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1. Introduction

The concept of a S-closed space and RS-compact space has been investigated
thoroughly in general topology [5, 6, 3], and .has been generalized into the theory of
topological lattices [1, 2, 7, 8, 9, 10, 11]. The aim of this paper is to continue the
discussion of RS-compactness in symmetric topological molecular lattices.

A symmetric topological molecular lattice (briefly, symmetric TML) is a pair
(L, 7) where L is a fuzzy lattice, i.e., a completely distributive complete lattice with an
order reversing involution """ on it, and 77 is a co-topology on L, i.e., 7CL, 0, 1€ and
17 is closed under the operations of finite unions and arbitrary intersections. (L, 77) can
also be written as (L(M), 77), where M is the set consisting of all molecules e’s. Here e
e is called a molecule, if e#0and e < AV B implies e = A or e < B for every pair A,
B of elements of L. Members of 77 are called closed elements, members of 6 =7'= {P"
P€En} are called open elements.

An L-fuzzy topological space (briefly, L-fis) (L*, 0) is a special symmetric
TML, where 77=0’, and so the concept of a symmetric TML is a generalization of the
concept of an L-fis [11].

Definition 1.1. [I1]VA EL, A=A {P: A<P€En}
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0

A =V {U: U<A and UESG}

are the closure and interior of A, respectively.

0 —
Proposition 1.2. [11]VAEL, A" =A A" = A
Definition 1.3. [11] Let (L, 77) be a symmetric TML. An element A of L is called

regular open, if A = }9\—; an element A of L is called regular closed, if A = 1& .
Proposition 1.4. [11] A is regular open iff A’ is regular closed.

Definition 1.5. [11] Let (L, #) be a symmetric TML. An element A of L is semiopen,
if there exists an open element V such that V < A < V. A is semiclosed, if there
exists a closed element Q such that Q° < A < Q.

Proposition 1.6. [11] Let (L, 77) be a symmetric TML and A an element of L, then

(1) Aissemiopen iff A’ 1s semi-closed.

(i) If A is open, then A is semi-open, if A is regular open, then A is also semi-closed.
Proposition 1.7. [11] Let (L, #7) be a symmetric TML and A an element of L, then the
following conditions are equivalent to each other:

@O @, n)is extfemally disconnected.

(it) Closures of open elements are open.

(ii1) Regular closed elements are open.

(iv) Regular open elements are closed.

Let L be a fuzzy lattice, A €L and B = {B:},crC L. We say that B is a cover of A if
A< :Z B:. We say that B is central, if the intersections of elementg of finite subfamihies

of B are non-zero [11].

Definition 1.8. [11] a) Let (L, 77) be a symmetric TML. (L, #) is said to be S-closed, if

every regular closed cover of the greatest element 1 has a finite subcover.

b) Let (L, 77) be a symmetric ATML. (L, ) is said to be H(i) if for every open cover
U={U}ier of 1, there exist ti, ...,t, €T such that { U, ,..., U, } is a cover of 1.

Theorem 1.9. [11] Let (L, 77) be an extremally disconnected symmetric TML, then
(L, n) is S-closed iff it is H(i) (or almost compact).
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Definition 1.10. [11] Let (L, 17) be a symmetric TML 7’ the co-topology generated by
the closed base u consisting of all regular closed elements of , then (L, ") is called
the semiregularization of (L, 7).

Lemma 1.11. [11] Let (L, 77) be a symmetric.TML and (L, n’) its semiregularization,
A €L. Then

(i) A is regular closed in (L, ) iff A is regular closed in (L, 77°).

(i) A is regular open in (L, %) iff A is regular open in (L, 7).

Theorem 1.12. [11] Let (L, 77) be a symmetric TML and (L, 77°) its semiregularization,
then (L, 77) is S-closed iff (L, ") is S-closed.

Definition 1.13. [8] Let L, and L, be two fuzzy lattices. A mapping f: L, L, is said
to be an order-homomorphism, if

(1) f is union-preserving,

(i) f': Ly =L, is involution preserving.

Definition 1.14. [8] Let (L,7:) and (L,772) be symmetric TML’s and f. L, —~L; an
order-homomorphism. Then f is said to be an S-order-homomorphism, if for every
regular closed element Q of (L,,72), £(Q) is a union of regular closed elements of

Li10)-
2. RS-Compact Symxhetric Topological Molecular Lattices

Definition 2.1. Let (L, 77) be a symmetric TML. An element A of L is regular semi-

open, if there exists a regular open element U such that UsA<U. A is regular semi-

Q
closed, if there exists a regular closed element B such that B <A<B.

