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Abstract: The purpose of this paper is to investigate several types
of separation axioms in intuitionistic fuzzy topological spaces,
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1. Introduction

After the introduction of the concept of a fuzzy set by Zadeh
[17], Atanassov {2,3] has introduced the concept of intuitionistic
fuzzy set (IFS for short). Coker [5,8] has defined intuitionistic
fuzzy topological spaces (IFTS s for short).

2. Preliminaries

For the purpose of completeness, we shall give some introductory
definitions first:

Definition 2.1, [2,3] Let X be a nonempty fixed set. An
intuitionistic fuzzy set (IFS for short) A is an object having the

form
A={ <x,uA(x),7‘A(x)> : x€X )

where the functions Hp ot X+ I and ¥t X —+ I denote the degree of
membership ( namely u A(x) ) and the degree of nopmembership ( namely
)/A(x) ) of each element x=X to the set A, respectively, and
0= uA(x)Jr;VA(x)Sl for each x=X. For the sake of simplicity, we shall
use the symbol A:«:x,uA,;vA> for the IFS A:{<x,,uA(x),;vA(x)>: x=X}.
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Every fuzzy set A on a nonempty set X is obviously an IFS having
the form A={ <x,uA(x),1~uA(x)> : xeX } [3].

Definition 2.2, [3,5,8] Let X be a nonempty set, and the IFS s A and
B be in the form A={<x,uA(x),}-’A(x)>:xeX}, B:{{x,uB(x),r'B(x)>:xeX},

and let {Ai:ieJ} be an arbitrary family of IFS°s in X. Then

(a) A=B iff uA(x)a‘uB(x) and yA(x)ZYB(x) for all x=X ;
(b) A=B iff A<B and B<A
(c) A={ K7 pA(X), 1, (X)> 1 xEX T 5

(e) UAi={ <x,VuAi(X),AYAi(x)> : xeX }o;

(f) 0={ <x,0,1> : x=X } and 1={ <x,1,0> : x=X }.

Using the definition of fuzzy topological spaces given by Chang
[4], intuitionistic fuzzy topological spaces can be defined as

follows:

Definition 2.3, [5,8] An intuitionistic fuzzy topology (IFT for
short) on a nonempty set X is a family v of IFS s in X containing O,
le7, and closed under finite infima and arbitrary suprema. In this
case the pair (X,7) is called an intuitionistic fuzzy topological
space (IFTS for short) and any IFS in T 1is known as an

intuitionistic fuzzy open set (IFOS for short) in X. The complement

A of an IFOS A in an IFTS (X,7) is cal‘led an intuitionistic fuzzy
closed set (IFCS for short) in X.

Example 2 .4. [5,6] Any fuzzy topological space (X,To) in the sense
of Chang is obviously an IFTS in the form v={A:u AeTo} whenever we
identify a fuzzy set in X whose membership function is u A with its
counterpart A:{<x,uA(x) . 1——uA(x)>:xe X}.

Definition 2.5, [5,6] Let Abe an IFS in (X, 7). Then
cl(A)=MN{K : K is an IFCS in X and A<K},
int(A)=U{G : G is an IFOS in X and G<A}.
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Definition 2.6, [7] Let X be a nonemptyset and ceX a fixed element
in X. If «=(0,1] and r3<[0,1) are two real numbers such that
«+3=1, then

(a) clex,f3)=<x,¢c ,1—c1_3> is called an intuitionistic fuzzy point
(IFP for short) in X, where « denotes the degree of membership of
c(ax,3), 3 the degree of nonmembership of c(«x,i3).

(b) c(f?):x’x,O,l—‘cl__,? >is called a vanishing intuitionistic fuzzy
point (VIFP for short) in X, where 3 denotes the degree of
nonmembership of c(3).

PDefinition 2.7, [7] (a) Let ¢(«,R3) be an IFP in X. and A=<x,;uA,}’A>
an IFS in X. c{«,3)<A is said to be contained in A, (c(«,3)<A for
short) iff c(x,n’)<A. [In other words, c(«o,f3)<A iff Co < My and‘
1-01__BZ ¥p» Or equivalently, cxﬁpA(c) and I?ZYA(C).]

(b) Let c¢(3) be a VIFP in X and A:<x,uA,;vA> an IFS in X. c(3) is
said to be contained in A (c¢c(?)=A for short) Iiff pA(c)zo and
1—01_1?2;/[\, or equivalently, ;uA(c)zo and BZYA(C).)

