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1. Introduction

The concept of fuzzy set was introduced by Zadeh [13], and later
Chang [4] defined fuzzy topological spaces. These spaces and its
generalizations are later studied by several authors, one of which,
developed by Sostak [13,14], uséd the idea of degree of openness.
This type of generalization of a fts was later rephrased by
Chattopadhyay, Hazra and Samanta in 1992 (3], and by Ramadan in 1992
(123 (cf. [10] also) (He generalized the same idea under the name
of "smooth topological space" wusing lattices in the following
manner: Let L and L' be two lattices which will be copies of [0,1]
and [0,1], respectively. Then, a smooth topological space is a pair
(X, T), where X is a nanempty set and T : L —» L’ is a mapping
satisfying (T1), (T2) and (T3). )

In 1983, Atanassov introduced the concept of "intuitionistic fuzzy
set" [1,2,3]. Using this type of generalized fuzzy set, Coker 6,71

defined "intuitionistic fuzzy topological spaces".

2. Preliminaries

For the sake of completeness, first we give the concept of

intuitionistic fuzzy set defined by Atanassov:
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Definition 2.1. [1,2,3] Let X be a nonempty fixed set. An
intuitionistic fuzzy set (IFS for short) A is an object having the
form
A=( <x,pA(x),yA(x)> : xeX }

where the functions Hp ot X = Iand y : X —» I denote the degree of
membership ( namely ,uA(x) ) and the degree of nonmembership ( namely
yA(x) ) of each element xeX to the set A, respectively, and
OSpA(x)+yA(x)$1 for each xeX.

Definition 2.2. (3,6,7] Let X be a nonempty set, and the IFS‘s A and
B in X be in the form
A={<x,uA(x),yA(x)>:xeX}, B={<x,,uB(x),yB(x)>:xeX} .

Furthermaore, let {A]'..:ieJ} be an arbitrary family of IFS‘s in X.
Then

(a) ASB iff ,uA(x)SyB(x) and yA(x)ZyB(x) for all xeX ;

(b) A=B iff ASB and B<A ;

(c) A=( <x,yA(x),yA(x)> : xeX } ;

(d) nai=c <x,ApA_(x),VyA_(x)> : xeX } 3

i i

(e).UAi={ <x,V,uA (x),AyA (x)}> : xeX 3} ;
i i

(f) [1Aa=( <X,HA(X),1-pA(x)> : xeX} ;
(g) (A=( <X,1-"XA(X),)/A(x)> : xeX) ;
(h) Q=( <x,0,1> : xeX } and 1={ <x,1,0> : xeX 3} .

Here are the basic properties of inclusion and complementation:

Corollary 2.3. [6,'7] Let A, B, C be IFS5‘s in X. Then
(a) ASB and BSC = A<C
(b) ASB and CSD ==» AUCSBUD and AMCSBAD
(c) AisB for each iel] UAisB
(d) BsAi for each i€l &= B;r‘mi

(e) Lmi=r‘mi (f) NA = VA,
(9) ASB «= BghA (h) (A) =A
(i) 1=9 (i) 0=1

Here we define the preimages and images of IFS‘'s under the

function f : X = Y :
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Definition 2.4. (4,7]
(a) If B={<y,ua(y),y3(y)>:er} is an IFS in Y, then the preimage

of B under f, denoted by f—l(B), is the IFS in X defined by
gy = ¢ <x,f'1(p8)(x),f'1(yB)(x)> : xeX 3.

(b) If a={<x,kA(x),9A(x)>:xeX} is an IFS in X, then the image of A
under f, denoted by f(A), is the IFS in Y defined by

f(A) = ¢ <y,f(7\A)()'),f_(r9A)(y)> :yeY },

where f_(GA)?l-f(l-ﬁA).

