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1 PRELIMINARIES

Throughout this paper,we assume that (E,F,A)is a Menger probabilistic
metric Space (Shortly a M-PM-Space)With the (e,A) —topology t[1],let R=(—
oo, +00),Z* is the family of all positive integers ,CB(E) is the family of all
nonempty 1-closed Subsets of E,C(E) is the family of all nonempty t-Compabt
subsets of E.

DEFINITION 1.1 A t-norm A is said to be of h-type if the family .
{A™ (1) } I= 0f the functions A™(t,An—1(t)) ,m=1,2,-",A°(t)=‘1 st€[0,1],is e-
' quicontinuous at 1.

DEFINITION 1.2 Let (E,F,A)be a M-PM-Space,A,BECB(E),x€
E,We define Fx,A (t) and FA ,B(t) by

Fx,AQ(t) = §g£Fx,y(t),V t € R,and

FA,B(t) = SupA(inf sung,y(s),irelfB ngFx vys)),YytER
y x

s<t xEA y€

DEFINITION 1.3 If a function ®:[0,+o0)—>[0,400) Satisfies: (1) it
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is a Strictly increasing,left-Continuity,and ®(0) = o,tliglw d(t) =400, (2) -

o0
E " (t)<<Ho0,Y t>0,0"(t) denotes the n-the iterative function of O(t), We
n=0

say that @ Satisfies the condition(®d)
DEFINITION 1.4 Let ®;[0,+0o0)—[0,+00) Satisfies the condition
(1) of definition 1. 3,define a function ¥ [0, +o0)—>[0,+400),
0, t=0
A ={inf{s> 0.0(s) >t} ,¢>> 0 -1
It is easy to prove that W ;[ 0,4 o) is a continuous and nondecreasing function
(6]

DEFINITION 1.5 a mapping A :E—[0,1]is called a fuzzy Subset Over
E,We denote by W(E) the famify of all fuzzy subsets Over E,a mapping T :E—~>
W (E) is called a fuzzy mapping Over E.let T ;E—>W(E).S;E—>E,if PEE such
that Tp(P)=T§§‘ Tp(u) and Sp=p,then p is called a fuzzy hybrid fixed point

“+o0
of T and S. Let Tx:E>W(E) (K=1. 2++),S=E—E,if PEE such that (Kﬂl'r.(p)

400 ,
( p)=mg (KﬂlTx)(u) and Sp=p,then p is called a Comnion fuzzy hybrid fixed
point of {Tk} and S.

LEMMA 1.6 [6]Let (E,F,A) is a M-PM-Space,A be a left-continuous

t-norm,A € CB(E),x,yEE,then; (1) for any BE CB(E) and "GA’i’elf Se
x y

Fx,yt)<Fx,B(t),V tER;(2)Fx,A (t)=1,for ¥ t>>0,if and only if x€ A;(3)
Fx, A(ti+t2)2A (Fx,y(t1) ,Fy, A (t2)) sfor ¥ t1,t:>0; (4)Fx,A(t) is a left-
continuous functions at t. ‘

LEMMA 1.7 [6]Let ®;:[0,+o0)—>[0,+0o0) satisfy the condition (D)
and let ¥ be defind by (1.1),then: (1) ®)<t,¥V t>0;(2)O(¥ (1))t and ¥
(@)=t V t=0;(3) w(t)=t,V t=0;(4) h},ﬂfw‘l’“(t)=+°°’v t>0.

LEMMA 1.8 [6]Let (E,F,A) is a M-PM-Space, Where A is a t-norm
of h-type,if a sequence {xx}in E Satisfies the foflowing Condition:for ¥ K €Z*
and t>0

Fxx sXx+1(t) == Fxg,x; (WE(t)) Q.2
where @ is a function satisfying the condition (®) and ¥ os defined by (1.1),
then the Sequence {xx }is a 1-Canchy sequance in E.