FProducts of intuitionistic fuszy topological spaces
Let (X,7) and (Y,3) be two IFTS"s, and Ae X, Bel'. Then the
product of A and B is defined b as in [3] by
AXB = { (%), 4 (X)~up(¥), ¥ (X)v e p(y)> 1 (x,y)eXxY }

Now we can construct the product topology on XxY as the initial TIFT
on XxY with respect to the projections
Tyt XxY - X, nl(x,y):x and Ty xYy - Y, nz(x,y)zy.

In this case, the subbase of the product IFT is given by

— -1 K —1 -
F={n (T, 7, (Tz) : TyeT, T2€§ 1.
Hence the base generated by & can be written as

— g -1 -1 -
R = Ty (Tl)r‘ln2 (Tz) : T,et, T,€® }.

1 2

Since

-1 -1 _ ) -

we easily obtain B = { Tlez : T,et, T.€e® }.

1 2

Definition &.8. Given the nonempty set X, we define the diagonal A
as the following IFS in XxX:
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A = < (Xlgxz): ‘uA(xl’XZ)’ }/ﬁ(xl’xz) 2,
where

1, if x,=x 0, if x,=
“A(Xl’x‘z):{ R } and }'A(xl,xo):{ 17752 } .
0, 1if x#x, - 1, if x#x,

3. T1 _and T., properties in IFTS’s

2

First, we introduce the concept of intuitionistic fuzzy pair:

Definition 3.1_ [8] Let a and b be two real numbers in [0,1]
satisfying the inequality a+b=<1. Then the pair <a,b> is called an
intuitionistic fuzzy pair.

Definition 3.2. [8] Let <a,b>, <a1,b1>, L8y Dn>, <ai,bi> (ied) be
A “

intuitionistic fuzzy pairs. Then we define

(a) <a1,b1>:;<a2,b2> == alsaz and blzbz .

(b) <a1 ,b1>:<82,b2> = 31:62 and b1:b2 s

: <a.,b,>=<Va, > ca. ,b.>=¢< >
(c¢) Vv al,b1 Val,/\bl and Axal,bl Aai’Vb1>’

(d) <a,b>=<b,a> ( the complement of <a,b> ) ;

(e) 1 =<1,0> and 0 = <0,1> .
Now we shall first define several fuzzy T1—~separation axioms:

Definition 3.3, Let (X,7) be an IFTS.

(1): (X,7) is called FTl(i) iff (a) for each pair of distinct IFP’s
x(x,R) and y(&,n) in X, there exist U;Ve T such that x(«,3)<=U,
v(&,n)¢U and v(&,n)=sV, x(o,B3)2V .

[ cf. Srivastava-Lal-Srivastava [15] 1]
(b) for each pair of distinct VIFP's x(f) and y(n) in X,
there exist U,Vet such that x(/3)<U, y(»)&U and y(n)sV, x(3)£V.

(2): (X,T) is called FTl(ii) iff for all x,yeX, x*y, there exist
U,Vet such that U(x)=1, U(y)=0 and V(y)=1, V(x)=0 .
[ cf. Srivastava-Lal-Srivastava [16] ]

(3): (X,7) is called FTl(iii) iff (a) for each pair of distinct IFP’s
x(o,B) and y(€ ,7) in X, there exist U,Vet such that

x(a,B)sUsy(€,n) and y(&,n)sVex(«,3)
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[ cf. Ghanim-Kerre-Mashhour [11] J
(b) foar each pair of distinct VIFP's x(f3) and y(wn) in X,

there exist U,Vet such that x(p3)sUsy(n) and y(n)sVsx(3) .
(4): (X, 7) is called FTl(iv) iff (a) for each pair of distinct IFP’'s
x{x,3) and y(&,n) in X, thereexist U,Ve 71 such that x{«,l3)sU,
UMy (€,7m)=0 (i.e. U(y)=0 ) and y(&,n)I<V, VNx(o,3)=0 (i.e.
V(x)=0 )
[ cf. Fara [?] 3]
(b) for each pair of distinct VIFP's x(/3) and y(n) 1in Xy

there exist U,Ve 7 such that x(3)sU, U(y)=0 and y(n)<V, V(x)=0 .
(%) (X, 7) is called FTl(v) iff (a) for each pair of distinct IFP’'s

x{(x,f3) and y(¥,n) in X, there exist U,VeT such that U(y)=0~
and V(x)=0~ .
[ cf. Katsaras [12] ]

{b) for each pair of distinct VIFP's «x(f) and y(¥) 1in X,

~

there exist U,Ve v such that U(y)=0 and V(x)}=0 .

