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Abstract: In this paper, the concept of pointwise fuzzy mapping is introduced.
Using this concept we give a pointwise charactrization of the support-preserving fuzzy
order homomorphism
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Throughout this paper, L, L, and L, always denote completely distributive
lattices, i.e. molecular lattices. 0 and 1 are their smallest element and greatest
element, respectively. Let X and Y be non-empty crisp sets. For A € L¥, write
supp A = {z | £ € X, A(z) > 0} and hgt A = V{A(z) | = € X}, they are called
the support and height of A, respectively. We denote the set of all L-fuzzy points
in X by X(L). A L-fuzzy point with support point z and height ) is denote by z,.
We assume that for the empty family 8, V8 = 0.

Definition 1% A mapping f: L; — L; is called generalized order homomor-
phism if (1) f(z) =0iff x =0; (2) f and f~! are union-preserving, where

FUy) =V{z € L] f(z) <9}

The mapping F : LY — LY is called a fuzzy order homomorphism if F is a
generalized order homomorphism.

Definition 2! A fuzzy order homomorphism F : L¥ - LY is said to be
support-preserving if it maps L)-fuzzy sets having same support on X to Lo-fuzzy
sets having same support on Y.
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Lemma 1 Let A, € LX(t € T). Then

supp \{A/ [t €T} = \/{supp A, |t € T}.

The proof is straightforward, and is omitted.

Theorem 1 Let F : Lf — LY be a fuzzy order homomorphism. Then F is
support-preserving if and only if

supp F(z2) = supp F(z,), forall \, p€ L, - {0}, = €X.

Proof The necessity is obvious.
Sufficiency. Since F is a fuzzy order homomorphism, for any A,B € L with
supp A = supp B,

F(A) = F(V{xA(,) | € supp A}) = V{F(xA(,)) | z € supp A},
F(B) = V{F(sae) |2 € supp B).
Hence, by Lemma 1 we have
supp F(4) = \/{supp F(z4(s)) | = € supp A}
= \/{supp F(z8(s)) | = € supp B} = supp F(B),

and so F' is support-proserving.

Corollary 1 Let L, be reqularl®, Then any fuzzy order homomorphism F :
L¥ — LY is support-preserving.

Proof It can be proved by Proposition 2 in [2] and Theorem 1.

Definition 3 A mapping f : X(L;) — Y(L,) is called a pointwise fuzzy
mapping if the following conditions are satisfied: :

(i) f(zva) =V f(zs), for any A € Ly — {0} (t € T);

(i) £~ yvi) = V f~*(y), for any g € Lo — {0} (t € T),
Where f~1(b) = V{a € X(L,) | f(a) < b}.

Remark 1 The above concept is different from the concept of pointwise fuzzy
mapping introduced in [5]. '

Lemma 2 Let f: X(Ly) = Y(L,) be a pointwise fuzzy mapping. Then

supp f(z;) = supp f(x,,), for \, p€ L, — {0} and z € X.



127

Proof By the definition of pointwise fuzzy mapping,
f(i'Z\Vp :r,\) V f(*'”#

Noting f(x,\y,,) € )‘;'(Lz), and so supp f.(x,\) = supp f(z,,)

Lemma 3 Let f: X(L,) — Y (L) be a pointwise fuzzy mapping. If there exist
an ordinary mapping f : X —» Y and a famxly of mappings {¢. | $s: L1 — Ly,z €
X} such that f(z,) = [f(z z)lp. () for all 7, € X(L,), then for Yu € Y(L3)

e = | g7 R 2y o

Proof Since /= (y,) = Vi{zx | f(&2) < yu} = V{za | [/ (#)lp. () < 9u}, we have

21 Vir€ Ly | p.(N) <1}, if f(z)
/ (y,,)={ Sl lffgz)aﬁy,

i.e. (1) holds.
Theorem 2 A mapping f : X (L) = Y(Lg) is a pointwise fuzzy mapping if

and only if there exist an ordinary mapping f : X — Y and a family of generalized
order homomorphisms {¢. | ¢z : Iy = L,z € X} such that

f(@3) = [f(@)lp.ry, for 52 € X(Ln). (2)

Proof Suppose that f: X (Ly) = Y(L,) is a pointwise fuzzy mapping. De-

fine the mappings f : X — Y and ¢, : Ly — L, (for every z € X ) as follows,
respectively: _

f(z) = supp f(z1), 3)

0:(\) = hat f(z2), for A £0 and p,(0) = 0. (4)

According to Lemma 1, supp f(z)) = supp f(z1) = f(z), hence (2) holds. It
remains only to show that . : L; — L, is a generalized order homomorphism.