2 MAIN RESULTS
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Let Tx :E—>W(E),0x (x):E—>(0,1](K =1,2,+),throughout this paper,
We denote (Txx)Ox (x) by Txx Setsi. e. Txkx= (Tgx)Ox (x) = {u|Tgx (u)=>0x
x)},¥ xEE,(K=1,2,++),

LEMMA 2.1 Let (E,F,A) be a --complete M-PM-Space,S:E—>E be a
singte-vatuld continuous mapping such that ¥ x,y€E

Fx,Sy(t) < FSx,Sy(t),¥t >0 2.0
Then S(E)={Z|Z=Sx,x€EE}=F(E)={x|x=Sx,x€E}

PROOF It is Obvious that F(E)CS(E),Next,We prove that S(E)CF
(S),¥Y Z,€ESE),q x,€E with Z;=Sx;,by (2.1),FSz;,Sx; (t)=Fz;,Sx;(t)=
H(t),V t ER,therefore Sz;=Sx;=2Z,,Z; €F(E),thus S(E)SF(S),by F(E)ESS
(E) and S(E)SF(E),We have F(E)=S(E).

THEOREM 2.1 Let (E,F,A) be a t-complete M-PM-Space , where A
is a left-continuous t-norm of h-type,let S;:E—E be a Single-Vatued continuous
mapping such that (2.1),Tx:E>W(E) (K=1,2,+*) be a Sequence of fuzzy
mappings s

(1) If there exists a Sequence of funetions Ok (x):E—>(0,1] (K =1,2,+)
Such that for any x €E,K €Zt,Txkx € CB(E) ,S(Txx) =TxSx and for any K,L €
Zt,x,yEE ,u€ Txx there exists vE€ Ty such that

Fu,v(®(t)) = min {Fx,yt),Fx,Txkx(t),Fy,Tuy(t),},¥ t >0 (2.2)
Where © satisfies the condition (®),then there exists PE€E Such that p=Sp and
([ Txp) ®)>min(Ox (D).

(2)when Ok (x)=n‘?6aé(TKx (u) (K=1,2,+) be a sequence of functions sat-
isfying the Condition (1), then {Tx}and S have a Common fuzzy hybrid fixed
Point P in E.

PROOF By S:E—E is continuous and lemma 2.1,S(E)=F(S) is 1-
closed subset of E,therefore (S(E),F,A) be a t-complete M-PM-space, we
prove that ¥ xE€S(E),TxkxTS(E) (K=1,2,++),in fact,for any x€S(E),by x
=8x,S (Txx) =TxSx, We have Txx =TxSx =S (Tkx) SS(E). Take x, €S(E)
and x; € T1x,Z=S(E),by definition 1. 2,lemma 1. 7,(2. 2),3 x2E€T,x; such that

Fx;,x: ()= Fx;,x:(@(¥(t)))

> min {Fxo,x; (¥ (t)) ,Fx0, T1x0 (¥ (1)) ,Fx1, Tox, (W (1)) }
2min{Fxo,xl(‘I’(t)),Fxl,xz(‘l’(t))}v t>0 2.3
Where W (t) is defined by (1. 1),Using (2. 3) repeatedly,We have
Fx1,%2 ()= min {Fx,%; (¥ (1)), Fx0,%: (W2(1)) . Fxy 5 %, (W2 (2D}



79

= min {Fxg,x; (W (t)),Fx;,x, (W2 (A)) } = oo =
= min {Fx,x; (¥ (t)) ,Fx1,x: (W (1))}
by lemma 1. 7,Fx;,x2 (WX (t))—>1 (K—>+00), We haveFx;,xz (t)=Fxo,x:1 (W
t)),¥ t>0
Taking this procedure repeatedly,We can define a sequence {xx} in E Satisfying
Zxs1 € Trprzx and Fxg Xg1 (1) = Fxg_1xx (W(@)),V t >0 (2. 4)
Thus,for any K€Z* and t>>0,We have
Fxg »Xxt1 () == Fx_1,xg (W (1)) = oo = Fxg,x;, (W) (2.5)
by lemma 1.8 {xx}is a Cauchy Sequance in S(E),since (S(E),F,A)is t-com-
plete,therefore 3 PES(E) ,P=l%i_£n°°xx,
Next,We prove that PETp(L=1,2,++) ¥ t>0,L €Z*,e€ (0,t),form
(2.4),(2.5) and (2. 2),We have ’
FxxssTie(t — )2 Fxpyy, T (@(W (t — 0)))
= ,ﬁﬂFx‘“’yw(w t—e)))