(6): (X,T) is called FTl(vi) & for all x,yeX, x#y, there exist
U,VeT such that U(x)>U(y) and V(y)}>V(x)}.
[ cf. ALL [1] ]

Theorem 3.4. Let (X, t) be an IFT5, Then the following implications
are valid:

FTl(ii) &> FTl(iii) 5

FTl(ii) == FTl(i) H

FTl(iv) = FTl(ii) 3

FTl(iv) &= FTl(v) 5

FTl(ii) =y FTl(vi)
Proof . (FTl(ii) = FTl(iii)): (a) Let x({x,3) and y(¥,7n) be two
distinct IFP‘s in X. Then there exist U,Vet such that U(x)=1,
U{y)=0 and V(y)=1, V(x)=0 . Then we have a_51=;xu (%), [32:O=}/U(x) and
H(Y)=0Sn, ¥ (y)=12 . Ttis clear that x(x,R3)sUsy(€,7n). The other
part can be shown similarly.

(b) Let x(f3), y(mn) be two distinct VIFP’'s in X. Then there exist

U,Ver such that U(x)=1, U(y)=0 and V(y)=1, V(x)=0 . For z#x,
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Osuu(z), lz'yu(z) and for z=x, Oi,uu(x), f??;yu(x)=0. Then we have
x(B)=<z,0,1—x1_ﬁ>§U. For z#y, pU(z)sl, ;/U(z):-zO and for 1=y,
O=p (y) M, ¥ (y)20. Then we have U£<z,1~y1_n,0>=ﬁ7)—)—. Thus we
conclude that x(B3)YsU<sy( ), and similarly, y(n)sVsx(3).

(FTl(iii) = FTl(ii)): (a) Let x#y and consider the IFP’'s x(1,0)
and y(1,0) in X. Then there exist U,Vet such that x(l,O)s;UEm
and y(1,0)€V<x(1,0). The inclusions x(1,0)<U and y(1,0)sV  imply
U(x)=1~ and U(y)=1~. On the other hand, U(x)Q"y—(T—,_f)—)-=<z,1—y1,y1>
implies that, for z=y , yU(z)s_;l, ;fU(z)zO and for z=y, ,uU(y)=0$n,

N

;y'U(y)zO. Then we have U(y)=0 . It <can be shown similarly that
V(x)=0 .

(b) Let x#y, and consider the VIFP's x(0) and y(0) in X. Then

there exist U,Ve T such that x(0)<U<y(0) and y(0)<V<x(0), from which
U(x)=1, U(y)=0 and V(y)=1, V(x)=0 follow.

(FTl(ii)=>FT1(i)): (a) Let x#y, and «x(o,3), y(&,n) be two
distinct IFP's in X. Then there exist U,Vet such that

a4

'U(x)=1~,U(y)=0~ and V(y)=1 , V(x)=0~. Then we have <a,f3>sl~=U(x),
x(a, 3)<U and <E,n>slm=\1(y), y(€,n)EV. U(y)=0~==¢» ,uu(y)=0, yu(y)=1
=% y(&,n)&U. U(x)=0~ implies that uv(x)=0, yv(x)=1,b and then
x{x,{3)£V follows. Hence FTl(i) is true.

(b) Let x(f3), y(7) be two distinct VIFP's in X. Then there exist
U,VeT such that U(x)=1~, U(y)=0m and U(y)=1~, V(x)=0~. For z#x,
Oﬁpu(z), lzyu(z) and for z=x, pu(x)=1, {?zgfu(x)=0. Then we have

<z,0,1-x ><U. On the ather hand, for z#y, OSuU(z), 12yU(z) and for

1-3
=Yy, O=,uu(y)', yU(y)=1. But n?.ru(y)=1 does not hold, since 1<l. Hence
<z,0,1—y1_n>=y(n)¢.u. y(n)sV and x({3)£V can be proved similarly. B

(FTl(iv) &= FTl(ii)),(FTl(iv) = FTl(v)) and (FTl(ii) =>FT1(viJ):

They are obvious. R
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Counterexample 3.5. Let X={a,b} and define the IFS’'s U,V as follows:
U=< x, (0.5,0.4), (0.3,0.4) >,
V=< x, (0.2,0.3), (0.7,0.6) >.

