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Abstract: The concept of fuzzy ©-continuos and fuzzy weakly B-couﬁnuommulﬁhmcﬁommintmdueedmdsmdiedintheﬁghtof
q-ooincidence. Later it has been presented some counter-examples related to the these fuzzy multifunctions.
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1. Introduction

The concept of fuzzy multifunctions was introduced and extended to the concepts of fuzzy upper
and lower semi-continuous multifunctions by Papageorgiou [8]. In [S] Mukherjee and Malakar
introduced and investigated fuzzy almost continuity and fuzzy weakly continuity on fuzzy multifunctions
by using the concept of quasi-coincidence of Pu and Liu[7,8). In this paper fuzzy 6-contunity and fuzzy
weakly 3-contunity given by Mukherjee and Sinha[4] are extended to fuzzy multifunctions. Also it is
shown that fuzzy 6-continuous muitifunctions given by the author, fuzzy semi-continuous muttifunctions

given by Mukherjee and Sinha [4] are independent of each other.

2. Preliminaries

The definitions of fuzzy sets, fuzzy point, fuzzy topology, fuzzy regular open (closed) sets,
concept of quasi-coincidence and other related concepts can be found in [1,2,7,8,9). For the concept of
fuzzy 3-closed(open) set, fuzzy neigbourhood (nbd for short), fuzzy 6-nbd and some theorems see [4]
and the definitions of fuzzy extremally disconnected spaces can be found in [3).

Throughout the paper, by (X,T) or simply by X we will mean a topological space in the classical
sense , and (Y,Ty) or simply Y will stand for a fuzzy topological space (fts for short) as defined by Chang

[2]. Fuzzy sets of Y will be dencted by the a,B,p ...etc. Inty, Cly and p * =1-u will denote respectively the
interior, closure and complement of fuzzy set.

Definition 2.1 [6]. Let (X,T) be a topological space in the classical sense and (Y,Ty) be an fts.
F:X—Y is called a fuzzy multifunctions iff for each xeX, F(x) is a fuzzy setin Y.

Throughout the paper, unless otherwise stated by F:X—Y we .will mean that F is a fuzzy
multifunction from a classical topologicai space (X,T) to an fts (Y, Ty).

Definition 2.2 [5]. For a fuzzy multifunction F:X-Y, the upper inverse F*(u) and lower inverse
F~ (1) of a fuzzy set j in Y are defined as follows: F*(p) = { xeX: Fix)<p}, F (p)={xeX :Fx)qu}.

Theorem 2.3 [5]. For a fuzzy multifunction F:X—Y, we have F~(1-p)= X / F¥(u), for any fuzzy set
pinYy.
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Definition 2.4 [5]. A fuzzy multifunction F:X-Y is called

a) fuzzy lower semi-continuous (f.1.s.c., in short) at a point xgeX iff for every fuzzy open set y in 'Y
with xg €F (), there exists an open nbd U of xg in X such that U c F~ (p),i.e., F{x)qu for each xeU;

b) fuzzy upper semi-continuous (f.u.s.c., in short) at a point xgeX iff for every fuzzy open set  in
Y with xgeF (), there exists an open nbd U of xgin X such that U c F*(),i.e., F(x)qu for each xeU;

c)fls.c. (f.us.c.)on Xiff it is respectively so at each xpeX.

Theorem 2.5 [5]. A fuzzy multifunction F:X—>Y is f.l.s.c. iff for any fuzzy open set BinY, F (B) is
open in X.

Theorem 2.6 [6]. A fuzzy multifunction F:X—-Y is f.u.s.c. iff for any fuzzy open set BinY, F*(B)
is open in X.

Definition 2.7 [5]. A fuzzy multifunction F:X—Y is called

a) fuzzy lower almost continuous (f.1.a.c.,in short) at some point xgeX iff for every fuzzy open set
M in Y with xgeF~ (),there exists an open nbd U of xg such that U ¢ F~ (IntCly);

b) fuzzy upper aimost continuous (f.u.a.c., in short) at some point xpeX iff for every fuzzy open
set p in Y with xgeF+(u), there exists an open nbd U of xg such that U F+(IntClu);

c)fla.c. (f.u.a.c.)on Xiff F is respectively so at each xgeX.

Definition 2.8[5]. A fuzzy muttifunction F:X-»Y is said to be

a) fuzzy lower weakly continuous (f.L.w.c., in short) at some point xgeX iff for every fuzzy open
set p in Y with xgeF ™ (i),there exist an open nbd U of Xy such that U c F (Clp);

b) fuay upper weakly continuous (f.u.w.c.,in short) at some point xgeX iff for every fuzzy open
set y1 in Y with xgeF (), there exist an open nbd U of xg such that U c F*(Cly);

c)flw.c. (f.uw.c.)on Xiff F is respectively so at each xgeX.