> min {Fxg,p (¥ (t — ¢)),Faxx, Tr1xx (W (t — €)),Fp, T (Wt —¢)))
= min {Fxx ,p (¥ (t — &)) ;Fxx yXg 41 (¥t — €)),Fp,Te (W (t — £))}
> min {Fxx ,p (¥t — €)),Fxo,x; (W1t — ¢)),Fp,Tre(W(t —e))}
IF FpTip (W (t—e))=1,by K—>00,Fxx,p(¥ (t—e))—=>1,Fxyx; (W** (1 —e))—>
1,We have Fp,T1s(t—e)>>1,by the arbitrines of ¢€ (0,1),We have Fp,Tpe(t) |
=1 (L=1,2,+),Y t=>0,thus PETp(L.=1,2,+)
If Fp,Toe (1) =Fp, Tre (W (t)) =+ =FpTLe (W2 (1)), therefore as—>—+oo, FpT1e
(t)=1,V t>0,thus PE€ Tip=(T1e)Ou(p) (L=1,2,*),Ter(p)==0: (p)=min

+oo

{OL(P)}(L=1,2,),thus (LOITLP)(p)=nLl>ifllTLP(p)>lP>illl{oL(p)}°

When O,_(x)=maxTLx(u),(ﬁcTLp)(p)>min{OL(p)}=min maxT e (u)=

u€ER L=1 L>1 L=1 u€EE
400 oo +oo
minTp (u) = (N Tee) (W), ¥ u €EE. Thus (N Tee) (p) = max ( | Tre) (u) =
L>1 L=1 ‘ L1 WEE L=l
“+-co

(LDITLP)(p)

(ET”’)(F)=T2§‘(I]:T”’)(“) ymoreover PES(E)=F(S),P=Sp,Thus P is a
common fuzzy hybrid fixed point of {Tx} and S

Takithg ©(t)=kt(0<<K<1) in Theorem 2. 1,We have

THEOREM 2.2 Let(E,F,A),A,S;:E—E,Tx:E>W(E),0x(x):E—>
(0,1] (K=1,2,) satisfies the conditions of theoren 2. 1,moreover for ang k,L
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€z ,x,yEE,u€Txkx 3 u€T.y such that
Fu,v(Kt) > min {Fx,yt),Fx,Txx(®),Fy,Tiy®}¥Vt>0 (2.6)

K € (0,1) is a constant. Then the concfusion of theorem 2. 1 remains true.
. lyueGKx
Let GK :E"’CB(E) (K =1 ,29 ”') 9V XGE ,take T](X(U) = )V uE
0,u€Ggx
E,Ox (x)=1,by theorem 2. 2,We have
COROLLARY 2.1 Let (E,F,A),A,S:E—E Satisfies the conditions of
theorem 2. 1,Let Gx:E—~CB(E) (K =1,2,-) Satisfies ¥ XxEE,Gkx E€ECB(E)
and for any K.LE€Z* x,y€E,u€Ggx,3 vEGLY such that
Fu,v(kt) = min{Fx,y®),Fx,Gxx(t),Fy,GLyt)}V t >0 Q.7

K € (0,1) is a constant
“+-o0
Then 3 PEE,p=Sp and PGKﬂlGKp

REMARK 2.1 Since the set-valued mapping is the special cases of
fuzzy mapping ,moreover S=I be the identity operator on E,S satisfies conditions
(2.1). therefore the main results of [3,4,5,6] are all the special cases of theo-
rem 2. 1. The Corollary 2.1 improve and generalige fixed point theoresn of O.
HadZic,

REFERENCES

[1] B.Schweizer and A ,Sklar,probabilistic metric spaces,North-Holand,
1983.

(2] o. HadZic, Fixed point theorems for multi-valued mapping in proba-
bilistic metric space ,Mat. Vesnik ,3(16)(31)(1979)125-133.

[3] 0,HadZic,Fixed point theorems for multi-valued mappings in Some
classes of fuzzy metric spaces s Fuzzy Sets and systems,29(1989)115-
125,

[4] Jin-Xuan Fang,A note on fixed point theorems of HadZic yFuzzy Sets
and systems 48(1992) 391-395. '

[5] Jin-Xuan Fang, An improvement of HadZic’s fixed point theorem,
Journal of Mathematical Research and Exposition, Vol. 14 No. 4,
Nov,1994,565-568.

[6] S.S.CHANG,Y.J.CHO,S.M.KANG AND J.X.FAN,common fixed

point theorems for multi-uatued mappings in menger PM-Spaces,
Math. Japonica,40,No. 2(1994),289-293,



