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1 Homomorphisms of fuzzy rings

In this pater,R denotes a ring, L,L, and L, are all complete
distributive lattice with 0 and . An L-fuzzy subset of R is a function
A:R—L. Let L[X] denote the set of whole L-fuzzy subsets of X.

Definiion 1.1 The L-fuzzy subset A of ring R is called an L-fuzzy
subring of R, if for any x,y€R,the following requiements are met:
(D AE-Y) ZANAW,
D AN ZAAAY).
If the condition (2) is replaced by A(xy) =A(X) VA(y), then A is called
an L-fuzzy ideal of R.

Let FL®) denote the set of whole L-fuzzy subrings of R.

Definiion 1.2 Let R, and R, be two rings, A€FL, ®,),B€FL,R.),an
F-homomorphism of A into B is a mapping pair (f, 1) which satisfies;

(1) f:Ry,—R, is a homomorphism of rings,

() t:L,—L, holds arbitrary intersection and union properties,and
1 () €l
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() AS17'o Bo I, where 1! is defined by:

171 (a) = V{B:1(B)<a,BEL) for any a €L,.
Definiton 1.3 Let R, and R, be two rings, A€FL, R,), BEFL, Rz), an
FQ-homomorphism of A into B is a mapping pair (f, 1) which satisfies:

() f:R,-R, is a homomorphism of rings,

(@ 1:L;—L, holds arbitrary intersection and union properties,and
T (D) €Lz,

(» A=1"'5 Bo f, where ©-! is defined by:

171 (a) = V{B:1 (B)<a,BE€L} for any a €L,.
Theorem 1.4 Let (f, 1) €Hom(A,B), (g,%) €Hom(B,C). Define "o " by
@P)o (f,1) = Go f,90 1)

then (o f, %o 1) €Hom(A,C) and " , " satisfies associative law where
AEFL, R1),BEFL, R2),C €FLs®>),R,,R, and Ry are rings.
Proof. [t is quite evident that g, f is a homomorphism of rings and
¢o 1 holds arbitrary intersection and union properties. By Theorem ].1
of [1], we have ($o T)~'= 1~ $-!, Thus

AT e Bo <t 9% Cago f = (Yo 1)1 Co (g 1),
That is, (g,%). (f, 1) €EHom(A,C).

Obviously, the associative law holds.

For FQ-homomorphism,we have the property which similar to Theorem |.4.
Propositon 1.5 Let BEFL,(R.),A€L,[R,]. If mapping pair f, 1)
satisfies condition in Definition 1.3, then 1! holds the arbitrary
intersection and union properties and AEFL, R)).

Proof. By the Proposition 1.1 in [1],we have that ©-! holds the arbitrary
intersection and union properties. /

Morever,since A=1 !, B, f and BEFL, @®,),s0

A(X1=X2) = (1 7' Bo ) (X;-X2)

= (17 B (&) - (x2)
21 BE D) ABUE x2))
= (170 Bo D XDIA(T"% Bo ) (x2)
for any x,,x; €R,, _
Similarly, we have A(X;X2) =A(x:) AA(Xz), so, AEFL, ®,).
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Propositon 1.6 Let A€FL, R,), (f, 1) satisfies condition (1) and (2)
in Definition 1.3,if BEL2[R,] is defined by

By) = V{1 (A®):x€L-1(y)}  for all y€R,
then BEFL, (R;) and t1~'c Bo f = A, we assume that the supremum of
empty set is 0.
Proof. Let y;,y2€R,. If B(y,)=0 or B(y,)=0, we have
B(yi-y2) =B (y,) AB(y2),otherwise
= y0#é,and I )F ¢, so £~ (y;-y2)F ¢. Consequently,
BUyi-y2) = V{1 AW):x€1 (y,-y2)}
2V {1 A -X2)) 1y, =1 (%)), ¥221 (X2)}
ZV{t AXDAT AXD):y,=f 1), y22T (X2)}
= VIt A& Y=t DAV (T (X)) 1¥251 (2))
= By ABG2).
Similarly, we have

Byiy2) = By AB@2)

So, BEFL,Ry).
Besides, for any x; €R,,we have
T7% B8 0 = (17 DUA®) = 177 (V{1 Q) T®={x)})
Z17'(1AKD)) = V{B: 1 (B)<S<T(AKX)), BELI=AM.
Therefore 1!, Bo f=A.

