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Abstract In this paper, in the sugeno’s fuzzy measures space, we first put forward the concepts of the weak convergence
and the metric of fuzzy measures. And then, a few equivalent conditions on the weak convergence of sequences of fuzzy
measures are given. Finally, in the sense of this metric, we obtain that the family of fuzzy measures constitute a scparable
metric space.
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1 Introduction

Since sugeno (6) proposed the concepts of fuzzy measures and fuzzy integrals. The
theory has been made deeper and wider by Ralescu and Adams (2}, Wang (3), Zhang (4]
and many others. In particularly, on the coatinuity of the fuzzy integral with respect to dif-
ferent kinds of convergence has been exhaustively studied in the last years.

But up to now, there are only a few discussions on the convergence of sequences of
fuzzy measures. Ralescu and Adams [2] proved theorems of continuity of the fuzzy in-
tegral with respect to measure convergence and pointwise convergence. Wang (3] used the
concepts of autocontinuity and null — additivity for a continuous fuzzy measure, improving
the Ralescu and Adams’ results.

The main purpose of this paper is to define the weak convergence by means of
sugeno’s fuzzy integrals, discuss the metric of fuzzy measures and the equivalent conditions
on the weak convergence of sequences of fuzzy measures.

The structure of this paper is as follows. As a preparation in section 2, we first remind
some concepts and results that will be used in the article. In section 3, we introduce the
concepts on the weak convergence of sequences of fuzzy measures and the metric of fuzzy
measures. In the meantime, the equivalent conditions on the weak convergence and the u-
niqueness of the limit are being studied. In section 4, making use of the concept of the met-
ric of fuzzy measures, we first obtain a necessary and sufficient conditions on the weak
convergence of sequences of fuzzy measures. Consequently, we prove that the family of
fuzzy measures constitute a separable metric space.

2 Preliminaries
In this section, we will introduce some notations which will be used in the paper, and mean-

while we will remind some concepts and results on fuzzy measures and fuzzy integrals as prepara-
tion. Next we give a important conclusion (proposition 2.3) in general topology.
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Let X be a distance space, s denote the ¢ - algebra formed by the family of all open
sets in X . We call the element in & a Borel set in X. (X, &) is said to be the Borel mea-
surable space, Obviously, & is also the ¢ — algebra formed by the family of all closed sets
in X . Po(X) and Pc(X) denote the family of all open sets and all closed sets on X re-
spectively, C, (X) be the set of all non - negative bounded continuous functions on X .

Definition 2.1 A set — function p : &— (0, + o] is said to be a fuzzy measure if it satis-
fies the following conditions:

(1) u(4)=0:

(2) UHA,BE vand A C Bimplies u(A) < p(B): .

(3) If{A,l17.1 C and A, 4 implies limu(A,) = x (limA,)

(4) If{A17..C s A, ¥ and there exists a ng € N such thatp(A,,.) <+ % im-
plies limu(A,) = u (limA,).

The triplet (X, o, ) is called a fuzzy measure space. Let FM(X) denote the set of
all fuzzy measures on (X, &)

Definition 2.2 Let x,v € FM(X) , if for an arbitrary closed set A € Pc(X) (or an
arbitrary open set A € Pp(X)), u(A) = v(A) always holds, then we say that 4 equals
v ,and denote as p« = v.

Definition 2.3 Let (X, o/, u) be a fuzzy measure space, f be a non — negative measur-

able function on (X, ), A € s . Then the fuzzy integral of S on A with respect to p is
defined as

| fde =Y (e A wanir=al))
The following some interesting properties of the fuzzy integral are well known.

Proposition 2.1 (2) (Transformation theorem of fuzzy integrals) Let f be a non — nega-
tive measurable function on (X, ),A € of, p € FM(X) . Then

[ s = [Twtan 15> aha

Where « is the Lebesgue measure on (0, + @], and the right — hand side integral
L:w,u(A N 1> al)da is also a fuzzy integral.

Applying transformation theorem of fuzzy integrals, we are easy to obtain the follow-
ing conclusions.
Proposition 2.2 (Ralescu and Adams (2])). Let (X, , p) be a fuzzy measure space, A
€ &, Then

(1) J X adu = p(A), where y, is a characteristic function on A;

(2) If f and g are all non ~ negative measurable functions on (X, &) , and f(x) <
g(z), for each x € A. Then J'Afd,u < J.Agd,u ;
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(3) Let f and g be non — negative bounded measurable functions, defining | f -
gl = sup | f(z) - g(z) |, then for any € > 0, whenever || f - gl < ¢, we have

: Lfdy - JAgdp 1< .

