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1 PRELIMINARIES

Throughout this paper,let (E, | ¢« || ) be a Banach space, D C E,C(E)
be collection of all non-empty compact subsets of E,R = (— oo, 4+ o0),Z*
be the set of all positive integers,a mapping A; D— [ 0,1 ] is called a fuzzy sub-
set over D ,we denote by & (D) the family of all fuzzy subsets over D ,a map-
ping F.D — 5 (D) is called fuzzy mapping over D ,let A € (D) a € [0,
1], set A, = {z|A(z) = a,z € D} is called the a-cut set of 4.

DEFINITION 1. 1. Let {Fx:D— & (D) }£= be a sequence of fuzzy
mappings,if there exsits a sequence of functions {Ox(z) ;D — (0,1]}£= such
that for all z € D, (Fx2)oy € C(E) (K = 1,2,), then we say that
{Fx} &2 for {Ok (2) } 2 satisfies the condition (A4) .

Throughout this paper we denote (Fx2)o ) by Fxz set,i. e., Fxz =
(Fxx)o s for allz € D ,all K € Z7.

DEFINITION 1. 2. Let g.D—> D be a single-valued mapping, {Fx:D
— F (D) }{£2] be a sequence of fuzzy mappings,if there exsits a sequence of
functions {Ox(z) :D — (0, 1]}#=, such that {Fx}#> satisfies the condition
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(B) : for any K,L € Z*,z,y € D,Uz € Fxa there exsits Vy € Fry such that

Uz —Vy|| <r|g@@ —g@® | ,r€ @O, 1.1
Then we say that {Fx 2 for {Ox(2) } £ be the sequence of g-contractive
type fuzzy mapping. If the sequence of set—valued mappings {Tx:D — 22}
satisfies the condition (B) ,then we say tha {Tx )£, be a sequence of g-con-
tractive type set-valued mappings.

DEFINITION 1. 3. Whenr = 1in (1. 1) of the Definition 1. 2,we
say that {Fg}$Z for {Og(z) } £ be a sequence of g-nonexpansive type fuzzy
mappings.

DEFINITION 1. 4. Let {Fx:D— & (D) }{=] be a sequence of fuzzy

mappings, p € D, (ﬂ Fxp) (p) is called the common fixed degree of p for
K=1

+oo +oo
{Fe}£S . In particular,if ([ Fgp)(p) = mg:lcj(pli’xp) (u) ,then we say
K=1 » =

that { Fx}#=, has the maximun common fixed degree at p, or that p is a com-
mon fixed point of {Fx}£Z) .

2 MAIN RESULTS

THEOREM 2. 1. Let (E, || « || ) be a Banach Space, D & E be a
nonempty weakly closed subset of E,g:D — D be a nonexpansive mapping,
{Fx:D = & (D) }&2 be a sequence of fuzzy mappings. If there exsits a se
quence of functions {Ox(z) ;D — (0,1]}#2) such that {Fx}¥Z, satisfies the
condition (4;) ; {Fx}#Z for {Ox(z) } = satisfies the condition (A4) and be a
sequence of g-contractive type fuzzy mappings,then there exsits p € D such

that the common fixed degree of pfor {Fx } = = rmn{OK (z)} . In particular,
if {Fg}iZ for {Ox(z) = maxFKa:(u)}+ A sat1sf1es the condition (4;), then

there exsists p € D,p be a common fixed point of {Fx}#2’ .
PROOF. By assumption, {Fx}£Z for {Ox(2) } £ satisfies the condition
(4) and be a sequence of g-contractive type fuzzy mappings, g:D — D be a
nonexpansive mapping,for any z, € D,Fz, € C(E), for any z, € F iz, there
exsits z; € F,z; such that,
l2; =z || <rllgla) —gGd | <rlla—2].
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for z, € F,z, there exsits z3 € Fyz, such that
fas —a || <rllg@) —g@) | <rlz—mn I -
Taking this procedure repeatedly , we can obtain a sequence {zy} < D such that

Iy41 6 Flv+1IN moreover

|l zver —an || < gCan) — y(z'n—x) | <7llay — 2z || .

“ IN+1 — Iy “ < ” ZN — Zy-) " """ < " I — %o " & (0,1).
| Zven — v || < 2 | Zwsx — Zvax—1 | < E"N+K_l | 21 — 2o ||
K=1 K=1

-
<1_Jm—mﬂ vV Mezt

it is easy to see that {zy) is a cauchy sequence in D. By (E, | + || ) is a Ba-

nach space,there exsits € E such thatp = limzn » by D is a nonempty weakly
closed subset of ¥, }vl_l'flfz = p implies w- lnm:N = p, therefore p € D.