The family 7={Q,1,U,V,Uunv,uuvy is an IFT on X. It is clear that
(X, T) is FTl(vi), but it is not FTl(ii). Because there are not
IF0S5°s in (X, 1) which has the properties U(x)=1 , U(y)=0 and

Viy)=1 , V(x)=0 .

Definition 3.6. Let (X, 7} be an IFTS.
{(1): (X,T) is called FTz(i) iff for all x,yeX, x#y, there exist

U,Ve Tt such that U(x)=1N, V(y)=1N and UMv=Q .
[ cf. Gantner-Steinlage-Warren [10] 1]

(2): (X,7) is called FTz(ii) iff (a) for each pair of distinct
IFP s x(ax,3)Yand y(€,n) inX, A U,VeT : x(x,3)<U, y( &, 7)<V and

unv=o0o .
[ cf. Srivastava-Lal-Srivastava [14] ]

(b) for each pair of distinct VIFP’'s x(f3) and y(%m) 1in X,
there exist U,VeT such that x(3)<U, y(n)<V and UNV=Q .
(3): (X, T) is called FTZ(iii) iff for all x,yeX, x#y, there exist
U,Vet such that U(x);éo’: V(y);.':ON and UNV=Q .

[ cf. Katsaras [12] 1]
(4): (X, T) is called FTz(iv) iff {(a) for each pair of distinct

IFP’s x(&x,f3) and y(€,n) in X, there exist U,Ver such that
x(ox,3)SUSY(E, 1), Y(E,n)SVex(x,3) and UV .
[ cf. Ghanim-Kerre-Mashhour [11] ]
(b) for each pair aof distinct VIFP's x(f3) and y(%) in X,
there exist U,Ve T such that x(B)sUsy (), y(n)SVex(3) and UsV .
(9): (X,7T) is called FT2(v) iff for all x,yeX, xzy, there exist
U,Ve T such that U(x)=1N= V(y)., U(y)=0~=V(x) and UV .

[ ¢cf. Srivastava-ali [13] ]
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(6): (X,7T) is called FTZ(vi) iff A is an IFCS in the product IFTS

(XXX, Ty o)

Theorem 3.7. Lgt (X, T) be an IFTS. Then the following implications

are valid:
FTZ(i) = FTZ(V)

FTZ(i) = FTZ(ii) == FTz(iii)
FTZ(iv) > FT,L,'(v)
FTz(i) == FTB(vi)
Proof. (FTz(i) = FTZ(V)): This inclusion is obvious.

(FTZ(i) = FTz(ii)): (a) Let x(x,/3) and y(&¢,7n) be two distinct
IFP's in X. Then there exist U,VeT such that U(x)=1~, \)(y)=1~ and
Umv=90. Then we have <o<,(?>g.1~=U(x), &€, 77>51N=V(y), and hence x (o, 3)<U
and y( &, n)<V follow. Other properties can be shown similarly.

(b) Let x(f3) and y(7) be two distinct VIFP's in X. Then there
exist U,Ve T such that U(x)=1~, V(y)=1~ and UNV=0. We have for z#~x
Os‘.,uU(z), lzyu(z) and for z=x, Ospu(x), [’s‘zyu(x)=0. Hence we obtain

x(B)=<z,0,1—x1_B>§.U and, similarly, )’(T))=<Z;°,1‘)’1_.n>§\’-

(FTz(ii) => FTz(iii)): Let x(w,f3) and y(&,n) be two distinct IFP’s
in X. Then thereexistU,Ve 1 such that x{x,3)<U, y( &, 1)<V and UNV=Q.

From the first inclusion we get <x,3><U(x), where x#0, 3#1, and from

the other inclusion we get <¥,9n><V(y), where ¥ #0, n#*1. Thus we have
U(x);tON, V(y):—'ON. Other properties can be shown similarly.

(FTz(iv) = FTZ(V)): Let x,yeX, x#y. We consider the IFP's x(1,0) "
and y(1,0). Then there exist U,Vet such that «x(1,0)sUsy(1,0),
y(1,0)€V<x(1,0) and U<V. From these inclusions we  obtain
<1,00sU(x)=<1,0>, <1,0>sV(y)s<l,0> and <0,1>sU(y)<=<0,1>,

<0,1>€V(x)<<0,1>. Thus U(x)=1 =V(y), U(y)=0 =V(x) and UsV follow
directly.

