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Abstract In this paper, we are to discuss the properties of Hom functor in categories of Fi-
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1. Introduction

[1-3] established the basic knowlege of theory of Fi-module, and provied the idea
researching fuzzy ring from outside. In this paper, we will carry on the work of [1-3],study the
properties of Hom functor in cateéoris of Fi-modules.

Let X be a nonempty set, L be a complete distributive lattice (with 0 and 1), a fuzzy subset
A on X is characterised by a mapping A; X—>L. X" denotes the set of whole fuzzy subset of X.
In this paper, R is a ring with identity 170 and module which iovolved is an unitary left R-mod-
ule.

Definition 1. 1. Let R is a ring, AER", if for all x,yER, we have.

DAG—y)ZAX)AAG);

DAYIZAXIAAG);

3)A0)=1,
then A is called a fuzzy subring of R .

Definition 1. 2. [1] Let M be a left R-module, A a fuzzy subirng of R, By € M*, if for all
X, yEM,r€R, we have

DBu(x-y) =Bu(x) ABu(y),
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2)Bu(0)=1,
3By (1) 2A(r) ABu(x),
then By is called an Fi-submodule (or Fi-module).
Definition 1. 3. Let N be a left R-submodule of M, By and Cy be F3-submodule of M and N
respectively, if for all x€N, we have

Bu (x) Z=Cn(x)
then Cy is called an F-submodule of By.

Definition 1. 4. Let M and N be two R-modules, f; M—=N be an R-homomorphism, By be

an Fi-submodule of M, Fi-submodule £ (Bu) of N is defined by
V {Bu(x) |XxEM,f(X)=y]},if {152,
09 is f—l(Y)=¢9

£ (Bu) () =

for all yEN.

Definition 1. 5. Let M and N be two left R-module, f:M—>N be an R-homomorphism, By
and Cv be Fi-submodule of M and N, respectively, if ; (Bx) << Cu, then ; is an
F-homomorphism from By into Cy, writes by ;: By—Cyx,

Definition 1. 6 The category of FA-modules F2-Mod is defined by ;

1)Objects are all Fi-modules,

2)For all By, Cy€ Obj (F2-Mod), the set of morphisms is

Hom (Bw,Cn)= (; l; is an arbityary F-homomorphism from By into Cx},

3) For all f €Hom(Bw,Cx),g € Hom(Cx,Ds), the composition of f and g is defined by
fg=fs.

Definition 1. 7. Let G is an abel group, Be € G*, if for all x,yE G, we have

DBa(x-y) 2Bo (x) ABa(y),

2)Be(0)=1,
then By is called an F-subgroup of G or F-abel group.

Definition 1. 8. The catégory of F-abel groups F-AG is defined by .

1)Obiects are all F-abel groups,

2)For all Bg, Cy € Obj(F-AG),the morphims are

Hom (Be,Cu)= {; I;:Bo—’CH is an F-homomorphism}
3)For all f € Hom (Bo,Cx) , g E Hom (Cu,Dn) ,the composition of f and g is defined by

fg="~fg.

Defintion 1. 9. Let {M,}ic: is a collection of R-modules, B\, is an FR-module for all i€ I,
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the fuzzy subset @B'u. of @M, and fuzzy subset IGIB&. of EM are defined by
el

(@Bux= A {Bl, (x)) |i €1} ,for all x= () € PM.,
(EB'M‘)X=-' A {B';" (xl) IiGI},for all x= <xl) e EMnprectively. Then %B"'l and

I;IB}.‘ are called the fuzzy external direct sum and the fuzzy direct product of {Bi }hiers
1€l

respectively.
Definition 1. 10. A sequence of FR-modules and F-homomorphisms;

o.c—bB’b:lj-—lelM.l—i’Bu;l—)tou

is said to be F-exact sequence if

im fi—-,= ker {

for every i.
Proposition 1. 11. [2] Let {Bi, }:e: is a collection of category Fi-Mod, then HB‘,.' and

1€e1
@B'M. are product and coproduct of {Bi }:e:in category Fi-Mod, respectively.

