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Abstract : In this paper , we give some characteristic description and a kind of
representation of the fuzzy modules over fuzzy rings . The paper also discusses some
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1 ., Introduction

The concepts of furzy sets was introduced by Zedeh [9].This concepts was applied to
the theory of module by Negoitaand Rajescu in [3].Since then many authors further study
the properties of fuzzy module in [4-8].But these papers did not establish the connections
between fuzzy modules and fuzzy rings then we can not study fuzzy rings from outside.
The paper [1], [2] introduced the concepts of fuzzy modules over fuzzy ring and its
categories , respectively , these concepts establish the connections between fuzzy modules
and fuzzy rings. Now the [1], [2] provied the bagic knowledge reaching fuzzy ring from
outside.In this paper , we will study some characteristic description and some important
properties of fuzzy module over fuzzy ring .

2 . Some Characteristic deseriptions of FF- module

Let X be any nonempty set , and L a complete distributive lattice with 0 and 1. AFuzzy
subset #. on X is characterised by a mapping B, X~—L, F(X) denotes the set of whole
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fuzzy subset of X . In this paper , R is aring with identity 7 #0 and module which
involved is an unitary R-module .
Definition2 .1 Let (M.R, Ho oM ) be quarternary groups , where M is a left
R-module, pRis a fuzzy subring of ring R, B, EFM) , ifforallx, y €M, r €R, We have
Du G¥)2u A ),

Ju, G on (%),
Ju @=1,
Du (m)2p @ Ve &)

then (M, R, RS ) is called a fuzzy submodule of M over fuzzy subring ‘uk.ln brief K, is

a pR-FF module or FF- module .

In{1], [2], the definition of fuzzy module over fuzzy ring is not same.In this paper ,
the way of definition 2 . 1 is same with way of [1].In fact, if we changed 4) into

'u ()ou 0BG
then the way of definition 2 . 1 is a same with way of [2] . According to 4) , we have

r mop &),
oM -FF module is always FF- module .

Theorem2.2 Let ~ be Fuzzy subring of ring R | if there exists a € R such that
A (@=1, then K isa uR-FF module iff B is a fuzzy idea of R .

Proof . Necessity is trivial. To see the sufficiency , we only prove B (0)=1.In fact
# O=p (@aop @Ap (@=1

Theorem2 .3 Let B be a fizzy subring of R, M be a left R-module ,
K ¢ FM) , then K, isa K -FF module iff
1) there exists x € M such that B =1,
2)forall a €L, (”R)a is a left R-module ,
3) forallx € (;JM)a and r € (yR)ﬁ, there exists y > o V B such that rx € (pM)y.

Proof ."=>" 1)istrivial,
2)forallx, y E(yM)a. a,b€R, then
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K (@ctby) >u (@x) Ap(by)
Pl @Vu @) AW ® Ve 0)2on 0 Ap 6)>a

that is, ax+by € (,uM ) o Consequently, ( H ) o 18 aleft R-module .

3 Lety=p (), thenrx € JypBoy=p () 2p 1) Ve (&) 2aVp.

"<:"Foranyx y €M, rER letp (x)/ly )=, thena ;r),u ) V,u (r) such
that rx € (u )7, hence .

K Gt 2arn @BAp (),

B, ) 2y2u &) Va @.

We can easily prove 'y ©0)=1, r, x) > 'y (~x} . Consequently, K, isa , -FF module .

Theorem2 .4 Let K, and £, be fuzzy subset of aringRand a module M,
respectively, then(M, R , HoH Jis a A -FF module gﬂ" V ;c ()=1, and there exists a
submodule family of M

A={Xufa € L}

and a subring family
B={Y,/fax€ L}
such that
nx, nx

8=¥avp, Ya "Yp=Yavp

2)forany HC L, nYCY\/a, nXCX\/a,
aeH aeH a—

3 ifx EXﬁ a €y, there exisis y> a V f such that ax EX), ,
4) X, is aleft R-module

Su, = Uart., A = UaX., hemY a andX « indicate characteristic

ael ael

Junction of H and L respectively .

Proof . "=> " The result follows by theorem 1.3 and the decomposed theorem of

fuzzy subset .