(FTZ(V) = FTZ(iv)): (a) Let x(x,f3) and y(¥,n) be two distinct

IFP's in X. By our hypothesis, there exist U,VeT such that
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U(x)=1 =V(y), U(y)=0 =V(x) and U<V. Then aslzuu(x), BzO=}/U(x),
Esl=pyly), n20=p,(y) and p,(y)=0=n, r,(y)=lzf, p,(x)=0<s3,
rytx=lza, hence x(a,B)ssUSy(€,7m), y(&,nm<sVsx(a,B3) and UsV

follow, as tequired.

{b) Let x(3), y(n) be two distinct VIFP's in X. Since x#y, there
exist U,Uet such that U(x)=1~=V(y), U(y)=ON=V(x) and U€V. We have
for z#x, Oqu(z), 12}/U(z) and for z=x Og,uu(x), Bzyu(x)=0. Hence we
get x(B)=<z,0,1—x1_ﬂ>s;U. For z#y, ,uU(z)-sl, ;/U(z)zo and for z=y,
0=p (y)sm, ¥ ly)=0. VThen u§<z,1--y1_n,o>-=;7“(7,_), x(3)=U=y(n) and,
similarly, y(mn)eVsx(3) follow.

(FTz(i) = FTz(iv)): [Motice that FTZ(iv) FEEEN FTz(v)] Since UNV=9Q

== U<V, this implication is obvious.

(FTZ(“ = FT_(vi)): First of all, we may write down
AN=(UC (2,000, 3) () (e, B)YSANUUL (x,y)(B) 1(x,y)(BY<AY).

Now let (x,y)(a,f?):sz{. But this means that 0<o<£g.z—i;(x,y)=yA(x,y)=1 =N

~

xy. Hence, there exist U,Ve 1 such that U(x)=1 , V(y)=1 and UNV=Q,
from which we obtain (x,y)(x,3) < UxV < A. Similarly, if

(x,y)(3)<A, then fraon ll'ﬂzy‘l&(x,yhuﬁ(x,y):o, we get xzy. Hence,

there exist U,Ve T such that U(x)=1 , V(y)}=1 and UNV=0, from which
we again obtain (x,y)(R3) < UxV < A. Therefore A is an IF0S in XxX,

in other words, A is an IFCS in XxX =» (X,7) is FTz(vi). ]

Couterexample 3.8. Let X={a,b} and we consider IFS's U,V as follows:
U=< x, (0.4, 0.0), (0.1, 1.0) >,
v=< x, (0.0, 0.3), (1.0, 0.2) >.

The family T={(3‘,'1\',U,V,UUV} is an IFT on X. Then (X, T) is FTZ(iii),

but not FTZ(ii). This is because for «=0.9, 3=0.4 and ¥=0.35, 9=0.3,

the property (a) of FTz(ii) does not hold.
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Counterexample 3.9. Let X={a,b,c} and define the IFS's A,B,C,D,E,F

as follows:

A=< x, (1.0, 0.0, 0.1), (0.0, 1.0, 0.4) >,
B=< x, (1.0, 0.4, 0.0), (0.0, 0.5, 1.0) >,
C=< x, (0.0, 1.0, 0.3), (1.0, 0.0, 0.2) >,
D=< x, (0.0, 0.3, 1.0), (1.0, 0.6, 0.0) >,
E=< x, (0.3, 0.0, 1.0), (0.2, 1.0, 0.0) >,

F=< x, (0.1, 1.0, 0.0), (0.5, 0.0, 1.0) >.

Let v denote the IFT on X generated by the subbase »={A,B,C,D,E,F}.
Then (X, 7) is FT2(V), but not FT2(i). Indeed, if we consider the
distinct elements a and b in X, and

U=A=< x, (1.0, 0.0, 0.1), (0.0, 1.0, 0.4) >,

v=C=< x, (0.0, 1.0, 0.3), (1.0, 0.0, 0.2} >,

then we have U(a)=1 =V(b), but the condition UMV=Q is not satisfied.

Theorem 3.10. Let (X, v) be an IFTS. Then
FTZ(V) = FT1(11) ,
FT2(1V) = FT1(111) .

Proof . Obvious. B
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