Definition 2.9. A fuzzy multifunction F:X-Y is called

a) fuzzy lower 6-continuous (f.1.8-c., in short) at a point xgeX iff for every fuzzy upper setyinyY
with XoeF_ (p),there exists an open nbd U of xg such that CIU c F (Cly);

b) fuzzy upper 6-continuous (f.u.8-c., in short) ata point xoeX iff for every fuzzy open setyin Y
with xgeF* (), there exists an open nbd U of xg such that CIU c FH(Clu);

c) f.1.6-c. (f.u.6-c) on X iff F is respectively so at each xgeX.

Theorem 2.10. if F:X—Y is an f.|.6-c. multifunction, then the followings are true:

a) [F*(B)le c F*([Blo), for every fuzzy setB in Y.
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b) [FT(u)Je < FH(Clu),for every fuzzy open set p in Y.
c) For each fuzzy 6-closed set y in Y, F'(y) is 6-closed in X.
d) For each fuzzy 6-open set A in Y, F (A) is 6-openin X

Proof.(a): Let xe[F*(B)} and let u be any open g-nbd of yq for which yaeF(x). By f.1.8-continuity
of F, there exist an open nbd U of x such that F(z)qClp for all zeCIU. Since xe[Ft(B)lo., there exist zoeX
such that 2,eCIUN F*(B). If z,eClIU then F(z,)qCly and if 2,eF*(B) then F(z,)qCly and if Z,eF¥(B) then
F(zo)<B. Thus BqCly and yae[Ble. Then xeF*([BJo) and hence [F*(B)le < F* ([Blo)-

(b): Since p is fuzzy open in Y, Clu=[uJp and we have from (a) F* (B)lo < F*(lule)= F*(Cly).

(c): Let y be a fuzzy closed in Y. We have = [yJp. By (a),

Frmle c Fr(lle) = F' () = [FT(le=F"(y) and the result follows.

(d): Straightforward.

Theorem 2.11. If F:-X—Y is f.1.6-c., then for each fuzzy set pin Y, F [Int(yg)] < IntiF (1)lo -
Proof. Obvious. '

Definition 2.12. A fuzzy multifunction F:X—Y is called

a)fuzzy lower weakly 3-continuous (f.l.w.3-c.,in short) at some point xge X iff for every fuzzy open
set j in Y with xgeF (), there exists an open nbd U of xg such that IntCIU c F~ (Cly);

b)fuzzy upper weakly 3-continuous (f.u.w.3-c., in short) at some point xgeX iff for every fuzzy
open set j in Y with xgeF (1), there exists an open nbd U of xg such that IntCIU < F¥(Cly);

c) f.L.w.5-c.(f.u.w.3-c) on X iff F is respectively so at each xgeX.

Theorem 2.13. For a fuzzy muttifunction F:X—Y the following statements are equivalent:

a) Fis f.lw.5-c.

b) [F*(B)ls < F([BJp), for every fuzzy set B in Y.

c) F*(B) is 5-closed in X, for every fuzzy 6-closed set B in Y.

d) F(B) is 8-open in X, for every fuzzy 6-open setp in Y.

e) F (1) is 3-open in X, for every fuzzy regular open set AinY.

f) For each point x of X and each fuzzy 8-nbd y of yo fuzzy point for which yaeF(x), then F(u)is
a 3-nbd of x.

Proof. (a)=>(b): Let xe[F*(B)ls and yneF(x). p is fuzzy open set of yy fuzzy point such that
xeF (). Since F is f.Lw.5-c., there exist an open nbd U of x such that IntClUc F™(ClU),i.e., F(2)aClu for
all zeIntCIU. Since xe[F*(B)ls = ItCIUAF (B}@. We have zeIntCIUNFH(B). If zeIntCIU then F(z)qClu

and if zeF* () then F(z)<p. Thus BqCly and hence yge[Blo. Then xeF*([Blg) and so [F*(B)ls < F* ([Ble)-
(b) = (c): Let B be a fuzzy O-closed in Y,i.e., B=[Blg, By hypothesis,

[F*(B)ls < F*([Ble) = F*(B).Hence F*(B)is 5-closed in X.
(¢) = (d): Let B be a fuzzy 6-closed in Y. Then 1-B is a fuzzy 6-closed in Y, hence
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F*(1-8) = X - F(B) is 5-closed in X which implies F~(B) is 3-open in X.

(d) = (e): Let A be fuzzy regular open in Y. Since every regular open set is fuzzy 3-open, by(d)
F (\)is 3-open in X.

(e) = (a): Let xeX and yqeF(x). p any fuzzy open g-nbd of y, fuzzy point. Also , IntCly is fuzzy
regular open g-nbd of yo . Since F (IntCly) is 3-open in X, there exist an open nbd U of x such that
xeUcIntCIUCF ™ (IntCly).Hence IntCIUCF™ (Cly).

(a) = (f): Let xeX and yqueF(x).p is fuzzy 6-nbd of yq fuzzy point. Then, There exist an open g-
nbd 4 of y, such that CIu/( p'.Since F is flw.3-c..there exist an open nbd U of x such that
IMCIUCF ™ (Clp)cF (B)=>IntCIUNF (B)I°=@. Hence F (B) is a fuzzy 5-nbd of x.

{f) = (a): One can use a similar technique as in (a)=>(f) .