According to the requirement in the sequel, we give an important result in the theory
of the classical sets as follows:

Proposition 2.3.(8). Let (X, d) be a metric space, F and G be two pairwise disjoint
closed sets,i.e., F {1 G = $. Then there exists a real valued continuous function f such
that the following conditions are fulfilled.

10 f(z) <1 for arbitrary z € X.

1 z € F

(2) f(z) = |0 Z€G

Furthermore, if we have inf {d(z,y) | x € F,y € G| = 8 > 0 besides above, then
the function f is uniformly continuous on X.

d(z,G)

d(z,F) +d(z,G)"’
where x € X,d(x,F) + d(z,G) > 0.

Note: We may let the function f(z) =

3 Weak convergence and metric.

In this section, on the family of fuzzy measures, we first put forward the concept of
the weak convergence, and then study the equivalent conditions of the weak convergence
of sequences of fuzzy measures and the uniqueness of its limit. Finally, we introduce the de-
finition of the metric of fuzzy measures, and express its validity.

From now on, we always assume that X is a scparable distance space.

Definition 3.1 Let X be a separable distance space, A € &, |p,, ul C FM(X),n =
1,2,-. If li@JAfd;‘, = jAfdp , for every f € C, (X) , then we say that the sequence

w
of fuzzy measures | u,| weak converges to u . write e, = .

From this definition, we are easy to derive from the following theorem.

Theorem 3.1 Let (X, d) be a separable distance space, A € &, |p,, ul CFM(X), n

= 1,2, '--. Then the following conditions are equivalent:
w
(1) Hn=Pp ;

(2) limp,(A) = u(A) and l_i—rg;;,,(F)gp(F) , for any closed set F € Pc(X);

(3) l_i.q:;z,,(A) = u(A)and limyu,(U) = p(U) , for any openset U € Po(X).
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Proof. (1)=(2) , Let f = yx, , by proposition 2.2 (1), we have JXXAdF = pu(A),

JxxAdy" = pu,(A) .Hence limyu,(A) = p(A).
In addition, for arbitrary closed set F € Pc(X) , we constitute a set

Gy = lz € X1d(z,F) <%"’° Z 1,2,

Obviously, we have F = ‘ﬁl Giand F\ G’y = ¢ .Where G, is a complement set of
Gk and G’b E PC(X)

In the meantime, inf {d(z,y) | £ € F,y € G’} 2% >0

Take advantage of proposition 2. 3, for each natural number % , there exists an uni-
formly continuous function f;(z) such that 0 < f,(z) < 1, for arbitrary z € X, and

1 F
filz) = {O :: g G\ , consequently, yr < fi < xc‘,k =1,2,-

Hence, we assert that ll‘rg #.(F) = llrg:-[ xxpdp,, < EJ‘ /,dp,

Let k. = o ,since G, V F - Take limit on the two hands of above,
we get that @pn(m Slimp(G,) = p (lmG,) = p (kmGy) = u(F).
(2)=(3) .Simulate above proof, it is obvious.

(3)=(1) We may prove it by the methods of constituting the sets and the functions.
It is complex, so we omit it.

Now, we will discuss the weak convergence of sequences of fuzzy measures and the u-
niqueness of its limit. Let U, (X) be the set of all uniformly continuous function on X .

Theorem 3.2 Let (X, d) be a separable distance space, px,v € FM(X),A € His a
fixed set.IleAfd;z = J.Afdu, forall f€ U, (X) ,then pu =

Proof. For arbitrary closed set F € P¢(X) , we constitute the set
Go =1z € X1d(z,F) < Fl,n=12"~
In the light of proposition 2.3, there exists an uniformly continuous function f, such

that 0 £, <1 and f,(x) = {(1) i g IC:;,

Thus we obtain 0y <[, <y -
By(1) and (2) in proposition 2.2, it follows that

wCF) = [ e < [ g = [ fo < [ oo = 0(G.)

Let n = o , because of G, ¥ F , hence we have



52

u(F) < liKEU(G,,) = v (lin.l.G,,) = v(F).
In the course of the above proof, Commuting the position of x and v, then we get im-
mediately that 2(F) = v(F).

Consequently, xu(F) = v(F), For each F € Pc(X), from definition 2.2, we have
# = v .And so the uniqueness is proved.

Definition 3.2 Let (X, d) be a separable distance space, CD(X) = | f; | f; € C, (x),
i = 1,2, - be a countable dense subset of C, (X), A € &. Let f; = yx, , for arbitrary
#1s #2 € FM(X) , we define the function

p: FM(X) x FM(X) —~ (0,1]

olan ) = 2 mminlL, 1 [ fdp = | felua 11,

i=1

where f; € CD(X),i = 1,2, .
Utilizing this definition. we are easy to get the following results.