Corollary 2.5. [4,7] Let A, Ai (ied} be IFS's in X, B, BJ. (jek)
IFS's in Y and f : X = Y a function. Then

1

—1 -
(a) A1QA2 = f(A1)sf(A2) (b) BisB2 = f (Bi)sf_ (Bz)

1 1

(c) f“(UBJ.)=Uf‘ (8) (@) £73nB)=nt" (8)

(e) £ *(By=f"1(B)

3. Fuzzy inclusion in the intuitionistic sense
Given the nonempty set X, we shall denote the family of all IFS°s
in X by the symbol QX. NMow we shall present a supplementary tool,

called "intuitionistic fuzzy pair" which is first introduced in [8]:

Definition 3.1. [8] Let a and b be two real numbers in (0,113
satisfying the inequality a+b<1. Then the pair <a,b> is called an

intuitionistic fuzzy pair.

Let <a1,b1>, <a2,b2> be two intuitionistic fuzzy pairs. Then we

define

(a) <a1,b1>s<az,b2> > a15a2 and blzb2 .

(b) <a1,b1>=<a2,b2> = <a1,b1>$<a2,b2> and <a1,b1>2<a2,b2>.
{c) If ( <ai’bi> i ied } is a family of intuitionistic fuzzy
pairs, then

V<ai,bi>=<Vai,Abi> and A<ai,bi>=</\ai,Vbi> .

Definition 3.2. [8] The complement of an intuitionistic fuzzy pair

<a,b> is the intuitionistic fuzzy pair defined by <a,b>=<b,a> .
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Definition 3.3. ([8] 1~ =<1,0> and 0~ = <0,1> .

Here comes a corollary stating the relations between

intuitionistic fuzzy pairs:

Corollary 3.4. [8]
(1) <a,b>=<c,d> and <c,d><<e, = <a,b>=<<e,> ;
(2) <a,b>s<ci,di> for each ield = <a,b>sA(ci,di> ;
(3) <ci,di>$<a,b> for each ieJd = V<ci,di>$<a,b> ;

(4) <a,b>s3c,d> = <a,b>2<c,d>

(3) V<o ,d3=A% 05 ; (6) Alc;d>=v<c a5 .

Definition 3.5. [8] Let X be a nonempty set. Then the right fuzzy
inclusion, denoted by & s 1is the IFS on 9xx&X defined by
yg(A,B)nnf{ (yavyB)(x) : x&X } and

7§(A,B)=sup{ (pAAyB)(x) : xeX }’,

for each A,Be&x. Here pz(A,B) denotes the degree of inclusion of A

in B, while yg(A,B) denotes the degree of noninclusion of A in B.

It is easy to show that the pair <,u§(A,B),yg(A,B)> is indeed an
intuitionistic fuzzy pair:

Definition 3.6. [8] Far any two IFS’s A,Be&x, the intuitionistic

fuzzy pair <pg:(A,B),yz(ﬁ,B)> will be denoted by [AZB], i.e.

(AZB] = <H§(A;B) (A,B)> .

:Yt

Here we 1list same of the basic properties of right fuzzy
inclusion:

Proposition 3.7. [8] Assume that A,B,C,D are IFS's in X. Then
the following properties haold:

(1) If ASB and C2D, then [AXCI=[B2D] .

(2) (AZBI=[BA] (3) [AUBZCNDIS[AZCIA[BZED]

(4) [AZCIV[BEDI<[ANBECUD] (5) [ANBEQ1=[AXBI=( 1 ZAUB]

(6) If {BL:ieJ}s.Qx, then
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A(AEB.L]=[A§I"IB.L] and A[B,La:AJ=EUB_LﬁA].

Now we present the properties of fuzzy inclusion related to images

and preimages:

Proposition 3.8. [8] Assume that A, B are IFS’s in X and C, D are
IFS's in Y. If f : X = Y is a function, then the following
properties hold:
(1) [AZBI=<[f(A)Zf(B)] . If, furthermore, f is injective, then
[AZBI=[f(A)&Ff(B)].
(2) [cEpI<Cf *(cyzf Yy . If, furthermore, f is surjective, then
[C2DI=Cf *(Crf *(p)1.
(3) At tfANIsCfA)EFA) T, [£71(f(A)) ZAIS[AZAT,
[FCE(CNZECTISIF (CI&EF*(C)], [CEF(F*(C))1<[CCT.
(4) [F(A)ECI=[AZF *(C)] .

(35) If (Ci:teJ}s 5’Y, then
[f(A)§UCt3=[A&Uf'1(CL)] )

(&) If {Ai:teJ}Séx, then
[f(NA.)&C ]=mai&f“(c )1 .

