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The convergence of fuzzy complex valued series

Wang Guijun and Yu Shumin
Department of Mathematics, Tonghua Teacher’s college, Tonghua,
Jilin, 134002, P.R. China

Abstract In this paper, on the basis of the fuzzy complex numbers introduced by J.J. Buckley {2, by means of the defi-
nition of the sequence of fuzzy complex numbers, we give the concepts of the fuzzy complex valued series and convergence
(divergence). And then, we study the convergence criterions and its some elementary properties.
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1 Introduction

Since the concept of fuzzy complex numbers was given at first by J.]. Buckley (1] in
1987, a lot of scholars had studied the theory of fuzzy complex numbers widely and
deeply, and established a rudiamental frame of fuzzy complex analysis. For example, the
differentiability and integrability of fuzzy complex valued functions on complex plane K
had been discussed constantly in (3,4). In the meantime its contour integral was being
established. On the basis of (2], Zhang(5) discussed the limit theory of the sequence of
fuzzy complex numbers in detail, giving a series of results about limit theory of being simi-
lar to real numbers in classical mathematics analysis. ‘

On an ordinary fuzzy set space, the fuzzy series was defined and studied in (6) . The
faults of the definition of (6) were pointed out and revised by (7).

In this paper, on the basis of the sequence of fuzzy complex numbers introduced by
Zhang (5}, by introducing the concept of the support of fuzzy complex numbers, we give
the convergent (divergent) definitions of fuzzy complex valued series. Consequently we
obtain the necessary and sufficient conditions on convergence of fuzzy complex valued se-
ries, comparison criterion and some elementary properties on convergence.

2 Fuzzy numbers and fuzzy complex numbers.

In this section, as a preparation, we first remind some concepts and results on fuzzy
numbers. and fuzzy complex numbers. Here R is the set of all real numbers.

Definition 2.1 Let A be a fuzzy set on R . If A is both normal and fuzzy convex, then
A is called a normal fuzzy set on R .

Definition 2.2 Let A be a normal fuzzy set on R . If A is upper semi — continuous, and
the closure cl(suppA ) of its support(suppA = |z € R A(x) > 0| ) is compact, then
A is called a fuzzy number on R .
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Let F(R) denote the set of all fuzzy numbers on R . From definition 2.2, for arbi-
trary A € F(R) and 2 € (0,1) , we know easily that the cut—=set A, = {z € R |
A(z) = 4} is a closed bounded interval on R . Thus, we may let A; = (A}, A}) where
A< AVLALA € R,2 € (0,1)

Let A, B € F(R) , on extended addition (subtraction) of fuzzy numbers and multi-
plication between a number and a fuzzy number, we define the following operations:

(1D(A+£B)zx)=V I(A(y) A B(z)), wherez,y,z € R;

ytz=

A(F) E#0
(2) (RA)(x) = k
7 0 zFZ0,k=0 , where kb, r € R
. 1 z=0,k=0

Défine the order of fuzzy numbers as follows:

(3)ALBIiff A; <B;,Ay; <B}, foreacha € (0,1);

(4) A = Biff A; = B;,Ay = B}, foreachi € (0.1)

(5) A< Biff A< Band A # B

Let the sequence of fuzzy numbers {A,} C F(R), n = 1,2---. Define the member-
ship function of its infinite sum as

(BA)(2) = spl A () 17 = Dy, D)1 2, 1<+ o]

n=1 n=1 n=1

Definition 2.3 Let A, B € F(R), K be a set of all complex numbers we define
(A,B):K—(0,1)
z=x+y = A(z) A B(y),where z,y € R
Then (A, B) is called a fuzzy complex number on K . A and B is said to a real part and an
imaginary part of (A, B) respectively. We write Z = (A, B), A = ReZ,B = ImZ, or
Z = (ReZ,ImZ) . ’

Especially, whenever B = ImZ = 0 (66 F(R)), we define

(A,0) = A, i.e., afuzzy complex number is a generalization of a fuzzy number.

Let F(K) denote the set of all fuzzy complex numbers on K , for every ¢ € K,
writtingc = a + bi = (a,b), wherea,b € R . we define

_ 1 r=a,y=b
c(z) = 0 otherwise

Obviously, ¢ € F(K), i.e., a fuzzy complex number is also a generalization of an
ordinary complex number.

About extended addition (subtraction) of fuzzy complex numbers and multiplication
between a real number and a fuzzy complex number, we define the operations as follows:

(1) Z, £ Z, = (ReZ, + ReZ,, ImZ, + ImZ,)

, whenever z = (z,y) € K.