Theorem 3.3 (FM(X), p) constitutes a metric space.

Proof. First, in the light of definition 3.2, for any g;, 2, € FM(X) , we know easily
that p( gy, #2) = 0 and if uy = p,, then we derive from p(p;, p2) = 0

Furthermore, p(u1, ¢2) < p(p1, #3) + p( 3, u2) is easy to be verified. where u3 €
FM(X) . :

Second, if p( x5, #2) = 0, then we haveJAﬁdpl = JAf,dpz. forall f; € CD(X),i =

1,2, --*. Since the set CD(X) is dense in C, ( X) , it follows that L\fdm = IAfdpz , for
al f € C, (X)

Take advantage of theorem 3.2, we conclude that u; = u,.
Thus, (FM(X), p) is a metric space.

4.Conditions on the weak convergence of sequences of fuzzy measures.

In this section, on the basis of the definition of p given before, we first study the nec-
essary and sufficient conditions on the weak convergence of sequences of fuzzy measures.
Second, we prove that the family of fuzzy measures constitute a separable metric space.

Theorem 4.1 Let (FM(X), p) be a metric space, | g, ul CFM(X),n =1,2,--, A
€ s, CD(X) be a countable dense subset of C, (X) . Then p,':‘;p iff p(p,, 2) = 0.
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Proof Necessity, since p,.:‘;;l , it shows that liquAf,dpn = J;f,d;:.f, € CD(X),i =

1,2, -+, Then for arbitrary ¢ > 0, we may always choose a nutural number m such that
'2"1,,7 < €. Thus we assert that
S 1 S 1
ot ) < 25 Zemminl Xy 1 [ fidny = [ Fdpil + D %
iml 2 A A i=m ¢l 2

< D) <minll, IJ.f,dp" —J fdu Il + ¢
iml 2 —A A
Let n — 0, then we have limp(yu,, u) <.
Letting € = 0 implies limp(x,, #) = 0or p(p,, p) = 0, (n — )
Sufficient. If p(x,, #) = 0, (n — =), by definition 3.2,
It follows that lim | fdu, = [ fdu, where £, € CD(X),i = 1,2, .
a—wowd 4 ° A

It means that for arbitrary € > 0, there exists a natural number N, whenever n >
N, forall f; € CD(X),

IJ-Af,d/l,. —JAf,dp I< °§' s

Thus, for every f E C, (X), whenever || f~ f; | <e (thenorm | - || always ex-
ists on the space C, (X)) , from (3) in proposition 2.2, we obtain that )

|J’Afd,u" -IAf,d;x,, < % ceecectevecoctnarasencasaanens (2)

|JAf,dp _ JAfdy < % (3)

Consequently, | IAfd"" - JAfdp I<| J‘Afdp" - J;f,d;:,, |

+1 JAf,dp,, - jAﬂdp I+ JAﬂdy - JAfdp |
where f; € CD(X),i = 1,2,-.
By density of the set CD(X) , combining with (1), (2), (3),

wegetthatlffdy,—dep IKE=+S+5 =ce.
A A

373773
i.e.,limJ fdu, = J fdy .
e®J A A

Therefore, g =>u , the theorem is completed.
| B =p

Theorem 4.2 (FM(X), p) constitutes a separable metric space
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Proof We only need prove that (FM(X), p) is separable.
Let A € , First, we consider the mapping H from FM(X) o R”™
where R = RX R X *=* X R X -,
For arbitrary ¢ € FM(X),A € sf, we define the mapping

H:FM(X)—= R"
g~ H(u) = (JAfldF'JAfzd#'.")
where f; € CD(X) , and CD(X) is a countable dense subset of C, ( X) mentioned
before . By theorem 3.2, we know that p, = g, 1fJ fdu, = J. fdp,

It shows that the mapping H is a one = to — one mapping form FM(X) to
H(FM(X)) C R” . At this time, we may define a metric d on R™

8:R” x R®” - (0,1)
(zry) = 8(z,y) = Zél—,.mlnll. z, - y 1

i=1

where z = (z,,z,,°*),y = (y1ryn ) € R”
By (9], evidently, H is a homeomorphic mapping from (FM(X), p) to the subspace

H(FM(X)) of (R%,8) . Since (R”,8) is a separable metric space, consequently,
(FM(X), p) is also separable. The proof is completed.

Corollary 4.2 If X is a compact and separable metric space, then (FM(X), p) is com-
plete metric space.
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