In order to obtain intuitionistic fuzzy topological spaces we need

to define the concept "intuitionistic fuzzy family":

Definition 3.9. [8] An IFS & on the set SJ'X is called an

intuitionistic fuzzy family (IFF for short) on X. In symbols, we

shall denote such an IFF in the form $'=<p3_,,yy> .

Definition 3.10. [B] Let & be an IFF on X. Then the IFF of
complemented IFS°s on X is defined by 3ﬂ=<;{$ﬂ,}ﬂyﬂ>, where

) “y*(ﬁ)z“‘y(m and y\?,*(ﬁ)=}’$.(ﬁ)
for each A $'.

4. Intuitionistic fuzzy topological spaces in Sostak’'s sense
Now we  give the basic definitions and properties of

intuitionistic fuzzy topological spaces in Sostak’'s sense, which is

a generalized form of "fuzzy topological spaces" developed by Sostak

(13,14]. For the sake of brevity, we shall use the following

notation: If T is an IFF on X, then, for any Aea?x, we can construct
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the intuitionistic fuzzy pair <uT(A),yT(A)> s and use the symbol

T(A)=<uT(A),yT(A)> .

Definition 4.1. An intuitionistic fuzzy topology in Sostak’s sense

(So-IFT for short) on a nonempty set X is an IFF T on X satisfying

the following axioms:

~ ~

(T <(0)=1 and T(1)=1 ;

Ae&x;

(T2) ”“1‘%2’ = T(Al) ~ T(Az) for any Al’ 2

(T3) T(UAi) > /\T(Ai) for any {Ai:ieJ}s:9X .

In this case the pair (X,7) 1is called an intuitionistic fuzzy

topological space in Sostak's sense (So-IFTS faor short). For any

Ae\sbx, the number pT(A) is called the openness degree of A, while

yT(A) is called the nonopenness degree of A.

Definition 4.2. Let (X,'z‘l), (X,'rz) be two So-IFTS's on X. Then Ty is

1572) if TI(A)STZ(A) for

each Ae&x. In this case, we also say that T, is coarser than T,y OF

said to be contained in T, (in symbols, T

1'2 is finer than ‘1'1.

Proposition 4.3. Let {Ti:ieJ} be a family of So-IFT's on X. Then the
IFS ATi an .9)( defined by

(ATi)(A)=A{Ti(A) : ied?,
where Ae&x, is a So~IFT on X. Furthermare, A'ri is the coarsest

So-IFT on X containing all ‘ri's.

Definition 4.4. Let (X, T) be a So-IFTS on X. Then the IFF's
(&) 1T , (b)Y O

defined on X by
([]T)(A)=<pT(A),1—uT(A)> and (()T)(A)=<1-yT(A),7T(A)>

are also So-IFT's on X.

Proposition 4.5. If (X, ) is a So0-IFTS on X, then we have

[T < 7 < O7 .

A So-IFTS (X, 7) is, of course, in the sense of Chang. Now we can

obtain the definition of a So-IFTS in the sense of Lowen [11], too:
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Definition 4.6. A So-IFTS in the sense of Lowen is a pair (X,T)
where (X, T) is a So-IFTS and for each IFS in the form

ccx,/?:{ <x,x,3> : xe€X 1},

where o,f3el are arbitrary («+/3<1), we have T(c )=1

&, 3

Definition 4.7. Let (X, T) be a So~IFTS on X. Then the IFF 'z'* of

complemented IFS's on X is defined by T*(A)='r(r:). The number

uT*(A)=pT(g) is called the closedness degree of A, while

yT*(A)=yT(E) is called the nonclosedness degree of A.

Proposition 4.8. The IFF r* on X satisfies the following

properties:

(C1H T*(Q)=1~ and T*($)=1

.
b

X X X X
(C2) =~ (A1UA2) z T (Al) ~ T (Az) for any AI,A269 H

(C3) ‘r*(ﬂéi) = /\T*((-\i) for any {Ai:ieJ}S&X .