Theorem 2.14. For a fuzzy multifunction F:X—Y the following statements are equivaient:

a)Fisflw.g-c.

b) [F (Int{BJe) < Int{F (B)]s for every B fuzzy setin Y.

¢) [F (w)ls < F(Clp),for every p fuzzy open setin Y.

d) F (u) c Int{F (Clp)]s, for every u fuzzy open setin Y.

Proof.(a) = (b): Let be B fuzzy set in Y. For a 1-B fuzzy set in Y, by Theorem 2.13(b) we have
[FH(1-B)lscF ([1-Blo) = IntlF (B)ls <F (Int{Ble).

(b) = (a) : Obvious.

{a) = (c): For a fuzzy open set y in Y we have Cluy=[ujgp. From this equality we obtain the
required implication easily.

(c) = (d): Let y be fuzzy open set in Y. Since 1-Cly is a fuzzy open set in Y, we have
[Fr(1-Ciu)ls = F*(CI(1-Clw)) = F(u)cintlF (Cl)]s -

(d)= (a): For an arbitrary xeX and arbitrary fuzzy open set y in Y with xeF ™ (p).By(d),we have
F~(u)c Int[F (Clu)]s. Hence, there exist an open nbd U of x such that IntClUc F~ (Cly), then F is f.L.w.3-c.

3. Mutual Relationship

in section 2 we have observed the following implications diagram:

fi(u).sc. = flw.ac = fiWwec.

& 1

f.l(u).0-c. = f.l(u).w.5c.

We now show by means of the following examples that none of the above implications can be
reserved, in general. In these examples we use the notation C{0<as<1) to denote the constant fuzzy set
such that Cy(y)=c, for all yeY.

Example 3.1. Let X={a,b},Y=[ 0,1], T={X,2,{a}},T7v={Cs,C1,Cys} and let F:(X,T)>(Y,Ty) be given
by F(a)=Cy;,F(b)=Cy112- It is obvious that F is f.1.6-c.,but F is not f.l.s.c. because by Theorem 2.5, ,for
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Cysety, F(Cys)={b}eT.

Example 32. lLet X and Y be the same as in Example 31 and be
={X,D,{b}},Ty={Ca.C1,C1s,Csu} .Consider the fuzzy multifunctions F:(X,T)->(Y,Ty) as follows F(a)=Cis,
F(b=Ciz .F isf.u. 6-c,butsince F*(Cis)={a}&tforCis € Ty, Fis notfu.s-c.

Example 3.3. Let (X,T) and Y be the same as in Example 3.2.and be Ty={Cq,C;,Cyp2}. We define
the fuzzy multifunction F:(x,T)->(Y,Ty) by letting F(a)=C,..F(b)=Csss, Then F is f.L.s.c but not f.1.8-c.

Example 3.4. Let X={a,b} and Y=[0,1]. Let T and Ty be respectively the topology on X and
fuzzy topology on Y given by T= {X,@, {a}} and Ty = {C0,C1,C1p3}. It is obvious that Fis f.u.6-.c., but it
is not fu.s.c.

Examples 3.1, 3.2, 3.3. and 3.4. establish the following:

Theorem 3.5. Fuzzy lower (upper) semi continuity and fuzzy lower (upper) 6-continuity are
independent notions.

Example 3.6. Let (X,1) be as described in Example 3.5 and take Ty={Cy,C;,C1/3,Cama} ON
Y=[0,1].Fuzzy multifunction F:(X.t)—>(Y,Ty) defined by F(a)=Csss F(b)=Cysp,F(c)=Cysa.

From this example we can give:
A fuzzy muttifunction F f.1.w.5-c. mapping need not be f.1.6-c. mapping.

Example 3.7. Let X ={a,b,c} and Y=[ 0,1]. Let T and Ty be respectively the topology on X and
fuzzy topology on Y given by T ={X,@,{b}{c}.{b.c}} Ty = {Co.C1.CusCsrad

Define the fuzzy muttifunction F:(X,T)—>(Y,Ty ) as follows F(a)=C,p .F(b}=Cyss . F(c}=Cys.
Clearly Fis f.uw.3—¢ but notfu. 6-c.

Theorem 3.8. If a fuzzy multifunction F:X—Y is fuzzy lower (upper) weakly 5-continuous and X
extremally disconnected, then F is fuzzy lower (upper) 8-continuous.
Proof. Obvious.

Example 3.9. Let(X,T) be the same as in Example 3.7. and let be let Ty = {C0.C1,C25,C112} ON
Y=[0,1].

Define the fuzzy multifunction F:(X,T)—(Y,Ty ) as follows F(a)=Cys ,F(b)=Cys. It is clear that Fis
f.L.w.c. but not f.l.w.5-c.

Example 3.10. Let X={a,b,c},T={X,&,{a},{b}} and let (Y,Ty) be the same as in Example 3.7.
Consider the fuzzy multifunction F:(X,1)—>(Y,Ty) by letting F(a)=Cy2,F(b)=Cap, F(c}FCr1n2.
it is easy to see that F is f.u.w.c.but not f.u.w.3-c.
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