Next,we prove that p € Fup (M = 1,2,+++) , for any M € Z* ,by z»
€ Fyzy_; ,there exsits vy € Fypsuch that;

lzy —on | <7l gGw-1) —g@ | <rllav-s— 2l
therefore || zy — vy || = 0 (W —>+ o0), thus

ox =2l < llow—av || + 2w — 2l >0 (N—>+ o)
i. e. limoy = p ,moteover vy € Fup € C(E), we have p € Fup = (Fup)o,»

N—>oco

By p € (Fup)o,» We have Fup(p) = Ou(p) 25131{01!:(1’) yMM=1,2,

oo
«++), therefore ( ) Fxp) (p) = minFxp(p) == min{Ox(p) } , i. e. the common
K=] K21 k=1
fixed degree of p for {Fx}fa = m}in{ox(p)}. In particular, if {Fg}#=) for
K21

{Og(z) = maxFKx(u) } £, satisfies the condition (4,), we have (ITFKP) (»
=00
= min {Ox (P)} = min{maXFKP(u)} > mianP(u) = ( n Fx?) (u) (for any
K21 K21 ve v k=1 K=1
“+ o0 <+ 00 “+-00
u € D),thus (Qlﬁ’xp) (» = mga’ﬁ(ﬂf"p) (u) = (IQ.F”') (p), therefore

+oo +o0
(N Fxp) (p) = max( ) Fxp) (&) ,i.e. pbe a common fixed point of {Fx}¥=
K=1 u €D K=1

COROLLARY 2. 2. Let(E,| ¢ ||), D,g:D—> D satisfy the condi-
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tions of Theorem 2. 1,let {Tx;D — 2°}#Z, be a sequence of set-valued map-
pings. If {Tx.D— 2°}#> be a sequence of g-contractive type set-valued map-
pings, moreover for any z € D,Txz € C(E) (K = 1,2,+++), then there exsits

+o0
p € D,p € (Txkp, i. e. pbe a common fixed point of {T'x}%Z: -
K=1 .

THEOREM 2. 3. Let (B, | < || ) be a Banach space whick satisfies
opial’s condition ([3],[4]), D be a nonempty weakly closed star-shaped sub-
set of £, M be a weakly compact subset of E,g:D— Dbe a nonexpansive map-
ping, {Fx:D—F (D) }#=3 be a sequence of fuzzy mappings. If there exists a
sequence of functions {Ox(z) ;D — (0,1]}#= such that {Fg}xZ) satisfies the
condition (4;) ; { Fx } £ for {Ox (z) } £ satisfies the condition (4) and be a se-
quence of g-nonexpansive type fuzzy mappings,for any z € D,F s M.

Then there exists p € D ,the common fixed degree of p for {(Fx}2 =
Km;r}{OK (p)}. In particular,if {Fx}%2) for {Ok(2) = maxFKx(u) } £33 satisfies

the condition (4;) ,then {Fx}%= has a common f1xed pomt PinD .
PROOF. Letty € (0,1) (N=1,2,+),liméy = 1,2, be the star-centre
N—»oo

of D ,for each N >> 1 ,define the set-valued mapping T%:D — 2°(K = 1,2,

«+) by setting

Tz = tyFxz + (1 — ty)zo = {tyu + (1 — tN)xolu € Frz),z €D
for any z € D ,by Fxz € C(E) ,therefore Txz € C(E), for any K, L € z"
,any z,y € D ,any UY € Tz, there exists Uz € Fxaz such that Uz = tyUz +
(1 — ty)ze, by {Fx)}: be a sequence of g-nonexpansive type fuzzy map-
pings , therefore there exists Vy € Fuy such that || Uz — Vy || < | gCa) —
g || thus V¥y = tyVy + (1 — ty)ze € Tiy satisfies

N0z — V| =ty Uz —Vy || <tvll 9@ — 9@ |l tv € (0,1
which implies that {T% } = be a sequence of g-contractive type set-valued map-

400
pings, by corollary 2. 2 there exists py € [ Tkpn, i-€. pv € Tiww S D (K=
K=1

1,2,%). Let py = tyuy + (1 —ty)ae, uy € 74"]“," € C(B) (K= 1,2,°04),
oy — uy = (1 —ty) (@ — Uy) ,since {un} C_:_EPN_C_M,{uN} is bounded, {zo
— Uy} is bounded, therefore py — uy —> 0 (N —>-+ 00), let gv = pv — un Py
— gy = uy € Fipy & M, M is a weakly compact subset ,therefore there exists
{Pu — qu} & {Py —gv} such thatu)—m(P,—q,) —=PE M, by gu—0(M

— 4 co) we have w- limPy = P € D.

Moo
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Next we prove that forany L € Z*,p € Frp. In fact,forany M >1 ,
by pu — qu = uy € Fxp,, and {Fx}ZZ, be a sequence of g-nonexpansive type
fuzzy mappings,there exists vy € Frpsuch that || uy — ou || < || 9(pu) —
g | < [l pw—p| , therefore || pu — (gu +2a) || << || pw — 2 || 5 since
vu € Frp € C(E), therefore there exists {vs} & {vx} such that limvs = v €

S—»c0

Fip, thus gs + vs— v(S—>+ c0), we haveliminf || ps — v | <liminf | ps
8 8

— p || . Sine w-limps = p ,by opial’s condition ,we have p = » € F.p (for any
8—»c0 )

j € Z* ) ,therefore p € :rif’,,p. Byp € Frp (L=1,2,+), the same as proof
of 2. 1,we obtain the conclusion of Theorem 2. 3.

COROLLARY 2. 4. Let (&, || + | ),D,9:D—>D, M satisfy the condi-
tions of Theorem 2. 3. If {Tx:D — 2P}}, satisfies the condition (4;) : for
any z € D,Txx € C(E), moreover {Tx}#= be a sequence of g-nonexpansive
type set-valued mappings,then {Tx}#< has a common fixed point in D .

REMARK 2. 5. The main results of [4,5] are the special cases of

Corollary 2. 4,the main results of [2,3] are the special cases of Theorem 2.
3.
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