(2) kZl = (kReZl,kImZI) and
Re(Zl + Zz) = ReZl + ReZz; Im(Z] + Zz) = Ile + ImZZ;
Re(kZl) = kReZl; Im(kZl) = kIle

On the order of fuzzy complex numbers, we make the definition as follows:
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Q@ Z,< Z;iff ReZ, < ReZ,, ImZ, < ImZ,;
@ Z, = Z,iff ReZ, = ReZ,, ImZ, = ImZ,;
® 2Z,< Z,iff Z, < Zand Z, # Z,.
Definition 2.4 Let the sequence of fuzzy complex numbers | Z,} C F(K),n = 1,2---.
Then Z, + Zy + - + Z, + --- is called a fuzzy complex valued series. It is simply denoted

as Z Z,. We define its infinite sum and its membership function respectively as follws:

n=1

202, = (D) ReZ,, D, ImZ,);

n=1 n=1

(32)(x) = (D ReZ)(2) A (3 ImZ,)(5) wherez = z + yi, 2,y €

n=1 n=1

R. and Z, is called a general term of E Z,.

n=1

3 Convergence criterions

In this section, we get over the faults of definition in (6], by introducing the concept
of support of fuzzy complex numbers, define and discuss the convergence and divergence
of fuzzy complex valued series.

Defintion3.1 Let Z € F(K), SuppZ = |z = z + yi € K | (ReZ)(z) > 0,
(ImZ)(y) >0,x,y € R}. Then suppZ is called.the support of fuzzy complex number Z

Definition 3.2 Let the sequence of fuzzy complex numbers | Z,| C F(K), n = 1,2,

-

---. If for arbitrary z, = z, + y,i € suppZ,, the relevant number — term series E z,and

n=1
o0,

E y, are all convergent. Then we call fuzzy complex valued series- 2 Z, convergence.

n=1

Otherwise, if there exists at least a sequence of complex numbers | z,| C suppZ, such

n=1

that the number - term series E z, or z y, diverge. Then we call 2 Z, divergence.

n =1 n=1 n=1

Theorem 3.1 Let 2 Z, be a fuzzy complex valued series. then Z Z, is convergent iff

n=1 n=1

for any sequences |z, C supp(ReZ,), |y,} C supp(ImZ,), where n = 1,2, -, the

number — term series 2 x, and Z ¥, are all convergent.

n=1 n=1
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Proof. Making use of definition 3.1 and definition 3.2, it is clear. So omit it.

Theorem 3.2 (Comparison criterion). Let Z Z,, E Z,’ be two fuzzy complex valued

n=1 n=1

series rspectively, and they satisfy Z, < Z,”, n = 1,2, ---. Then

(I 2 Z,” converges, then 2 Z, is also convergent;

u=l n=1

(2)1f EZ diverges, then 2 Z,’ is also divergent.

n=1 n=1

Proof. (1) Forany z, = z, + y,i € suppZ,, n = 1,2,-, i.e.,
(ReZ,)(z,) >0, (ImZ,)(y,) >0
By known conditions and the definition of the order of fuzzy complex numbers, we
obtain (ReZ,")(x,) = (ReZ,)(z,) > 0,(ImZ, )(y,) = (ImZ,)(y,) > 0.
Therefore{x, iCsupp (ReZ 4 y,, fCsupp(ImZ,”). From the convergent definition

of E Z,” , we know that 2 z, and 2 ¥n are all convergent.

n=1 n=1 n=1

Thus by theorem 3.1, we get that 2 Z, is convergent.

n=1

(2) Otherwise, if Z Z,” converges, take advantage of (1), we can derive from im-

n=1

mediately that Z Z, is convergent. But this contradicts the known condition.

n=1

And so E Z," is divergent.

n=1

4 Convergence

In this section, we further study the properties of convergence of fuzzy complex val-
ued series. Consequently we obtain some results being similar to classical mathematics
analysis. ’

Theorem 4.1 If fuzzy complex valued series EZ,, converges, and 0 % & € R. Then

n=1

Z(kZ ) is also convergent, and Z(kZ ) = kEZ

n=1 n=1 n=1

Proof. First, for arbitrary z, + y,i € supp(kZ,), n = 1,2, -, we have
(kReZ,)(z,) = (Re(kZ,))(z,) > 0 and
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(RImZ,)(3,) = (Im(kZ,))(3,) >0,

In the light of multiplication operation between a real number and a fuzzy number,
whenever £ 7% 0, we have

(ReZ, )(—) >0,(ImZ, )( =) >0, i.e.,

k—" € suppReZ,,,-;"- € supplmZ,

o0

By the convergence of E Z, and theorem 3.1, we can derive from that 2 %"— and

n=1 n=1

E % are all convergent, i.e., Z x, and E ¥, are also convergent.

n=1 n=1 n=1

Hence 2 kZ  is convergent.

