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The Initial Objects, Terminal Objects,Equalizers and Intersections
on Categories of FR-modules.
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Abstract; In this paper,we show that the category of Fi — modules is a top category, we
obtain that the category of Fi-module has initial objects, terminal objects, equalizers and
intersections.
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1 Introduction

[1],{2],[3] introduce the concepts of FA—module and the category of FA —modules,and
discuss the properties of them. In this paper,we show that the category of Ff —modules is a top
category ,and we obtain that the category of F& — module has initial objects, terminal objects,
equalizers and intersections .

Let X be a nonempty set,L be a complete distributive lattice (with 0 and 1), A fuzzy subset
A on X is characterised by a mapping A : X—L. X" denotes the set of whole fuzzy subset of X. In
this paper R is a ring with identity 1 2 0 and module which involved is an unitary left
R —module.

Definitionl. 1. [1] Let M be a left R—module,A a fuzzy subring of R and A(0)=1,Bx
€ M*,if for all x,yEM,r€R,we have

DBu(x—y)=Bu(x) ABu(y),

2)Bu(0)=1,

3)Bu(rx)=A (1) AB(x),
then By is called an Fi-submodule (or Fi-module).

Definition]. 2. Let M and N be two R—modules,f;M —>N be an R—homomorphism,
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By be an FA—submodule of M, f (By) is defined by
V {BM(X) IXEM,f(X)=Y} oif f-l(Y)?&d),

: _
Bw) (¥) 0, if £1(y) =0,

for all yEN.

Definition 1. 3. Let M and N be two left R —module,f;M —>N be an R —homomor-
phism, By and Cy be Fi-submodule of M and N,respectively,if E(B.u)<Cu,then f is called an
F—homomorphism from By into Cx ,writes f ; By —Ch.

Definition 1. 4. The category of Fi-modules Fz —Mod is defined by .
1)Objects are all FR-modules,
2)For all By,Can& Obj (F& —Mod) ,the set of morphisms is
Hom (Bn,Cn)= {; |; is an arbitrary F—homomorphism from By into Cx},
3)For all EGHom(Bu,CN) ,EE Hom (Cu,Ds),the composition of ; and E is defined by
fg=fz.
Let R—Mod denotes the category of left R —modules.

Definition 1. 5. Let By,Cv& Obj(FR —mod) ,if N&EM and Bu(x)=>Cn(x),for all x&
N,then Cy is called the subobject of the object By.

2. Initial and terminal objects and top properties of F§ —modules

Let M be a left R—module ,A be a fuzzy subring of R,two F& —module of M are defined
by

0,if m#*0,meM,
Om:M —L, Ou(m)= #
1,if m=0,m&M,
lmgM_>L, lx(m)=l,V mGM.
Consequently ,the diagram (1) and diagram(2) are admissible.
{0} M

Ay

{0}
diagram (1) diagram(2)
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Hence the objects Ox in category Ff —Mod is the initial objects of the category F4 —Mod and the
objects 1o is the terminal objects of the category FA —Mod , therefore we have the following
Proposition2. 1.

Proposition 2. 1. The category Ff —Mod has initial objects and terminal objects.
By Proposition 2. 1,we have the following Proposition2. 2.

Propaosition2. 2.  The category F& —Mod has zero objects.

Theorem2.3. The category FR —Mod is additive category,but it is not abel category.

Proof. By[2],[3] and Proposition 2. 2,the category FA —Mod has products, coproducts,
kernels and cokernels and zero objects,hence the category F& —Mod is additive category.

Let g:Cn —Bu be 2 subobject of By,if g is normal, then Cy=f"(By). Hence for Ms£0,
I:O..—» In is a subobjects of 1x which is not a Kernel, therefore Fi-Mod is not an abel
category.