Definition 2.2 a) Let (L, 77) bea symmetric TML. (L, 7) is said to be RS-compact, if
every regular semi-open cover of the greatest element 1 has a finite subcover.

b) Let (L, n7) be a symmetric TML. (L, #) is said to be nearly compact if every open

2 2
cover U = {Ui}ig of 1, there exist 1y, ...,I, €I such that {U;,,...,U;, } is a cover of

1, or equivalent, every regular open cover of the greatest element 1 has a finite

subcover.
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It is clear that in TML’s we have the following implications:

/v Near compactness
RS-compactness \ Almost Compactness

. Sclosedness_—"

Theorem 2.3. Let (L, 77) be an extremally disconnected symmetric TML. Then the
following conditions are equivalent:

(1) (L, ) is RS-compact.

(i) (L., n7) is almost compact (or H(i)).

(u1) (L, n) is nearly compact.

() (L, n7) is S-closed.

Proof. Suppose that (L, ) is H(i) and U={U,};c11s a regular semi-open cover of 1.
Then there exists a regular open G; such that G;< U; < G, , for each i€L Hence

there exist i,...,in€l such that {G, ,...,G, } covers 1. Since

U —
Ui =G: =G, =G;=sU;, {U,,...,U, } covers 1, hence (L) is RS-compact.

Theorem 2.4. Let (L,7) be a symmetric TML, then (L,7) is nearly compact iff every
central family of regular closed elements has a non-zero intersection.
Proof. =: Let B={B;}ic1 be a central family of regular closed elements and i%Bi-——o.

Then XB‘ '=1. It follows that there exist iy,...,l, €I such that

B/ V.. VB[ =l.

Hence ;}‘Bi,,, =0, which is a contradiction.
2 0 2 )
<: Let U={Ui}ic1 be an open cover of 1 and }e/[Ui #1. Then { U; }ier is a regular

n O 0
closed collection with ,/}IU;’ #0. It follows that XU;#]. Hence 1=

0
ZUi < _\é U, =1, which is a contradiction.
X 1

Theorem 2.5. (L,n) be a symmetric TML, then (L,7) is RS-compact iff for every
regular semi-closed (or, regular semi-open) family U={U;} ;g such that -Ia\Ui =0, there

exist finitely many 1y,...,1,, €I with /}l U, =0.
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Proof. =: Let U={Ui}ic1 be a regular semi-closed family and AU,=0. Then (Ui it is

an regular semi-open cover of 1. From the hypothesis, there exist iy,...,in€I such that

Ui v..vU; =l
Now /'g U,; =0 follows.

<=: Similar to the above, and is omitted.

Theorem 2.6. Let (L,7) be a symmetric TML and (L,5") its semiregularization, then
(L,n) is almost compact iff (L,77") is almost compact.

Proof. Similar to the proof Theorem 1.12 in [11].

Corollary 2.7. Let (L,57) be a symmetric TML and (L,) its semiregularization, then
(L) is RS-compact iff (L") is RS-compact.

In a symmetric TML, RS-compactness is not a “good extension” in the sense of
Lowen [4]:

Example 2.8. Suppose that (L,) is a fuzzy topological space (X, W(U)) which is the
induced fuzzy space by W from the classical space (X, U). Then it is easy to see that
(X, U) is RS-compact whenever (X, w(U)) is RS-compact. But the converse is not
true. Let Xs#¢ and U={¢,X}. Then (X,U) is RS-compact. On the other hand, w(U) is
the family of all constant functions defined on taking values in [0,1] [11]. Since

1 .
p={1 - n=1,2,...} is a regular semi-open cover of 1 and it has no finite subcover of

1, (X, W(D)) is not RS-compact.

Definition 2.9. Let (L,77,) and (L, ;) be symmetric TML’s and f: L;—~L, an order
homomorphism. Then f is said to be an RS-order-homomorphism, if for every regular
semi-open element B of (L,, 772), £'(B) is a union of regular semi-open elements of
L2m1).

Theorem 2.10. Let (Ly,77;) be a symmetric TML and £ (Ly,7:1)~> (La,72) be an RS-
order-homomorphism which is surjective and (Li,77;) is RS-compact, then (L,772) is
RS-compact.

Proof. Suppose {F,},c1 is a regular semi-open cover of 1, then {f YF )} el is cover

of 1, . Since fis an RS-order-homomorphism, f '(F,,) is a union of regular semi-open

elements of (L,,771). Now the family U B, is a regular semi-open cover of 1, . Hence
agl
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there exist finitely many P;,..., P, such that UPi =1,, For each 1<i=<n, there exists
i
aaElsuchthat  Psf(E,).  Then f!(VE,)=V'F, zVP =1, and

Z F, =1, . Therefore (L,,7,) is RS-compact.
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