38

Some Properties of Fuzzy Set-valued Martingales
Li Shikai,Tang Guanghua and Zhang Hui

Department of Mathematics, Airforce Institute of Meteorology
Nanjing Jiangsu China 211101

Abstract:

In this paper, we discuss some ptoperties of fuzzy sect-valued
martingales, and give a scries of Doob stopping theorems of fuzzy
set-valued martingales,fuzzy set-valued submartingales and fuzzy

set~valued supecrmartingales

Keywords: fuzzy set-valued stochastic process, fuzzy set- valued
martingale(submartingale,supermartingale),Doob stopping Theorem.

1. Introduction

It is»well known that set-valued functions and set—-valued ran-
dom variables have been used repcatcdly in economics [ 41,091,101
The conditional expections of set-valucd random variable and set-
valued martingales have been studied by Hiai.F, Papageorgion.N.S,
Zhang Wenxiu,Nie Zhan—kan and Gao Yong e.t. The discussions of fuzzy
set-valued martingles have been oringnated ([ 11,[61). This papet’s
purpose is to discuss further fuzzy sct-valued martingales and fuzzy
set-valued stohastic processes,and to get some more deep results.

In section 2, elemental notions of fuzzy set-valued stochastic
process and fuzzy set-valued martingales are given.

In section 3, we discuss Doob stopping theorems of set- valued
submartingales, set-valued martingalcs and set-valued supermarting
—ales.

In section 4, we will give Doob stopping theorems of fuzzy set

~valued submartingales, fuzzy sct-valucd martingales, and fuzzy sct
-valued supcrmartingalcs.
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2. Notions of Fuzzy Set—valued Stochastic Processes
and Fuzzy Set-—valued Martingales

Let X be a n-dimension Euclidean space in this paper,(Q ,7,P) be a
complete probability measure space, (7} teRJr‘ be a family of monotone
increasing sub-o-fields of 7, and 7Z..=V%, in this paper, where

: tERt

R+ is the set of all nonnegative real numbers.

Let F ((X) be the family of all fuzzy sets A : X —{ 0, 11 with

propertics:

(D is upper semicontinuous,

A
(2) A is fuzzy convex,

(3 Xva is compact for every @ €(0,1].

~

where Kﬂx=(x€§X=A (x) =20} is the a-level set of A

If A ,B €7 ((X),difine the distance between A and B by

r~

d(A ,B)=suph(A o ,B g )
a>0 '

where h denotes the Hausdorff distance.

2.1 Theorem

(§V0(X),d) is a complete metric space.

Proof: See theorem 4.1 and 4.2 in [ 8].

A linear structure is defined in §V0(X) by

(A 4B (x)=sup @ €00,11:xEA o 4B ¢ ))
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~

(AA () =A (X'x),if A5£40
AAHY(0=0 , if A=0,x7#0

()»T)(x)=sup A(y)  if A=0,x=0.
yeX

for T,EIE?VO(X),}» cR. It is easy to prove that (;\VJrfBV)a

Rt e AR A for every a€00,11.

2.2 Definition
Let F :(Q ,?)»;0 be a mapping from (Q ,7) to 5’0( X)

1. F  is called a fuzzy set-valued random variable if

@ :F "2(O(® YEB = :sup F (® ) x)EB €F
x€C

for any closed subset C of X and Borel’s subset B of [0,1],i.e.
Be&(0,11).

2. F is called 7-level measurable if F gdefined by (F )y (®)

=(’F\’(<D))a for every ®€Q is a random set for every a&(0,1].

The following two properties are equavalent:

~

1. F is a fuzzy set—valued random variable.

2. F is 7-level measurable .
Proof: See theorem 1.5.1 in[1].

2.3 Definition
Let T be a subset of R. If for each t&€T, there is a fuzzy set-

~

valued random variable FNt,then(F t)tET is called a fuzzy set-

valued stochastic process

2.4 Defintion

Let F :(Q ,?,P)»;O( X) be a fuzzy set-valued random variable,ﬁ
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is called to be integrable bounded, if thcre exists a nonnegative

integrable function o, for every a€(0,1] such that || x|[<oqg(® )

for every xEFf‘Va(OO),(DEQ.

Def ine:

([gFdP =V (o Al[ 7 _(x)
a0, JoFadP

where [ g ff"\()dP=X.‘

2.6 Theorem

Let F :(Q ,A,P)-»?\IO( X) be an intcgrablc bounded fuzzy set-valued
random variable,then ( [ l?dP)a=fQ f’vadP and [ g F dP£d
- Proof: See theorem 6.5.3 in [ 1. |
2.6 Theorem

Let F :(Q ,?,P)—>§70(X) be an integrable bounded fuzzy set-valued

random variable, then for every sub-field ?1 ~of 7, there exists
an unique 7{-measurable fuzzy sct-valued variable G such that
[ AG dP=[ \F dP for every AEF.

Proof: See theorem 6.5.4 in [1].