Proposition2. 4. Let M be a left R—module, the set O (M) = {By | By is an F; —module of
M} is a complete lattice under the following order relation ;
Buy<CCy iff By (x)<CCy(x),for all xEM.
Proof. Let {Bu|i€I}SQu(M)
(lélBlM) (X)=lé\lB'n x),
x\e/.B;'(")=ié\{C“(") [CvE QM) ,Bu<Cn, for all iEI},
are the inf and sub of the collection {By |i€ 1} ,respectively.

Theorem 2. 5. The category Fi-Mod is a top category over R—Mod.
Proof. The proof is similar to Theorem 3. 4 of [4].

3 Equalizers and intersections

Theorem3.1 The category FR-Mod has equalizers.

Proof. Let By,CxE Obj (Fi-Mod) ,and f; ,f;: By —>Cx be two morphisms in Fi-Mod. So
we have two R-homomorphisms f,,f, : M —N in R—Mod. But the category R-Mod has equaliz-
ers and let the equalizer of f,g in R-Mod be iy ; K —>M, where
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_ K= {x|fy(x)=f:(x),xEM},
and i, is the inclusion map. Eviently,K is an R-submodule of M. We define an Fi-module of K,
Dy :K —L,Dg (x) =Bu(x),¥ xEK,
since
Dy (x)<Bu (ix (x) ) , for all x€K,

consequently , iy ; Dx —>By is an F—homomorphism. By the above construction we get that the
following diagram holds in F4-Mod.

ix f
Dx —Bu —>Hx

ll

f2 Y
Hy «<—By «—Dx
Let there is an F-homomorphism g:Cx'—>B, such that the following diagram holds in Fa-
Mod. ‘

K'—2oM —oN

o

N «—M <X

holds in R-Mod. Since category R-Mod has equalizers,from the universal property there exists a
unique R-homomorphism k'.K'—K in R—Mod such that i;k'=g. Since we have the following
diagram (3)

is communtive. Therefore
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Dy (x) <Bu (x) <Bu (isk (x))
=By (k(x)) =Di(x),

then ;' is an F—homomorphism. Consequently,the following diagram holds

., K ix
Dy'——Dx —Bx

]

8 '
By «—7Dx’
Hence the pair (Dg ,i:) is the equalizer of the pair of F-—homomorphisms El and f, in category
FQ—MM .

Theorem 3. 2. The category Ff —Mod has finite intersections.

Proof. Let{By, |i€ 1,2,--:n} be the family of subobjects of the object By in Fi-Mod.

Let M'=i[lel,we define fuzzy subset Bi' of M,

By :M' —L
such that
B (x)= A {Bw (x) |i=1,+-,n},for all xEM',

it is easy to prove By € Obj(Fi-Mod).

For all i,g :M; —>M are inclusion map,because

B, (x)<Bu (x) (fi(x)) , for any xEMi,i=1,->,n

so for all i=1 ,2,---n,;;B‘M‘—>BM are F—homomorphism, let ;;DH ~—»By be an F—homo-
morphism which is foctored through each subobject B’,.| ,that is, for all i& I, the following diagram
holds.

i &
Dy -——»B’M'-—-—»BM

|
By «<—Dy
Hence
fi -]
H —M, —M
Al
M eH
holds, for i=1,2,---n. By the universal properties of intersection,there exists R —homomorphism
f':H—M' in R—Mod such that
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H—M —2aM

fll

M<«—H
holds in R—Mod. Consider the following diagram(4)

For all x&€M,we have

DH(X)<B§1i(fl(x)) V i=1929'",n,

ghf'=f,g8'\=g' Y i=1,2,:n,
and By (x)= A {Bi,(x) |i=1,2,+*+,n}. Then Dy (x)<B'Ww (f'(x)),for all xEH,so ;';DH—>
B'w is an F—homomorphism and

] 1
Dy —Bla——>By

|l

By «—Dxy
holds in FR-Mod. Therefore suboject Bw: together with the family of F—homomorphisms
{;=B'w——>B&I |1= 1,2, yn}
~ is the intersection of the family of subobjects {By, [i=1,--,n} in F§-Mod.
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