If (X,7) 1s a So-IFTS, then for each xe(0,1] and Be[0,1) with

a+f3<1, the family T defined by

= {Ae&x : T(A)=cC

&, f3

T
o, 3 O"ﬁ}

is an IFTS [é1]. T o 3 is called the («,f3)-level IFTS on X, and in
b

this case the family of all intuitionistic fuzzy closed sets in this

IFTS can be written as
»* X *
T ={Ae& : T (A)2C .
o, 8 20,8’

Now one can obtain the closure and interior operators in the IFTS

(X, 7 ﬁ’) for each «e(0,11, 3€l0,1) with ax+3<1 as in [6]:
’

X *
cla’B(A)=ﬂ{Ke9 : ACK, Ke'ra’ﬁ} and
X
int A)=U{Ge ¥ : G<A, GerT
in a,ﬁ() {Ge s a,ﬂ}
for each Ae?x. Notice that we have T:,B(Cla,ﬁ(m)zca,ﬁ and
Ta,{?(lnta,ﬁ(A))an,[? .

Proposition 4.9. The closure and interior operators satisfy the

following properties:

(1) Cla,ﬁ(A)QR (17) lnta B(A)QA

’
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(2 ) ACB and <ax,B><<y,8E> =—> cla,ﬁ(A)sclY’é(B)
(2°) ASB and <&,B3><<y,8E> = inty,é(A)sinta,ﬁ(B)
(3) cla’ﬁ(cla’ﬁ(ﬂ))=cia,B(A)

(3°) inta’ﬁ(inta’ﬁ(é))=inta,ﬂ(é)

(4 ) CIa,ﬁ(A U B)=Cla,8(m U Clo:,/?(B)

(47) inta,ﬁ(l-‘c N B)=inta,ﬁ(ﬁ) N inta,ﬂ(B)

(5 ) cla,ﬁ(9)=9 (57) inta,ﬁ,(,l,)=;

Proposition4.10. For each Ae&x and for each xe(0,1], Rel0,1) with

&t 3<1, we have

(1) Cla,B(A)zinta (A) (2) into:,ﬁ(A)=CIa (A )

vE s 3

Fuzzy Continurlty
Definition 4.11. Let (X, T) and (Y, &) be two So~IFTS's and f ¢ X = Y
be a function. Then f is said to be fuzzy continuous iff
T(f '(B)) 23 (B)
for each Beél'Y (cf. [13,147)

Proposition 4.12. The following properties are equivalent:
(a) f 1 (X, 7) - (Y,®) is fuzzy continuous.

(b) ¥ 4B))=228%(B) for each Beg'.

Definition 4.13. Let (X,7) and (Y, &) be two So-IFTS'sand f : X = Y
be a function. Then f is said to be fuzzy open iff

E(f(A))ZT(A)
for each Ac$”. (cf. [13,14])

Fuzzy Compactness Spectrum
If U is a subfamily of 5'x, then we define the following
intuitionistic fuzzy pairs:

T(U) = A{T(A) : AeUY and similarly ‘r*(‘u) = A{T*(A) : AU,

Right fuzzy inclusion plays an important role in develaping the
fuzzy compactness spectrum in So-IFTS's using a construction similar

to [13,14,91:
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Definition 4.14. Let (X,T) be a So-IFTS on X, Ae g™ and <&, 3> an
intuitionistic fuzzy pair such that «e(0,11], RA<l0,1). The fuzzy

compactness spectrum of A at a level <a,/3> is defined by

Ca I?(A)={ N8> 1 YU (T (W) 2<a,3>) [AZVUI2<N, E> =
2

sup( [Atv‘uoj : uos;'u 12<nySE> ) .
{ Here the expression " Qﬁjg'Ql " means that 210 is a finite

subcollection of wU. ]

Remark 4.15. HNotice that we always have 0™ &C (A).

&, 3
Proposition 4.16. (cf. [?]) Let Ai, Azeéﬁx. Then
Ca’ﬁ(Aiuaz)QCQ,B(Aihﬁca’B(AZ)

Proposition 4.17. (cf. [?]) Let (X,7T), (Y,®) be So-IFTS's and

f 1+ X = Y be a fuzzy continuous function. Then, for any Aeh?x, we

have

c (f(A))QCa

AY .
o, (A)

» 3
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