2. Category of fuzzy rings and its subcategories

Definion 2.1 Category of fuzzy rings FR is defined by:

(1) Its objects are objFR={A€FL®):L is an arbitrary lattice, R is
an arbitrary ring},

(2) For any A, B€objFR, the arrows from A into B is
Hom(A,B)={(f, ©): (f, ©) satisfies conditions (1)-(3) in Definition 1.2}

(3 Let (f, ) €Hom(A,B), (9,%) €Hom@,C), the product (g,%)o (I, 1)
is defined by Theorem 1.4.

Evidently,the Definition 2.1 is reasonable.
Here our definition of category is in keeping with [4],that s, we
give up conditions if A#A" or B#B" , then Hom(A,B) NHom(A" ,B” )=4.
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Definiton 2.2 The categories FRL,F[R” ],FRL[1], FR,,FRQ,FRQL,FQ[R" ],

FRQL[ < 1,FRQy are defined by

(1) ObjFRL={A€FL®):L is an arbitrary lattice,R is a fixed ring}
the arrows are all F-homomorphisms,

@ O0bjF[R™ J={A€FLQ®" ):L is an arbitrary lattice,R” is a fixed ring}
the arrows are all F-homomorphisms,

(3 ObjFRL[t]1=0bjFRL, the arrows are all F-homomorphisms (f, 1),
where 1 is a fixed mapping,

4) FRo = FRa, o,

(5 ObjFRQ={A€FL(®):R is an arbitrary ring,L is an arbitrary lattice},
the arrows are all F-homomorphisms,

(6) ObjFRQL = ObjFRL,the arrows are all FQ-homomorphisms,

() ObjFRA[R" 1 = ObjF[R" 1,the arrows are all FQ-homomorphisms,

(8 ObjFRQL{t] = ObjFRL[t],the arrows are all FQ-homomorphisms
(f,t),where 1 is a fixed mapping,

(@) FRQ, = FRQ ¢y, 0y

The following Proposition 2.3 is the consequence of Definition 2.2 .
Propositon 2.3 (1) FRL and FR[R" ] are full subcategory of FR,

(2> FRQL and FQ[R™ ] are full subcategory of FRQ.

Let A,B€0bjFRQ and

Homg (A, B)={(f, 1); (f, 1) satisfies conditions (1)-(3) in Definition 1.3}

Then we have the following Theorem 2.4.
Theorem 2.4 Let L={0,1}, A€FLQR,),BE€FL®R,),then the arrows set of
FRQL = FRQ, satisfies

(1) If A#R,,then Homq(A,B)=¢ or
Homg (A,B)={(f, 1): { is a homomorphism of modules, 1 =ir,A=B. {},where
iy is an unit mapping on L.

() If there is (f,0) €Hom(A,B), then A=R,.
Proof. It is similar to Theorem 2.1 of [1], and hence ommitted.

Theorem 2.5 Let L={0,1},then ordinary ring category and calegory FRQ,
are isomorphic.

Proof. It is easy, and hence ommitted.
Theorem 2.6 FRL[1] is a subcategory of FRL,but is not a full
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subcategbry of FRL.
Proof. It is similar to the proof of Theorem 2.3 in [I] and hence
ommitted.
Theorem 2.7 Let L, and L, be isomorphic lattices, R, and R, be two
isomorphic rings, then

(1) FRL, and FRL, are isomorphic categories.

(2) FRQL, and FRQL, are isomorphic categories.

(3 F[R,] and F[R,] are isomorphic categories.

@ FQ[R,] and FQ[R.] are isomorphic categories.
Proof. (1) Let a:L,—L, is an isomorphism of lattices, then @o @-' =
ir and a7!s a=ip . Dfine functor 0 :FRL,—>FRL,, such that 8 (A) =0, A,
8 (f,1)=(f,00 1o 8-1), for all A,B €0bj FRL), (f, 1) €Hom(A,B).
Similar to Theorem 2.4 of [1], we can prove O to be a isomorphic map
from FRL, to FRL..
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