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The Initial Objects, Terminal Objects, Equalizers and Intersections

on Categories of FA-modules.
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Abstract; In this paper, we show that the category of FA — modules is a top category, we
obtain that the category of Fi-module has initial objects, terminal objects, equalizers and
intersections.
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1 Introduction

[11,[2],[3] introduce the concepts of FA—module and the category of FA—modules,and
discuss the properties of them. In this paper,we show that the category of Fi —modules is a top
category ,and we obtain that the category of Ff —module has initial objects,terminal objects,
equalizers and intersections .

Let X be a nonempty set,L be a complete distributive lattice (with 0 and 1),A fuzzy subset
A on X is characterised by a mapping A ;X—L. X" denotes thebset of whole fuzzy subset of X, In

this paper R is a ring with identity 15 0 and module which involved is an unitary left
R—module.

Definitionl. 1. [1] Let M be a left R—module, A a fuzzy subring of R and A(0)=1,By
& ML, if for all x,yEM,rER,we have

)Bu(x—y)=>Bu(x) ABu(y),

2)Bu(0) =1,

3)Bu(rx)=A(r) AB(x),
then By is called an FA-submodule (or Fr-module).

Definitionl. 2. Let M and N be two R —modules,f;M —>N be an R —homomorphism,
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Bu be an F3 —submodule of M,;(BM) is defined by
~ V {Bu(x) |xEM,f(x)=y},if f1(y)#D,
FB@)={ =

0, if f1(y)=09,
for all yEN. '

Definition 1. 3. Let M and N be two left R —module,f:M —N be an R —homomor-
phism , By and Cy be Fi-submodule of M and N, respectively ,if f (Bu)<CCu,then f is called an

F—homomorphism from By into Cy,writes £ ; By —>Cx.

Definition 1. 4. The category of Fi-modules F—Maod is defined by ;
1)Objects are all F4-modules,

2)For all Bu,CyE Obj (F&—Mod) ,the set of morphisms is
Hom (By,Cn)= {; |; is an arbitrary F—homomorphism from By into Cy},
3)For all ;EHom(BM +Cn) ,EE Hom (Cx,Ds),the composition of ; and E is defined by
fe=fe.
Let R—Mod denotes the category of left R —modules.

Detinition 1. 5. Let By,Cy € Obj(FA —mod),if NEM and By (x)=>Cn(x),for all xE
N,then Cy is called the subobject of the object By.

2. Initial and -terminal objects and top properties of F2 —modules

Let M be a left R—module ,A be a fuzzy subring of R,two Ff —module of M are defined
by
0,if m¥0,mEM,

0 'M ’L’ 0 =
. u(m) {l,if m=0,mEM,

lM:M'—’L, lM’(m)=1,V mEMo
Consequently ,the diagram(1) and diagram(2) are admissible.

{0}

M
Bum ‘ 10
M L {0}y —

diagram (1) diagram(2)




Hence the objects Oy in category FA—Mod is the initial objects of the category FfR —Mod and the

objects 1y is the terminal objects of the category FA — Mod , therefore we have the following
Proposition2. 1. '

Proposition 2. 1.  The category Ff—Mod has initial objects and terminal objects.
By Proposition 2. 1,we have the following Proposition2. 2.

Proposition2. 2.  The category F2—Maod has zero objects.

Theorem2. 3. The category Fi —Maod is additive category,but it is not abel category.

Proof. By[2],[3] and Proposition 2. 2,the category FA—Mod has products, coproducts,
kernels and cokernels and zero objects,hence the category FiA—Mod is additive category.

Let g :Cx —>By be a subobject of By,if g is normal, then Cy=£" (By). Hence for Mo20,

1:0u—>1m is a subobjects of 1y which is not a Kernel, therefore FA-Mod is not an abel
category.

Proposition2. 4.  Let M be a left R —module, the set Q (M) = {By |By is an FA—module of
M} is a complete lattice under the following order relation .

Bm<CN iff B_\q (x)gC\f (x) ,for all XEM.
Proof. Let {B4|icI}S Q. (M)

(‘{E\IB&) (x)=‘/e\lB'M x),
}:_/lB'M(x)=lé\‘{CM(x) |CuE QL (M),BY<Cy, for all iE1},

are the inf and sub of the collection {BY|i€I},respectively.

Theorem 2.5. The category FA-Mod is a top category over R —Mod.
Proof. The proof is similar to Theorem 3. 4 of [4].

3 Equalizers and intersections

Theorem3. 1 The category FR-Mod has equalizers.

