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Abstract: In this paper, we introduce the concept of fuzzy bimodule
over fuzzy subrings and discuss its properties. If £:M — N is a
homomorphic epimorphism of modules, we establish a one-to-one order
preserving correspondence between the fuzzy bimodules of N and those
o‘f M which are constant on the Ketf of f.

Keywords: Fuzzy subring,Fuzzy bimodule,Level subset.

#

1. Fuzzy bimodule

Let X be a nonempty set, a fuzzy subset ux of X is a mapping
ux:X—>{ 0,11 .The set (ux), = xXEX:ux(x)>A } is called a level subset
of ux with respect to » , where » €[0,11.

Unless specially state, M in this paper refers to <R, S>-bimodule,
where R and S stand for rings with unit element, ugx and us denote
fuzzy subrings of R and S, respectively.

Definition 1.1 A fuzzy subset uy of <R,S>-bimodule M is called a fuzzy
bimodule over fuzzy subring <ug,us>, if for all x,yEM,tER,s€ES,

(1) um(xty) Z0M(X) Aun(y)

(2) um(1x8) Zue(1) Aus(s) A x)

In brief,uy is a <ug,us>-fuzzy bimodule of M.
Proposition 1.2 Let uw be a <ug,us>-fuzzy bimodule, then
(1) um{—X} = Um(X) VxEM
(2) um(X~y) = um(X) Aum(y) ‘v’XLyGM
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Proposition 1.3 Let u. be a fuzzy subset of M, then uu is 2 <bm, Le>-
fuzzy bimodule of M iff for all A &[0, 11 , (um)» is an addition
subgroup. In particular, if (ug), and (ug). are nonempty, then
(Om)a  is & <(ur)a ,{(0s)a >-bimodule.

This proposition can be obtained by [ 11. |
Definition 1.4 Let A and B be fuzzy subsets of M, for ¥r ER,
Vs €8, define fuzzy subsets of M:
(A(BX(x) = ACx) AB(x)
(A+B) (x)

H

sup (A(x1) AB(X2): x1tX2=x}

]

(rAs)(x) = sup g(r) Aus(s) AA(X1): IX18 = x |
Proposition 1.5 Let (ui:k€ 1) be a family of <ug,us>-fuzzy bimodules
of M, where I denotes index set, then (| wX:k€I! is a {ug,us> -fuzzy
bimodule of M.

The proposition is straightforward. ,
Proposition 1.6 A fuzzy subset uw of M is a <ug, us>-fuzzy bimodule
iff

(1) Om + 00

(2; ¥YWr ER, Vs €8, rous<un |
Proof. If uw is a <ug, us>-fuzzy bimodule of M, then for YxEM,
VIER, VYsES, we have
(Opt) (X)) = SUP (Dl X1) /\ Une( X2) : X1 +X2=X)

Sup (Ol X1+X2) : X1+HX2=X! = (X))
i.e. UntON<UM
(s (x) = sup (1) Aug(s) Any(x,): rx;8=%)
SUP (U IX38) : IX187X) = Upgl X)
i.e. TUMSS UM
Inversely, for Vx,vEM, VVrER, Vs€ES,
From um + Un<CUn a0d T0MS<IUn, WE have
Opel XY ) 22 U0} ( X+Y)
= SUp (Ul X2) AU X2): Xa+Xo=x+yl = u..(x)/\u..(y)

Ul IXS) 22 (TunS)(rXs) = sup (ue( 1) Aus(s) Aum(X1): IX18=1X8}
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Hence, uw is a <ugr,ug>—fuzzy bimodule.

= ur(1) Aus(s) Anu(x)

Proposition 1.7 Let uw and vu be <ug,us>-fuzzy bimodules of M, then
Umtvie is @ {ug,us>-fuzzy bimodule of M.

Proof. Yx,yEM, VIER, VsSES,

(OntVae) (XHY) = sSUD (U X34+Y2) A Vi X21y¥2) ¢ X2 +X2=X,Y11y2=Y)

==8up (U X1) /\ Vial X2) A y1) Avmly2z) 1 Xatx2=X,y1ty==y}

= SUp (UM X1} A VMl X2) : X1+X2=x) A sup (Y1) A vl ¥2) : y11y2=y}

= (Ut Var) (X3 /\ (Ot vae) () |

( Umtvm) (IXS) 2=S0p (UM £X18) A\ v £X28) : X1+X2=Xx}

=s0p W 1) Aus(8) Aum( X1} Ava( X2} X1+X2=x)

ur( 1) A ug(s) Asup el X1 A vl X2) 1 X3+x2=x)

ur( 1) Avs(8) A\ uutvie) (x) |
Hence,uutva is a <ug,us>—fuzzy bimodule of M.
Proposition 1.8 Let R and S be commutative rings, M a <R,S>-bimodule,
v and us fuzzy subrings of R and S, respectively. If uw is a
< ug, Ug>-fuzzy bimodule of M, then for Vr&€R,VsES, ruus is
a <ug, ng>-fuzzy bimodule of M.
Proof. Vx,yEM, VaER, VbES
(TumS)}(Xty) = sup (Om( X3+X2): 1(X3+X2) $=X1Yy}

