102

Intersection Decomposition and Monotonic Intersection Decomposition of Fuzzy Sets
Liu Huawen and Li Jiuping

Department of Mathematics and Physics, Shandong University of Technology,

Jinan 250061,P.R.China

Abstract: The new decompositions and the monotonic decompositions of fuzzy sets are
established by means of t-conorm S. Further, the corresponding decomposition and
monotonic decomposition of 2-type fuzzy sets are given.
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1.Decomposition theorem.
Let X be a set, F(X) be a set of fuzzy subsets of X and P (X) be a set of subsets
of X. For any ACF(X),A(x) denotes a membership function of A.
A tnorm T is defined as a function T:[0,1] x [0,1]—[0,1] satisfying the following
properties (See [1] for details):
(i) T&,D=x,
(i) T&,Y<T(z,u) if x<z and y<u,
11D T&,¥)=T(,x%),
(iv) Tx,T(y,2))=T(T(x,y),2),
for all x,y,z and u in [0,1].
A t-conorm S associated with t-norm T is defined by
S(x,y)=1-T(1-x,1-y)  for all x,y€ [0,1].
Some useful properties of t-conorm are:
S&,y)>xVys Sx,y)<S(z,u) if x<z and y<u.
Ve write Ax ={x | AG) >4 ,x€X}, Ax ={x | AG)D4 ,x€EX}

Theorem 1.1 (Decomposition theorem I) Let A€EF(X),then
A= J G/}O,I]S(l Ar () (WEX) (1.1)

Proof . S ,Ax = A [AGI< }=A
oof. E/\[O,ll( x)) { (<1 }=A(x)

1 &l
Theoren 1.2 (Decomposition theorem II) Let AéF(X).then

MW= | d)y 5@ A0 (REW
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Proof. Same to theores 1.1.

Using theorem 1.1 and theorea 1.2, we get

Theores 1.3 (Decomposition theoream II) Let A€F(X), H:[0.1]-P(X), 2 ~H@)
satisfy Ay CH@ )CAx (1 € [0,1]),then

D A®)= L 6/}0.1]5(1 H@ ) ) 1.3

2) 4 1<4 290 1) DHA 2) 1.4
A =a Q Ha) @ #0), A4.=a H Ha) @G =1 4.5

2.Montonic decomposition theorem
n
Definition 2.1 {E1, E2, +,En} is called a divide of X, if X=,L1E,, E:NE;=®
l:

(i¥J). A is called a simple fuzzy set, if A(x)=4 1 (A ;€ [0,1])for all X€EE;.
Definition 2.2 Let A, A > €F() , A is called the limit of the sequence A® of
fuzzy sets, if for each x€X,there exists llillA"" (x)=A(x). We write 1;1]IA°"’=A.

Definition 2.3 Let A®? €F(X), n=1,2,-. {A“’} is called a monotonic decreasing
sequence of fuzzy sets, if A® A" ,n=1,2,-.¥here A® DAY igplies A (x)
AP () for all x€X,

Lemma Let {A“} be a monotonic decreasing sequence of fuzzy sets.Then I‘l'\lﬁ(") )

exists for any x€X, and lri,nA‘"’=ﬂA"".
n

Proof is omitted.
Theorem 2.1 (Monotonic decomposition theorem) Let AS€F (X) , then there exists a
monotonic decreasing sequence {A“’} of simple fuzzy sets, such that Aqum)'

Proof. Make A (x)=§,,lS

Yhere XE El.k={x ‘ _;%1<A(X) <%.X€X}-k=1.2.’“,2".

X€ En.0={x ' A(x)=0,x€X},n=1,2,
Then A“> €F(X) and A“ is a simple fuzzy set.
¥e nov prove the following two points.
1D{A*} is a monotonic decreasing sequence.i.e.,for any x€X,there exists A™ (x)
DA (3),
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2(k-1) 2%
= <A(x) <2,,,.1 XEXJULX | —<A(x) <2,,.,.xe X

ot
=E:J1.zc—1UF-.o1.a‘. |
For any x€Ea.x,
1* if Xx€Ea«1.2%-1,then A®™ (DA™Y (x);
2° if x€En+1,20,then A® X)=A"" (x).
i.e., for any x€En,k, A® (x) A" (x) .Therefore, it is the same on X.
2)A=Iri'lA‘“’. i.e. for any x€ X, there exists lri‘nAc“’ (x)=A(x).