"= "WeﬁrstpmvcthatmeyRisaﬁlzzysubﬂngofR.Foralla €R,ifad Y,

(for anya€L),byS)wehavepR(a)=0,ifﬂleree)dstsafLsuchthata €Y, then
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u, (@)= V « . thus when we suppose that supremum of empty set is 0, we have

ageYa

,uR(a)= Va,Foranya, b €R,let # @= Va =A,pR ()= V g =y, because

aeYa ae¥a beYp
ae NYaCYve=Yr, beN¥sc¥ =Yu,ouy,ny,, =¥
ae¥a ae¥a bEYﬂ b\elyg A— l/‘ ‘ll 1 N

Yﬂf)l’l/‘/f}’p,so Y}.Ap;? Y,. YAA”Q Y#,hencea-b €Y1A” i.e.

A (a-b)= V (a/\?.(a—b)) PAAuAL

ael

=AAp=p @Ap )
Similarly , ’o (ab) )yR (a) A;zR (), %0 pRia fuzzy subring of R .

Foranya éRand x € M, let B (@)=aq, oy (¢¥)=p, then there exists y > « V8 such that

axt.-’Xy , thus
p (@)=V (@A Xa (@) Sy>aVp=p (@ Vy, &

Wecaneasilyprove 2 (x+y)>u Au ®.pn (0 u (o, u (0=, forallxy€
M M M M M M

M, Consequently, Ly isa ’ -FF module .

Definition 2. 5 Lct,ux EFX),foralx €X, let
Kerx={a €Llx € (”x)a}
then Ker x is called kernel of X'in L .

Propoition2 .6 Let B, EFX) ,x€X, thenKerx={a € Llx 6(;1))0‘}, and Ker x is

an ideal of L which is generated by X in L, and r, (x)=supKerx .

Theorem2 .7 Let B, and B, be fuzzy seis of R and M, respectively , M be a left

R-module , then 'y isa H -FF module iff .
1) Ker (xty) D Kerx NKery, Ker (atb) D Kera /1Kerb,
2) Ker (-x)=Ker x , Ker (-a)=Ker a,
3) Ker (ab) DKeraNKerb, Ker ax D Ker a UKerx,
9 AL (=1
forallx,y€M,a,b€R.
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Proof . The proof is easy .

Definition2 .8 Let M bealef R-module, H be a fuzzy subring of R, A,
B EF(M), r€R, the fuzzy subsets of M:A 1B, A+B, rA, -A are defined by :

ANB)x)=Al) A B(x) ,

(A+B)(x)= Vv [A(x1) AB(x2)],
X=X1+x2
W=V [u () VAx)],
m=x
A x)=Alx)
forallx €M.

Theorem?2 .9  Let M be a leff R-module R be a fuzzy subring of R, oy EFM),
then ® isa H, -FF module iff .
1) Vv =1,
) V@

forall r €R.

Proof . The proof is easy .

3 . Fuzzy Homomorphism

Definition 3. 1 Let M and N be two R-module , f: M~Nbe an
R-homomorphism, B, and n, be B, -FF modules of M and N, respectively ,

W [ @)6)=Vin @k €M, )=y} lorally €0,

) 1/'_7 (yM )€ n, then_? is called a fuzzy homomorphism from M into 7, We
write : f : ”M—o nN *

(3) if 7 (,uM )= - then7 is called an F-isomorphism from b, into n, .we
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wﬁte:pM :477”.

Proposition 3 . 2{1} Let B 1, be H, -FF module of M and N, respectively ,
then ;1Mﬁ’ 1, iff 3 f M—Nis an R-isomorphism such that u Mj(m)= T, (m), for all
meéeM.

Theorem 3 . 3 (the extension theorem of isomorphism) Latf: M — M’
is an isomorphism of R-module , B isa A, -FF module of RM, then there exists a

- . &
e FF moduule 1, 1 of M’ such that B8N,

Proof . For any x' € gM', becanse fis an isomorphism map , then there is a unique
x € M, such that f{x)=x'. Define :
o M-L, x'—*,uM () , where flx)=x',
then 7,0 ira ;zR-FF module . In fact , for all x!, y' € M", there are x, y € M such that
So)=x', )=y, thus fix-+y)=x"+y', fl-x)=-x', flrx)=rx', hence
T EY)=n Gt 2p @Ap 0)=1,6)A0 .69,
x)= fox) = = !
00 CI=p (D=p =1 ).
U (0)=,UM =1,
N = ’
T =K 928 @) Ve B=p )V &),
that is, 1, isa H, -FF module of yM".
According to the define of f, 00 WE have
= =
7)Ml () an ) ﬂM (728
by the proposition 3 . 2, we have ,u.M:a .