Proof. Let By,Cn& Obj (Fi-Mod),and f, ,f: :By —Cy be two morphisms in F-Mod. So
we have two R-homomorphisms f,,f,;M —>N in R —Mod. But the category R-Mod has equaliz-
ers and let the equalizer of f,g in R-Mod be i, ;K ~>M, where



133

K= {X'f:(x)=fz(x)vx€M} ’
and i is the inclusion map. Eviently,K is an R-submodule of M. We define an Fi-module of K,

Dg:K —>L,Dx(x)=By(x),Y x€K,
since

Dx (X)<BM G (x) );fOI' all x¢K,

~

consequently , iy ; Dx —By is an F—homomorphism. By the above construction we get that the
following diagram holds in FA-Mod.

-~ -

x f
Dx —By —H\

-~

f2 i
Hy «<—By «<—Dx

Let there is an F-homomorphism g;Cx'—By such that the following diagram holds in F-
Mod.

-~

, f,
DK'—E"BM _I’CN

-
Cn ~—By =Dy

So

f
K' —+M —>N

I
f2 g
N «—M «—XK! _
holds in R-Mod. Since category R-Mod has equalizers,from the .universal property there exists a

unique R-homomorphism k':K'~—>K in R—Mod such that i,k'=g. Since we have the following
diagram (3)

XK' Be L
k g Dx Bum
K \ M
ix
diagram(3)

is communtive. Therefore
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Dic (x) By (x) <<Bu (ixk (x))
== Buic (k (x))=D, (X)_,
then I:' is an F—homomorphism. Consequently,the following diagram holds

~ ~

, k ix
Dy'—>Dx —>By

i

By «—Dj

Hence the pair (Dx,i,) is the equalizer of the pair of F—homomorphisms f, and £, in category
F4-Mod .

Theorem 3. 2. The category FR —Mod has finite intersections.

Proof. Let{Bl [i€1,2,+n} be the family of subobjects of the object By in Fi-Mod.
Let M'= (1M, we define fuzzy subset By’ of M',

- By M —L
such that
Bw (x)= A {BY (x) |i=1,+-,n},for all xEM',
it is easy to prove By' € Obj(Fﬁ-Mod).
For all i,g,;M, —>M are inclusion map,because
By, (x)<<Bu (x) (fi1(x)) , for any xEM,,i=1,+,n
so for all i=1 ,2,---n,§.;3;,,—»3,4 are F—homomorphism, let ;,Du ~—+By be an F—homo-

morphism which is foctored through each subobject B!mI sthat is,for all i€ I,the following diagram
holds.

Hence
H —M, —2+M
i
M <«—H

holds, for i=1,2,---n. By the universal properties of intersection,there exists R —homomorphism
f';:H —M' in R—Mod such that
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fl 8'
H—M'—M
t
M<«—H
holds in R—Mod. Consider the following diagram(4)

diagram(4)

For all x&M,we have :
DH(x)gBl\ﬁ(fl(x)) V i=1929"'1n9
gf'=f,g8"\=g' Y i=1,2,:n,

and Bw(x)= A {B4(x)|i=1,2,+,n}. Then Dy (x)<B'w(f'(x)),for all xEH,s0 ;':DH —
B'w is an F—homomorphism and

~ -

' 1
DH —'—PB |M|——PBM

t
By «<—Dy
holds in FR-Mod. Therefore suboject By together with the family of F—homomorphisms

{@=Bly—>Bly [i=1,2,+,n)
is the intersection of the family of subobjects {By |i=1,+-+,n} in FR-Mod.

Reference

[ 1] Zhao Jianli, Shi Kaiquan, Yu Mingshan, Fuzzy Modules over Fuzzy Rings, The J. Fuzzy
Math, 3(1993),531—539.

[2] Znao Jianli,Fi-modules and Fi-modules Categories The J. Fuzzy Math(to appear).
[3]Zhao Jianli,Fuzzy homological theroy in Fi-modules(I),The J. Fuzzy Math (to appear).



136

[4] S.R. LOPEZ-PERMOUTH and D. S. MALIK ,On Categories of Fuzzy Modules,Inform. Sci y
(52)1990,211-220.

* [5]S.M. A. Zaidi and Q. A. Ansari,Some results on categories of L-fuzzy subgroups,Fuzzy sets
and systems 64(1994) 249-256.

[6]T. S. Blyth,Categories (Longman,London,1987).

[7]B. Mitchell , Theory of Categories (Academic Press,New York,1965).

[8]O. Wyler,On the categories of general topology and topological algebra, Arch Math (Basel)
22,7—17(1971).



