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S-fuzzy subgroup

Zhang Cheng
(Department of Mathematics ;Dalian University,Dalian 116622,P. R. China)
Abstract :In this paper, concept of s-fuzzy subgroup of a group G is given, s-fuzzy subgroup is based on s-
norm and is a new kind of fuzzy subgroup, we give concepts of normal s-fuzzy subgroup and the lower image
of homomorphism and discuss their properties.
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The concept of fuzzy subgroup of a group G was introduced by Rosenfeld’ in 1971. Later,
J. M. Anthony and H. sherwood generalize the fuzzy subgroup to a t-normi®. The fuzzy
subgroup in [2] is called a t-fuzzy subgroup by us. A fuzzy subset H of a group G is said to be a
t-fuzzy subgroup if t is a t-norm and for all z ,y €G
() H y)=>t(H (x),H (y));Gi) H(E)D=2H (z)
In this paper, we extend this concept to s-norm.
Definition 1. A mapping S:[0,1]Xx[0,1]—[0,1] is called a s-norm if for all A,p,&,nE
[0,1] '
(DOSG,0)=r,SQ,1)=1;
(2)S,u)=S,\);
N, u<PS (L) <S (8,m)5
(OSA,S(,£))=S(S,un),8E).
For example So(A,u)=max{A,u}is a s-norm.
Definition 2. Let S;,S, be s-norms. If S,(,n)=S,(¢,n) for any &£,n€ [0,1],then we
denote S, =S.,.
Remark. (1) Let S be a s-norm, then S==S,.
(2)S=S, if and only if S(¢,&)=¢,VY £€[0,1].
Definition 3. Let S be a s-norm. A fuzzy subset H of a group G is said to be a s-fuzzy
subgroup if for all z ,y €G
(DH (zy)<SH () ,H (3)); (2)H ¢ )KH (2).
Theorem 1. Let H be a fuzzy subset of a group G ,e is identity of group G. If
S(H(z),H(e))<H (z),Y 2 €E€G
then H is a s-fuzzy subgroup of group G if and only if H (zy ' )<S(H (z),H (3)).
Proof. “="Let H is a s-fuzzy subgroup of G then
H(zy D<SWH (), He ))<SWH () ,H@)).
“=>”H (zy " )<SH(z),H(y)),Y z,y EG.
Let z =e,then H (y 7 )<S(H (e),H (3))<XH (y), it follows that H (zy)=H (z(3~")™")
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<S(H (@),HG " )N<SH(),HG)).

So H is a s-fuzzy subgroup of group G.

Detinition 4. (1) Let G and G’ be groups. f :G—G' is a homomorphism, H is a fuzzy subset
of G. We define;

f(H)(y)A inf H(z)

X-’

then f (H) is said to be lowerimage of H.

(2)f is said to be accessible if for all y € f (@) there exists zoE€ G such that
f(zo)=y and f(H (y))=H (z,).

Theorem 2. Let G and G’ be groups. f:G—G' is a group homomorphism.

(DIf H is a s-fuzzy subgroup of G and f is accessible, then f (H ) is a s-fuzzy subgroup of
G'. ‘

(2)Let B be a s-fuzzy subgroup of G’ ,then f ~'(B)is a s-fuzzy subgroup of G.
where f ' (B)(z)=B(f (z)).

Proof (1) Let H be a s-fuzzy subgroup of G ,for any y,,y:EG',Let Ff@=y.and

f(H)(g/;)=f(£I)1£ H(z)=H (z,)(i=1,2),then

f(H)(ylyZ)'— lnf H(x)< inf H(Ilzz)
f(= _!1'2 fz: )—’1
f Ta)™Yy

<, inf (S(H (21),H (2))<SH D), (H @))=SE H ) @), f (H)(@2))

f(’l)-’l
f(‘z-lz

FH)GH = inf H (:cf‘)=f(ir)1f )H(z1)=f(H)(y,). So f (H) is a s-fuzzy
flz) )=y, 0=

subgroup of G'.
(2)is clear.

Definition 5. Let H be a s-fuzzy subgroup of group G, for any a €G we define
(aH)(=z)=H (@ 'z),Y z €G;
(Ha)(z)=H (za™1),Y z €G.
then aH and Ha are called as left coset and right coset of H respectively.
Theorem 3. Let H be a s-fuzzy subgroup of group G ,if for any z €G we have
S(H (z),H (e))<H(z),
then ¢H =bH if and only if H (a~'0)=H (e).
Definition 6. A s-fuzzy subgroup H of group G is said to be a normal s-fuzzy subgroup of G
if H(zyz~")<<H (),V x,yEG.
Theorem 4. Following conditions are equivalent
(1)H is a normal s-fuzzy subgroup of group G;
(2)H (zy)=H (yz),VY z ,y €G;
(3)aH =Ha,Y a€G
Theorem 5. Let G and G' be groups f :G—G' is an epimorphism
(DIf H is a normal s-fuzzy subgroup of G,Then f (H ) is a normal s-fuzzy subgroup of G'.
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(2)If B is a normal s-fuzzy subgroup of G' ,then f ' (B) is a normal s-fuzzy subgroup of G
Proof : By theorem 2. we know that f (H) and f ~'(B) and s-fuzzy subgroup.
(1)For any y,,y €G¢'

fHYgwiH= inf H@) inf H(zyzz7)K inf H(@)=f(H) Q).
S =y 7! !{’(1’))::1) f@)=y

(2) For any z ,y €G
£ (B)(zyz D=B(f(zgz " )N=BEF@)f @) f @) HBEGN=F""(B)@)-
Definition 7. Let 4,B be fuzzy subsets of group G, A fuzzy subset AB of G of the form"
(AB)(I)ZH:}%S(A (a),B(a"'z)) is said to be product of A and B.

Theorem 6.Let H be a normal fuzzy subgroup of group G and for any z €G
S(H(z),H(e))<XH (z),then zH)(H)={(zy)H.
Proof. For any z&G
(yH)Z)=H ((zy)'2)=H @ 'z 7'2)=H (3 7'z layy~'a"'2)
<SH @G 'z7'ay) ,H (3 'a 2))=S((gHy (@ 'a),H (g 'a"'2))
<SHG@'a),H (@ 'a™)2))=8((zH)(a),yH)(a"'2))
So (zyH)(z)Q-irc}gS((xH)(a) y(@H)@ '2))=(H)(YH))(2)

Hence (zy) HE(@H)@@H)
For any zE€G
((zH‘)(yH))(z)='ir61£S((xH)(a),(yH)(a_lz))<S((xH)(z)., @H) (" '2))
=S(H(),H(@ 27 2))<H @ '27'2)=(@yH) (2)

So zH)(yH)S(zy)H.Hence (zH)(@H)=(zy)H.

Theorem 7.Let H be a normal s-fuzzy subgroup of group G and G/H ={aH |a €G}. Let
(aH ) (bH )=abH ,then G/H form a group, G/H is called the quotient group of G module H.

Theorme 8. Let H be a normal s-fuzzy subgroup of group G, Let N={z |z €G and H (z)
=H (e)) then N is a normal subgroup of G and G/H is isomorphic with G/N.
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