2.7 Definition

Let (@ ,7,P) be a probability space,7| be a sub—o-field of 7,@‘\:’
(Q,?,P)—*%( X) be an integrable bouned fuzzy set-valued variable.
G :(Q ,?,P)*?\JO(X) is called a conditional expectation of F
with respect to the sub-o-ficld 7| of 7, and is denoted by 8[?/71],

~

if G is a 71— measutable, intcgrablec bounded fuzzy sct-valued

random variable satisfying the following condition:
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fA(finP=fAI?JdP for cvery AE7].

~

Conditional expectation of F is a.e. unique and (£[F7?1](m))a

=&l f“va/71](m) a.e. by Theorem 2.5 and 2.6.

2.8 Definition
Let (Q ,7,P) be a probability space, (7} tERY. be a family of

monotone increasing sub-o-fields of 7.A fuzzy set-valued stochastic
process (F"Vt)tem is said to be (F) tERy adapted, if f“\t’ is
a {Fy t CRy — measurable fuzzy sct-valued random variable. A
( 7, ) - adapted integrable bounded fuzzy set-valued stochastic
process (ﬁ/t) t ER+ is called a fuzzy set-valued martingale (resp.

super-martingale, submartingale), if &l F"Vt/7s] = F'S( rcsp.CFNS,D

lf'*‘vs) a.e. for any t,s€Ry,and s<t.

3. The Doob Stopping Theorems of Set-valued Martingales

3.1 Definition

A trajectory F.(®) of a set-valued stochastic process (Fy) tERy is

said to be right continuous at tp with respect to h if %_l_rﬂt h((Fy(® ),
t> t

Fto(w ))=0. A trajectory F.(® ) of a sct—valued stochastic process

(Ft}teRJr is said to be right continuous with respect to h if

%%sh((Ft((D ), Fg(® ))=0 for every s&R¢.
s

3.2 Theorem
Fe) Ry CL1,X1 is a (7  ¢R, - adapted set- valued

super maringale(resp.set-valued martingale,set-valued submartingale)
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if and only if (0(x",Fp)) t ERt isa (7 t €ERt —adapted super-
martingale (resp. martingale, submartingale) for every x"&X". Where
o(x", F¢C @)) is a support function of Fi(® ),X" is the dual space

of X.
Proof:See theorem 4.1.5 and 4.1.6 in [3].

3.3 Theorem

Let (F¢) ¢ cR, be right continuous, F) t eRpCL' 2 ,XT be a (F)
-adapted set-valued supermartingale, its almost all trajectoriesbe
right continuous with respect to h, and S,T bec two stopping times.
Then & Fp/ZJCF; a.c.
Proof: Since (0(x",F)) tERy is a Py g 4 ~ adapted supermar-
tingale for every x"€X" by Theorem 3.2. And a sequnce (A of
closed convex subsets in reflccxive space converged to A with

respect to h,then (An.) weak converge to Ayi.e.0 (x7 A,) converge
to 0(x",A) for every x"€X". Thus almost all trajectories of
@ ¢ x7 Fg ) yeg 4 is right continuous for every x"€X", and

o (x", 8 Fr/7g))=H o (x",Fp) /P51 <0 (x",Fg) a. e. for any two stopping
times S,T,S<<T and x"€X". Therefotre &FT/?S]CFS a.e.

Similarly,we have the following theotrem:
3.4 Theorem

Let (Fy) €Ry be right continuous, (Fy), eRC £.'[Q ,XI be

a(?t)t€R+ — adapted set-valued submartingale ( resp. set—valued
martingale), its almost all trajectories be right cohtinuous with
respect to h. Then &l Fp/7gl DFg (resp.=Fg) a.e.for any two stopping
times T,S,and T>=S.

Strong forms of Doob stopping theorems are discussed as follows:
3.5 Theorem
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Let (7¢) ¢ Ry be right continuous, (Fy),cp . C4.'[Q ,X] be a set

- valued supermartingale,( resp. set- valued martingale, submartin
-gale) and its almost all trajectories be right continuous with
respect to h. If S,T are two stopping times, then

EIFT/?S] CFT/\S (resp. =FT/\S’ DFT/\S) a.e,
Proof: Since Fy(cg, is a (7}  cR,-adapted closed convex set-

valued supermartingale (resp. set-valued martingale, submartingale)
and its almost all trajectorics arc right continuous with  respect
to h, then @ (x7, Fp ) ¢ ¢g, is a (P  cgp, - adapted

supermartingale (resp. martingalc, submartingale) and its almost

all trajectories are right continuous for each x"€X"=R". There-
fore o(x™, &l Fy/Pgl)=H 0(x",Fp) /Fg] <O(x",Fppg) (resp.=0(x",Fr A Q)
>o(x",FT/\S)) a. e. for any (?t)tém stopping times S,T.Thus
aFT/7S] CFT/\S (Tesp.:FT/\SyDFTAs) a.e. for any (7t)teﬁ+stopping
times T,S.

