¢ = t; + ¢, such that
ACFQTw, Tu(t), FTu,TQTu()) = Ht — +(8(T) — $(QTw)))



33

we have ®(Tu) = &(QTu) ([8]),by #(Tu) = ®(QTu), and TQTu = QTu,V ¢
>> 0,3 t, > 0,t, > 0,¢t = ¢; + t, such that
AFQTu,Tu(t,) , FTu,QTu(t)) = H(t) (2.5)
we have FQTu,Tu(t) = H(®),¥ t> 0 ([8]),by FQTu,Tu(t) = H () ,we
 have QTu = Tu, thus taking p = Tu € T(E), we have Tp = p = Qp € Gp ,more-
over satisfies (2. 2) (2. 3).
If ®(Tu) > inf d(z) ,then let d(Tu) — inf &(z) = ¢ > 0,T(E) =

sET(E) s€ET(B)

F(E),(T(E),F,A) = (F(E),F,A) is a complete M-PM-space,by lemm 1. 1
YV A>0,3 p € T(E), such that,

FTu,p(®) > HG — - (0(Tw) — 0(»))),V 3> 0 (2. 6)

FTu,p® = HG— 3),¥ £ 0
Vz6&TE),z5% p,3 to = t,(2) > 0such that
F,p) < H(t — 2(0() — 0(2))) @7
by (2. 7) we have Qp = p, in fact,if Qp % p, then by (2. 7), 3 & =t (Qp) such
that F@p,p(ts) < H (s — 2 (8(p) — B(@p))), by (2. 4)forto>> 0,3 4, >
0,z > 0,8 + & = ¢ such that A(FQp, Tp(t,), FTp, TQp(t:)) = H (v —

%((b(p) — ®(Qp))) since Tp = p,TQp = Qp, and let A = _:} »we have
FQp,p(t,) = FQp,Tp(t,) = A(FQp,Tp(t,),1)
> 4(FQp, Tp(t) , FTp,Tqp()) = Hts — = (0(p) — (@5

1
= H(t — —(@(p) — 2(@p))) > FQp,p(t0)
by &, + t; = ty,t; < iy, this is a contradiction,thus p = Qp ,it is obvious that T'p

=p=Qpand Qp € Gp = (Sp)oey »i-e. Sp(p) = 0(p). In particular,if O(z)

= mészz(u) satisfies the conditions of (i),it is obvious that pis a fuzzy hybrid
1¥ 3

fixed point of Sand T . By (2.6), B> 1,0(Tu) = &(p) A= %, we have FTu,
P = HG— 2 (@) — 0())) > H(t — B ocmn) — o)) sice. 2.

2). 1 O(Tu) < inf &(z) 4+ ¢< inf &(z) + 1 ,let f= ——, we have FTu,
2ET(B) ‘ J—

2E€ET(B) e
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® > He—Eoaw —omn=He-£
3).

THEOREM 2.2 Let(E,F,A),®,T satisfies the conditions of theorem 2. 1
moreover # 1z with Tz; 7% Tz, ,let Sx: E > F (B)(K = 1,2,+) is a se-
quence of fuzzy mappings.

(i) If there exists a sequence of functions Ox:E —> (0,1](K = 1,2,+)
such thaty z € E,Gxz = (Sx2)o 0 7 3+sTGxz = GxTz,andJ y € Gxz(K =
1,2,++<)such thaty ¢ > 0,3 ¢ > 0,8 > 0,¢, + &, = ¢ satisfies;

8)=H(t—€),i-e. .

ARy, Ta(6), FTz, Ty(0)) = HE— =0 — 0(3)))  (2.8)
where ¢ > 0 is a constant,then for every ¥ € E with ®(Tu) #+ cocand § > 1
there exists p € E such that p = Tp, (:ﬁ;Sxp) (p) = mKin{OK(p) }» and (2. 2).

(2. 3).

(ii) In particular,if Ox(z) = meag(sz(u) (K =1,2,+) satisfies the condi-

tions of (i),then pis a common fuzzy hybrid fixed point of {Sx} and T , more-
over satisfies (2. 2), (2. 3).
o0
PROOF. Y z € E, let Gz = () Gxz ,Where Gxz = (Skz)o (K = 1,2,
K=]

------ ) ,by assumption¥ z € E,Gz# (/Jand 3 y € Gz such that (2. 8),thusG:
E — 27 satisfies the condition (2. 1),we shall show thaty{ z € F TGz = GTxz.

400
Ifu € TGz, then] y € Gz = [} Gxz With Ty = u, thusy € Ge2(K =1,
. K=1
4 4o
2, ), u=Ty € TGxx = GxTz(K = 1,2,+**) ,henceu &€ ﬂlGxTx = GTz ,we
K=1"

. +oco
have TGz & GTz ,Jfu € GTz,i.e. u € [| GxTz, thenu € GxTz = TGxz(K =
K=1]1
1,2,°*) ,since wheny; % ¥2,Ty1 7 Ty2, thus 3 y € Gz (K = 1,2,++°) with Ty
+-o0
= u, hence y € [} Gxz = Gz with u = Ty, thusu € TGz, we have GTz = TGz,
K=1

we obtain GTz = TGz, thus G satifies the conditions of theorem 2. 1,for T and G
applying theorem 2. 1,we obtain p € E, such that p = Tp € Gpand (2. 2)(2.

<400 +oo - '
3),by » € Gp =KanK? =xﬂl(sxp)o‘(,) y we have Syp(p) = Ok(p) =

+o0 :
m}nOK(p), thus (xﬂlsxp) (p) = mxinSxp(p) = mKinOK(p). In. particular, if
Ok (z) = maxSgz(u)(K = 1,2,++) ,it is easy to deduce that p satisfie p = Tp
(1<% 1
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“+o0 +oo
and (KﬂlSKp) (p) = meax( N Sxp) (), i. e. pis a common fuzzy hybrid fixed
= s€EE K=]

point of {Sx} and T .

REMARK 2.1 for a complete metric space (£,d) ,we can define mapping
F.E X E— Das follow Fz,y(t) = H({ — d(z,¥)),t € (— o0, + ), it is
easy to prove that (¥,F,min) be a complete M—PM —Space, 4 = min satisfies
the condition (1. 1) ,therefore it is easy to prove that the theorems of this paper
improve and generalize Carist's fixed point theorem and corresponding recent im-
portant results of [1—8].
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