>=sup (U X1} /\ Ou( X2) : IX1 85X, IX28=Y}

= sup ml X1) : £X25=%) A sup (Um( X2} : £X28=y)

= ( rums) (x> A TUMs) (y)
( rums) (axb) = sup (ug(ax,b):r(ax,b)s = axb}

= sup ga) Aus(b) /Al Xl) : £X3 85X}

ugr(a) /\ug(b) A\ sup (ml X1) : £X38=X}
ug(a) Aus(b) A ruus)(x)

i

So,rums is a <ug,us>-fuzzy bimodule of M.
Proposition 1.9 Let R and S be commutative rings, M a <R,S>-bimodule,
ux and us be fuzzy subrings of R and S, respectively. If uw and v

are <ug,us>-fuzzy bimodules of M,then for V:rER,VsES
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TS HIVLS = (1t Vad s
Proof .\ xEM, let ( ruus+rvas) (X)=c
i.e. sup{(runs)(x;) A(rues)(xz):x;+x2=x} =a
then for Ve >0, 3x, ,Xx2EM, such that x;+x==x and
(T0MS)(X1) A(TUMNS)} (X2)Da — ¢ /2
Also,by definition of rusns, 3a,bEM,such that ras=x,,tbs=x, and
Un( @) > (TUMS}(X3)-e /2 Da — ¢
V(D) > (1vM8)(X2)—t /2 Da - e
So,[ r(umtvae) 81(x) =sup (supl tul p} Avael @) : p+q=x11: rx38=x}
Sula) Ava(®) >a - ¢
Hence,[r(u,+vu)s](x);a(ruus+rv_s)(x),since e is arbitraty,.
8
B
then for Ye >0, 3x,EM, such that rx;s=x and
(Untva)(X3) DB — ¢ /2

Inversely, let [ r(uutva)sl(x)

i.e. sup ((Dutva) (X3} rX8=X)

Also,by defition of uwtvm, Jp,qEM, such that ptq=x, and
Ul P) AVael @) > (Uartvaed (Xa)= & /238 — e

S0, ( T0MSTIVMS) (X)

= sup (supl VM P} : £ps=x1] Asupl vl q) : £gs=x2] : X1+X2=X%}

Zun( Py AV @) D8 — ¢

Hence, ( runS+rvaes) (X} =0 r( uwtva)}s1(x),since ¢ is arbitrary.
i.e. (rumstrvas)(x) = [ r(untva) 8S1(x)

That iS, fUNS + VeSS = r(Uym + V) S.

2. Comrespondence theorem

Let M and N be two <R,S>-bimodules,f:M —-N be a homomorphic
mapping from M to N, ug and ug be fuzzy subrings of R and S,
respectively, F(M) and F(N) stand for the sets composed of all
{ug,us>-fuzzy bimodules of M and N, respectively. Let unCF(M),
unEF(N), then f(uw) and £ *(ux) is defined by



VYEN, f(ul(y) = sup(u..(x}ilf(lg=y) if £ Y (y)#o
{0 otherwise
VXEM £ 2 (u)(x) = un(f(Xx))
Proposition 2.1 Let um ,vuEF(M} ,un, v EF(N) , then
(1) <V ==>F () E (Vi)
(2) 0SSV == o) (V)
(3)y £fL£ (un)l
(4) £ fCum ]

Un, if £f is an epimorphism.

uu; if uy is constant on Kerf.
This proposition is obvious.
Proposition 2.2 Let ux€F(N), then £ *(ux) EF(M) and £~ (ux) is
constant on Kerf.
Proof. It is clear that £ (un) is constant un(0) on Kerf.
Further, Vxi1,x2€M, VrER, VSES,
£l un) (XatX2) = On(F(X2+X2)) = Un( £(X3)+F(X2))
Zun(£(X1)) Aol £(X2)) = f—l(uu)(xﬂ/\f‘lcus)(xzi
£ MU (IX18) = un(F(1X38)) = On(If(X,)8)
Z0g( 1) Aus(s) Aun(£(x1)) = ur(1) Aus(s) Af 2(un)(X3)
Hence,f *(un) €EF(M).
Proposition 2.3 Let vnEF(M). If uy is constant on Kerf, then
f(un) €F(N), where f is an epimorphism from M to N.
Proof. Vy.,y2€N, Vr€R,Vs€S,
f(un) (ya1ty2) = Sup (O XatxXz): £(x1+x2) =$r1+y2)
=28up (Ul X1) A\ Uael X2) : £(X1) =y, £(X2) =y}
=Sup (Um( X1 : £(X1)=y1} A sup (uul X2} : £(X2) =y 2}
=f () (y2) Af(um) (y2)
fCum} (ry18) == Sup (Um( £X318) : £ TX18) =y, 8}
> sup (ug( 1) Aus(s) A X1} : £(X1) =y}
= Ug( 1) A\ us(S) A SUp (Ul X3) : £(X1)=y,}
= up( 1) Aus(s) Af(um)(yq)
Hence, f(uwn) €F(N} .

From the above discussion,we can draw the following theorem.
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Theorem 2.4 Let £:M—>N is an epimorphism, then there is a
one-to—-one order preserving correspondence between the <ug,us -

fuzzy bimodules of N and those of M which are constant on Kerf.
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