En.i={x |

For any x€X,
1* if x€Ea.o={x | A(x)=0},then A™ (x)=0,1i.e. lrillA"" 0)=A00

l
2° if x&En.o,then KA(x)<1.For any n, there exists ko(n),such that

ko(n)-1 ko(n)
o= <ARx) < o

Thus | A% (9)-AGx) r<§‘. f.e. 1jaA® ()=AG).
| I
Therefore A=l l_illA"". From lemma,we obtain A=QA"".

In the following, we give several methods constructing A®.
Theoren 2.2 Let ACF(X). We make a sequence A® of simple fuzzy sets:

A (x)=k§ S(Fk.A_.!(x)) Wx€X) n=1,2,-.

Then
DA DAY p=1,2,-
DA=NA®,
n

Theorem 2.3 Let A€F(X).We make a sequence A of simple fuzzy sets:

Aw> (x)=k=2/;\; S(g“,Az_;(x)) (WEX) n=1,2,

The proofs of theorem 2.2 and 2.3 are similar to theorem 2.1. From theorem 2.2 and
theoren 2.3, we get

Theorem 2.4 Let ACF(X) and H:[0,1]-P(X),4 +H( ) satisfy
A, CH@A)CA (4 €[0,1D)

Ve make a sequence A® of simple fuzzy sets:
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A (x)=k§ SGEHGD (), €N ,ne1,2,m.

Then
I)A""QA(’"D on=1,2, 00,
DANAS,
n

3.Decomposition and monotonic decomposition of 2-type fuzzy sets

In this section, the proofs of all theorems are similar to section 1 and section 2
respectively.

Let Fio.1: (X ={A | A:X—~F([0,1])} be a set of 2-type fuzzy sets on X.We
write Ace.a >={x | A& () >1 },Ace.a > ®)={x | A®) (t)>4 },¥t,4 €[0,1].

Al)ecooos' i |
Theorea 3.1 ition theorem) Let A€F 0,15 (X). Then
DAG) ()= i AO’HS(l JAw.a > (X)) WEX,t€[0,1].

2AR) (t)= N AD,I]SQ Aw.a > (X)) WEXtE[0,1].
3)For any t€ [0,1],1et H:[0,1]-P(X),4 +H(t,4 ) satisfy
A, G, )CA. (@ €(0,1])

Then
i) A ®)= X AO,I]SG k.4 ) %))

ii) W€ [0,1],4 1<2 2H(t,4 1) DH(t,4 2)
iii) W€ [0,1],Ace.a ):a Q Hit,a ) (4 50)

A.(t.a- )=¢ ()_i H(t,d ) (3- *1)

Definition 3.1 Let A“?,A€F 0.1, (X).n=l,2.°".ll§lnA""=A implies lrilmA"" (x)=A(x),

for any x€X.
Definition 3.2 Let A,BEF.0.1,(0.ADB implies AGWDB(X) for any x€X.
Theoren 3.2 (Monotonic decomposition) Let A,BEFio.1; (X), then exists

A €F 0.1 (X),n=1,2,-,such that 1)A®DA®*?’ n=1,2,--.
DAOA®,

Definition 3.3 Let {Ei, i=1,2,+-,n}ve a divide of X.We call 2-type fuzzy set A is
a Simle Z'tYPe fum %tl if A(X)=l 3 fOl‘ all XG Elo(l 16F([0,1]))i=]l20'"’n0
The following theorems give some methods constructing Av.
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Theorea 3.3 Let A€F 0.1 (X).We make a sequence A’ of simple 2-type fuzzy sets:

A 60 ()= A SGE, Ao (0) WEXLE D1,

o AP @® A SEE, o 00) WERLE D,

Then 1JACDAC*? p=1,2,--.
Z)FQA"" .

Theorem 3.4 Let A€F 0,1, (X) and for any t€ [0,1],
H:[0,1]=P(),2 1—=H(t,4 )
satisfy Ay CH(tA )T G €0,1).

¥e make a sequence A“” of simple 2-type fuzzy sets:

A () (t)=k§ SGEH(t 59 60), WEX,LE [0,1).

Then 1A DAC*D p=1,2,.
2)A=fn\A“" .

Similar to above methods, we can establish the intersection decomposition and

monotonic intersection decomposition of high-type fuzzy sets
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