3.6 Theorem
Let (74} y R, be right continuous, (Fy) tER LR X be a (Fy)
el‘br—adapted set— valued supermartingale, ( resp. set-valued mar-

tingale) and its almost all trajectories be right continuous with

respect to h. If S,T are two large stopping times, then

&l Fr/7gy] CFras (resp.=Fpag) a.e.
Proof: Since ©(x",Fp)) (¢, is a (F) { €R4-adapted supermartingale
for every x"€X" and its all trajectories are right continuous. Then
o (x", 8 Fp/Pg41)=H 0 (x",Fp) /Fgy) <0(x",Fga) (resp.= 0(x",FpAg)
a. e. for any two large stopping times T,S by classical results.Thus

ELF/Fs ) CPpAg  (resp.=Fppg) a.e.

The following theorem is the predictablc form of Doob stopping theorem.
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3.7 Theorem
Let (#¢) ycR, be right continuous, (Fp)yecg,CL ' X1 be (Fy)y
€§+—adaptcd set— valued supcrmartingalc ( resp. sct— valued mar-

tingale), and its almost all trajectories be right continuous with
respect to h. Let FO-=£[ Fo/7(-1 then

&l Fg/ 711 CFp_ (resp.=Fp_) a.e.
for any predictable time T and stopping time S=T, whete 3. is a

sub-o —field of 70.

Proof: Since (0 (x",Fy)) gR, is a (F) (R, supermartingale for

evety x- € X* by Theorem 3.2, and almost all trajectories of
0 (x"yF)) ¢ Ryare right continuous by the proof of Thcorem 3.3,
and o (x",Fgo)=0(x",& Fo/7o1=Ho(x",Fp /7yl for cvery X" €EX".

Then o(x",& Fg/Zp_1)=H 0(x",Fg) /P 1 <0 (x",Fp) (resp.=0(x",Fp))

a.e. for every x"€X", predictable time T, and stopping time S=T
by classical results.Thus

& Fg/Zr 1 CFp_ (resp. =Fp) a.e.

4. The Doob stopping Theorems of Fuzzy Set-valued Martingales

4.1 Theorem

Let () (cR, be right continuous , F () (cg, bea Py cgy

~adapted fuzzy set-valued supermartingale, and' its almost all tra-

jectories be right continuous with respect to d.Then
SF /71 CF g a.e.
for any two stopping times T,S,and T=S.
Proof: Since ) teRy isa Py gR 4 — adapted fuzzy set-
valued supermartingale and its almost all trajectories arc right

continuous with respect to d, then ((F"\'t)a)teﬁJr is a (7t)téﬁ+
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set —valued supermartingale, its almost all trajectorics arc tight

continuous with respect to h for each a&(0,11 by 5[F"\'t/7s])a=
E(F a/Fg) and d(F (@), F (@) =suph((F g (0 1),

a&(0,1]
(f-‘\'to)a(w)). Therefore, S[(FT)a/7S]C(F"VS)a_ a.e. for any two
stopping times T,S and T=>S by Theorem 3. 3.

On the other hand, using the basic theorems of fuzzy set,

(8 F 7 (o >)<x>=vea AL & F /991 (@ )y (X, where Ry is the
a R0

set of all rational numbers in [ 0,]11.
Therefore we have S[F\'T/?S] CF"VS a.c. for any (7 teﬁJr stopping
times T,S with T=S.

Similarly,we have the following theorem.
4.2 Theorem

Let (?t}tGI_G be right continuous, (F"Vt)tem_ be a (7t)t €R+

fuzzy set-valued submartingale (resp. fuzzy set-valued martingale)

and its almost all trajectories be right continuous with respect
to d. Then

‘c’[i?VT/?S]DFVS (resp. =’F\Js) a.c.
for any two stopping times T,S,and T=S.

By basic theorems of fuzzy set and Theorem 3.5 to Theorem 3.7,
correspondingly, the following strong forms and preditable form of

Doob stopping theorems of fuzzy set-valued martingale(submartin—gale,
supermartingale) can be obtained.
4.3 Theorem

Let (7t)tER+ be right continuous, (FVt)t €Ry be a fuzzy set

-valued supermartingale (resp.fuzzy set-valued martingale,fuzzy set
-valued submartingale) and its almost all trajectorics be right
continuous with respect to d.Then
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E[ﬁ/T/7S] CFNT/\S (resp. =F~T/\S,Df"vT/\S) a.c.
for any two stopping times T,S.

4.4 Theorem
Let (7t) tERJr be right continuous, (F"Vt) t€R+be a (?t) tER+ fuzzy

set-valued supermartingale (resp. fuzzy set-valued martingale, fuzzy
set-valued submartingale) and its almost all trajectories be right
continuous with respect to d. If S,T are two large stopping times,
then

EIFVT/73+] Cl"*‘VT/\S (YCSPFFT/\S'Dﬁ’T/\S) a.e.

4.5. Theorem
Let (7t)t€l—{+ be right continuous, (F"\'t)teﬁJr be a (F{) ERy

fuzzy set-valued supermartingale (resp. fuzzy set-valued martingale)
and its almost all trajectorics be right continuous with respect to d.

Let F"\IO_=5[ ?0/?0_] , then

8F \y/PpICF o (resp. =F 1) a.ec.
for any predictable time T and stopping time UZ=T.
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