Theorem 3 . 4 Let M, R, Kb M) isa yR-FF module , then there exists an
FF- module (H,R, (AL J of HomR(R , M) such that ,uMﬂr]H .

Proof let H =HomR (R, M), then H is a left R-module , and there exists an
isomorphism of left R-module
P M -*HomR RM), px)a=ax,a €R,
let n=H for annyHomR (R, M) , there exists a unique x € M such that p()=f, let
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n, 0)=y;éc)~;"by the extension theorem of isomorphism we see that P : ad ¥ isan
isomorphism of # -FF module, i . e. ,uM'n 7, ,

let Ufom}a R,M,R s r)H)=HomR R, ,uM) , then pMSﬂHomR R, ,uM) .

Definition 3. 5  Let zM;be (R, S)-bimodule , (M, R, A "“M) and (M, S, B yn)
be left ,uR-FF module and right ps-FF module , respectively , then(M, R, S, Ko BB )
is called (yR » 1 Y-FF bimodule .In brief s isa (,aR' A ) -FF bimodule or FF- bimodule .

Theorem 3. 6 Let pMg be (R,S)-bimodule, ¢ is a non;zem idempotent element in
ring R, then for any (u ot )-FF bimodule 1t Mof eM ,there exists (i WH !—FF bimodule
%
n, of HomR (Re , M) such that r, 2 .

Proof . By the Proposition 4 . 6 in[10] , we see that .
p:eM -'HomR (Re, M), p(ex)re=rem
is an isomorphism of (eRe , S) - bimodule . Let I S Bl then for any
j‘€HomR {Re , M)=H . there exists a unique ax € eM such that p(ex)=f. Let
n, 0=, (o)
then (H,eRe ,S, Mo, )isan ('rlm, 1, )-FF bimodule,and Rl

Theorem 3.7 Let M be (R.S) —bimodule, f be a non-zero idemptent element
In ring S, then for any (1 o M NJ-FF bimodule e there exists (1 o M JSI‘)-FF bimodule 7]H
g .
such that ”Mf ?IH.

Proof . The proof is similar to the proof of Theorem 3.6.

Let 5 o H be a homomorphism of fuzzy ring . For all B -FF module , we can
induce an qR-FF module . In fact ,¢ R — S is a homomorphism of ring , if (M, §, 7. 17M)
is an FF- module, let rm=g()m ,then Afis a R-module , let

n,m=u _(m, méeM.

It in evident that (M, R, n. r;M) satiafies the conditions 1), 2) , 3)in Definition 2 .

1 .In additionto, forany r €R, x € M, we have
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n, (=1 _@00=p_ 608 >u_ (6) Ve 6> OV 6,
hence m,, is an qR-FF module. Certainly, K, is alsoan nR-FF module. For
n, -FF homomorphism f Bl since

Sirm) = flg(r)m) = §(r)ftim) = rflm)
so fis an R-homomorphism .Thus (n ”/) (m) = A, ftm)) » yM(m)= n, (m) . Consequently,

f CHH, isa P -FF homomorphism , In a word the following theorem 3 . 9 is right .

Theorem 3.9 Lctz PN TR be a homomorphism of fuzzy ring , then
T.:u -FFmod —n -FF mod

s s R
M, S, pop) =~ MR, 7.1 ),

Jon, =n ~f:n -1

N
is a contravarian functor , where 17“ A,

The T¢ucalledanm0r of change of ring .If M, R, B ,uu)and (V,R, B ,uN)
are FF- modules , let

Hom, (u .p)={( [ :n, ~n}.
We have :
Theorem 3. 10 Let a R’ be a homomorphism of fuzzy ring, M, S, B
H, )Jand (N, S, Hoo M, ) be FF- modules , then
Hom‘ug CuM, /zN) <Homm (/tM , ,uN).
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