2. Some results of Hom functor in F§-Mod

Let By and Cy be Fi-submodule of M and N, respectively, for all £f,g8 € Hom(By,Cn),let

f+g=f+g (@)
then (1) is an algebra operation of Hom (Bw,Cn), and it is easy to prove the following

Proposition 2. 1.

Proposition 2. 1. (Hom (By,Cn),-+) is an abel group.
Theorem 2. 2. Let {B} }ic: is a collection of Fi-modules, then there exist the following

isomorphism of group,
1) Hom (Bl B2 LI Hom Bl ,Bw),
i€l 1€1

2) Hom (Bur LI B2 [T Hom (Bu,Biy)
i€l 1€1
for all F-module By.

Proof. 1) Let 0;Hom (Bl ,Bu)—~Hom (Bl ,By) such that
1€l

0(;)= {}-;;}xel

for all f & Hom (QGBBL' +Bm) ywhere 7, is ith canonical injection of M, into @M.(for alliel). It
iel i€l

is clear that ¢ is a homomotphism of abel group. To show that 0 is surjective, let {g }ie1€



140

E Hom (Bj ,Bu), there is an F-homomorphism

.~ i —
n :@Bul Bu
such that the diagram 1

)

r
DB\

€ !
diagram 1
is commutative (by Proposition 1. 11), for all € 1. Since then
o(f)= {:l;«}xel= (;)sen
we see that 0 is surjective. To show 0 is also injective, let @€ Kerd, then
0(a)=0={a% }ies»

and the diagram 2

0
B, Bu
7
a
y
1€1
diagram 2

is commutative (in which 0 denotes the zero R-homomorphism), for all jE€ L.

Now since (@B{.‘ ’ (; het) is a coproduct of {Bw, }1e1 and since the zero F-homomorphism 0
H .

from @B‘u, into By also makes the diagram 2 commutative, by Proposition 1. 11, we have ;=_(~) ’
whence 6 is also injective.

2)This is the dual of 1).

Corollary 2. 3. If R is commutative then the above isomorphisms are R-module

isomorphisms.

In fact, for all £ € Hom (Bw,Cx),rER,Let.



It is clear that Hom(By,Cy) is a left R-module,hence we can prove that the isomorphisms of abel

group in Theorem 2. 2 is left R-module isomorphisms.

Corollary 2. 4. If I is finite, then
1)Hom (@Blul QBM)Q@ Hom (B'Ml +Bu),
2)Hom (Bu 9%&)2@ Hom (Bw 7B§HI)°

Let By, ,B, are two Fi-module, ;EHom (Bk, »B&,) ,if Bw is an arbitrary FR-module, then
we can define homomorphism of abel group -
f. :Hom (By rBA{ll )—>Hom (Byx 9B§12) ’

by the assignment

~ o~

£..0->f, (0)=f0="f0,
we say that f~. is induced by f.
Simillarly, we can define homomorphism of abel group
£. :Hom (Bi, ,Bu)—Hom (Bl ,Bu)
| by the assignment
£ Li~f () =bi=it,
we also say that f: is induced by ;

Theorem 2. 5. Let B.‘..l ,Bi.z,Bi,, are Fi-module, ;,gé Hom (Bﬁ,‘ ,Bf.z) » 8 € Hom (BE.Z,
Bﬁ.,) sthen we have

]

~

(1)(g £).=g.f.,(2)(g £)* =f'g",
(3)(f+h).=f*+h*,(4)(f+h)* =f+h".
Proof. The proof is easy, and hence omitted.

In the theory of R-module, it is well-known that.

DIf 0—=M, —L»Mz ——s-’M, is any exact sequence of R-modules, M is an R-module, then

the following sequence

fe 8o
0—Hom (M,M,)—Hom (M,M,)—Hom(M,,M;)

is exact.
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t 4
2)1f M, —>M, —M,—>0 is any exact sequence of R-modules, M is an R-module, then

the following sequence

- f.
0—>Hom (Ms ,M)——Hom (M, ,M)—>Hom( M;,M)

is exact.
But the following examples show that these do not hold in the case of fuzziness.