Obviously, ¢.(A) = 0 if and pnly if A = 0. By (2), (4) and Definition 3, we have

e(\VX) = hgt f(zva,) = hat (\/ f(22,))

= hgt (VIf(2)lp.a) = hat [F(@)ve.ry = V 2:(X).
For z € X, write f(z) = y. By (2), Lemma 3 and Definition 3 we have
o (V) = f7Y [Vf (%) 1(=)

V[f 1(!/,4, V‘Px_l l‘t)
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This shows that ¢, is a generalized order homomorphism.

Conversely, let f : X(LI) — ?(Lg) be a mapping defined by (2), where f : X —
Y is a mapping and {¢. | 9. : Ly — L,z € X} is a family of generalized order
homomorphisms. Then it is easy to verify that f satisfies the conditions (1) and (ii)
of Definition 3.

@) flava) = f @)eewvan = F(@vpary = VIF @) = V Fl2,).
(ii) When y # f(z), f™(oww)(z) = 0= [V (3)](c); When y = f(z), we

have
P ovu) (@) = 02 (V) = Vooa ) = V F o) ()
= [V )l2)

Hence f~(gvp) = V /2 (yu).
Therefore f is a pointwise fuzzy mapping. This completes the proof.

In what follows, we discuss the relations between pointwise fuzzy mapping and
support-preserving fuzzy order homomorphism. '
Lemma 44 A mapping F : L - LY is a support-preserving fuzzy order
homomorphism if and only if there exist an ordinary mapping f : X — Y and a
family of generalized order homomorphisms {o: | ¢z : Ly = Ly,z € X} such that
F is the malti-induced mapping of f and {y. |z € X}.

Theorem 3 Suppose that F : L¥ — LY isa support-preserving fuzzy order
homomorphism. Then the restriction f = F | %(z,) of F on X(L1) is a pointwise
fuzzy mapping. Conversely, suppose that f : X (L1) — ?(Lg) is a pointwise fuzzy
mapping. Then there exist a unique support-preserving fuzzy order homomorphism
F:L¥ > LY suchthat f = F |)’((L.)'

Proof Suppose that F is a support-preserving fuzzy order homomorphism, by
Lemma 4, there exist an ordinary mapping f : X — Y and a family of generalized
order homomorphisms {g, | ¢, : Ly — L, z € X} such that F is the multi-induced
mapping of f and {p. |z € X}, ie.

F(4)(y) = V{ex(A(2)) | f(z) =y}, forAeLfandyeY.
From this it follows that
vz(A), flz) =y,
F(z = 5
@) = | o0 Je = g
It is not difficult to varify that ¢.(X) > 0 for all A € Ly — {0}. In fact, if there exists
Ao such that @,(Ag) = 0, then

0" 0) = V{A € Ly | 9. (X) €0} > Ao > 0.
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This is a contradiction, since , is a generalized order homomorphism. So by (5)
we have F'(z;) = [f(2)],,(x)- Hence from Theorem 2 we know that F L2z, is a
pointwise fuzzy mapping.

Conversely, suppose that f is a pointwise fuzzy mapping. By Theorem 2 there
exist an ordinary mapping f : X — Y and a family of generalized order homomor-
phisms {¢; | ¢: : L1 — L,z € X} such that f(z)) = [f (2)]p.(a) for 22 € X(Ly).
We define a mapping F : L¥ — LY as follows:

F(A)) = V{e:(A(@) | flo) =4}, for A€ LY, yeY.

namely, F' is a multi-induced mapping of f and {¢, | z € X}. From this it follows
that F(z,) = [f(2)]le.(a), 1.e. F |#(z,) = f- From Lemma 4 we know that F is a
support-preserving fuzzy order homomorphism.

To prove the uniqueness, assume that G : L¥ — LY is a support- preserving
fuzzy order homomorphism and G IX(LI) = f For any A € L, we have

G(A4) = G(V{xA(,) | £ € suup A}) = V{G(a:A(,)) | z € supp A}
= V{f(za@) | = € supp A} = \H{IF (8))p.(a(e)) | = € supp A}.
Thus G(A)(y) = F(A)(y), for all y € Y, and so G = F. This completes the proof.

Remark 2 From Theorem 3, we know that a support-preserving fuzzy order
homomorphism F : L{ — LY can be defined by a corresponding pointwise fuzzy
mapping f : X (L) — Y (L), uniquely.
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