=1

Second. For each r € R and & 75 0, by the definition of infinite sum, we have
(D E(ReZ))(z) = supl A (kReZ,)(z,) | =

n=1

N
3
g

| z, | <+ oo

|
K
I
M
a:I-H

supi A (ReZ,)(3") | &

= * | < + oo
n=1 n=1
= (ZReZ )( )
n"l
= k(ZReZ,.)(x)_
n=1
Therefore Ek(ReZ ) = k(ZReZ )
n=1 n=1
Similarly, we can obtain Zk(ImZ ) = k( EImZ ).
n=1 n=1

consequently, we have

D(kZ,) = (D Re(kZ,), D, Im(kZ,))

n=1 n—-] n=l

(k ZRez,,,kZImz )

Lemma 4.1 If fuzzy valued series ZA,, and EB,, are all convergent, |A,, B,| C

n=1 n=1

F(R), n =1,2,-,. Then Z(A,, + B,) is also convergent, and E(A,, +* B,) =

a=1 n=1
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Proof. Refer to (6).

Theorem 4.2 Let fuzzy complex valued series E Z, and 2 Z,  be all convergent. Then

a=1 n=1

E(Z,, + Z,”) is also convergent, and Z(Z,l +Z,) = EZ,, + iZ,,'.
n=1 .

n=1 n=1 n=1

Proof. Without loss of generality, we choose arbitrary z, + y,i € supp(Z, + Z,”), n
= 1,2,'-. Then (ReZ, + ReZ," )(z,) = (Re(Z, + Z,”))(xz,) > 0,and
(ImZ, + ImZ, )(y,) = (Im(Z, + Z,"))(y,) > 0.

From the extended addition operation of fuzzy numbers, we know that there exists
sequences of numbers |z, }, { v, C R and {z,"}, 1y,"} C Rsuch thatz,” + y,” = z,,
z, + 3y, = y,,n =1,2,,and

(ReZ,)(z,”) A (ReZ,")(y,”) >0,
(ImZ)(z,”) AN (Im(Z,"))(3,”) >0

Hence z', € supp(ReZ_ ), y’, € supp(ReZ’, ),

=", € supp(ImZ, ), y", € supp(ImZ’, ),

Utilizing theorem 3.1, we know .that z.rn = Ex"' + Zy"' and
= n=1 n=1 :

n=1

E Vo = E z,”+ 2 v,  are all convergent.
n=1 .

n=1 n=1

Consequently, by definition 3.2,

We obtain that fuzzy complex valued series Z (Z, + Z"') is convergent.

n=1

Additionally, by theorem 4.1, letting k= — 1, then we can get that E (Z2,-2,))

n=1
is also convergent.
Finally, by Lemma 4.1, we have

SNz, +2) = Dz, 22
n=1 n=1 n=l

Corollary 4.2° If fuzzy complex valued series 2 Z, and 2 Z,’ are all convergent. real

n=1 n=1

numbers &,/ %% 0. Then E(kZ" + [Z ") is also convergenf and D (RZ, + IZ,) =

n=1 n=1

Theorem 4.3 If we add to or cut out arbitrary finite terms of a fuzzy complex valued se-
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ries, then its convergence (or divergence) is not influenced.

Proof. Without loss of generality, let E Z, converge, where {Z | C F(K),n > 1

n=1

Choose an-arbitrary fixed natural number m € N, forany z, = z, + y,i € suppZ, ,
whenever n == m.

Evidently, number — term series E.z:,, and 23’» are all convergent, of course,

adding respectively m — 1 terms to E.z: and Eyn Then. 2 x, and 2 y, are still con-

n=m n=m n=1

vergent. And so the proof is completed.

Theorem 4.4 If a fuzzy complex valued series converges, then the fuzzy complex valued

series after adding arbitrary a parenthesis to it is still convergent, and the) converge to the
same fuzzy complex number.

Proof Omit it.
References

(1) J.J.Buckley, Fuzzy complex numbers, in:proc. ISFK, Guangzhou, China (1987) 597 - 700.

(2) J.).Buckley , Fuzzy complex numbers, Fuzzy Sets and Systems 33(1989)333 345.

(3] J.J.Buckley, and Y.Qu, Fuzzy complex analysis I :Differentiation, Fuzzy Sets and Systems 41
(1991) 269 —284.

(4] J.J.Buckley, Fuzzy complex analysis [I : Integration, Fuzzy Sets and Systems 49(1992)171 -
179.

(5] Zhang Guangquan, Fuzzy limit theory of fuzzy complex numbers, Fuzzy Sets and Systems 46
(1992)227 - 235.

{6) Wan Dacheng and Liu rui, Fuzzy Series( I ), Fuzzy Math.,1984.4. (China).

{7) Zhao Ruhuai, The convergence of fuzzy series, Fuzzy Math., 1987.1(China).

(8] Zhang Wenxiu, Basis of Fuzzy Mathematics (Xian Jiaotong Univ. press. xian, 1984).