Example Let M be a nonozero R-module, L=[0,1],and the fuzzy subring A of R and
FR-module By, Bl,B%,Bk, are defined by,
1/8 if r€R and r7#0,

{ if r&eR and r=0;

1/5 if x€M and x7#0,
if x€M and x=0;
if x€M and x#0,
1 if x&€M and x=0;
1/3 if x€M and x#0,
1 if x€EM and x=90;
if x€M and x7#0,
if x€M and x=0;

Aln)=
Bu(x)=
(x)=

Bi(x)=

N
{1/6
|

B (x)= {
1

it is easy to prove that the fuzzy sequence

- f
0—Bl, —>BZ ——>B},

is an F-exact sequence of FR-modules, where f is the identity map and g is the zero mapon M.

- -~

£. .
But the sequence 0—Hom (Byw,BY4)—Hom (B.,B&)L»Hom(Bu,Bi.,) is not exact, because

1 €ker g., and there is no & Hom (By,B%) such that f.p=1, hence ker g. #im f..
2)Let M be a nonzero R-module, the subring A of R and FA-module By, Bl, B%,B) are
defined by

1/8 if r€R and r#0,
A(r)={

1 if r&€R and r=0;

1/3 if x€M and x3£0,
BM(X)‘:{

| if x€M and x=0;

1/4 if x€M and x#0,
BL(X)={

1 if x€M and x=0;
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1/4 if x€M and x70,
B&(X)=={1

if x€M and x=0;
1/2 if Xx€M and x#0,

B&(X)=={
1 if x€M and x=0;

it is easy to prove the following fuzzy sequence of F4-modules

~ -~

Bl — B, —+By—0

is exact, where f is the zero map, g is the identity map. But the sequence 0—Hom (B ,B,.)L»

~

f. ~ ~ -\'_ e S~
Hom (B ,Bw)——>Hom (Bk,By) is not exact, because 1€ ker £*,but 1&im g* so ker f*#

—~

img"*.

Theoem 2. 6. Let By be an arbitrary Fi-module, then

-~ ~

- f
DIt O*BLI——-BE.z—i>B§., is an F-exact sequence of FA-modules,then 0—Hom (By,Bk)

-~ ~

f. - -~ -~
——Hom (BM,Bﬁ.)—E-—bHom(BM,Bi,,) is exact iff for any a&Hom(M,M,), if fa&Ker g, , we

have a € Hom (By, B ),
P =~ -
DIf B;‘l_..Bg,z—s»Bg,l-O is an F-exact sequence of Fi-modules, then Hom (B, ,Bu)

- -~

- f. - -~
—“~Hom (B, ,Bu)—"»Hom (B, , Bu)—=0 is exact iff for any B € Hom (Ms, M), if gBE

ker f*, we have EEHom (Bﬁ,’,BM).

f. -
Proof 1)Necessity. If 0->Hom (Bw,Bl, )—>Hom (Bu,B%,)——>Hom (Bu,B,) is exact

sequence, a € Hom (M, M,) and f‘;e ker gi. Since ker g.=im f, ,then there is h&

Hom (By ,B,l,l) such that fa=f, h,so f. a=f. h,but f. is injective, hence a=h,i.e. a&

Hom (Bu , Bl ).

Sufficiency. Becarse f is injective, it is easy to see that f. is injective, too. To see that

im f. =ker g. , for any @&ker g., we have g. p=0,s50 gp= 0,hence gp=_0. Now there is a

€ Hom(M ,M)) such that p=fa,i. e. fa=<;€ ker g. ywhence aEHom(BM,BLl) yconsequently

o=fa=f,a€im f.,i.e. ker g.<Cim f.. In addition to, for any $& im f. ,there is a €

Hom(BM,B,}.l) such that fi;=¢,so 8. (f~. a)=g(fa)=gfa=0,i.e. im f, < ker g., hence
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ker g. =im f..

2)The proof is similar to the proof of 1).
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