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Abstract

This paper is a continuous work of [8]. basing on Wu's generalized fuzzy integrals of point-
valued function on fuzzy sets [6], the theory of generalized fuzzy integrals of fuzzy-valued functions

on fuzzy sets has been established. These are good extensions of results in [6, 7, 8].
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1. Introduction

Since Sugeno® brought out the concepts of fuzzy measures and fuzzy integrals,
the theory has been made much deeper by many others. Especially, the generalized
fuzzy integral on fuzzy sets (in short, (G) fuzzy integral on fuzzy sts) introduced by
Wul* is a much wider and good one. Meanwhile, the theory of fuzzy-valued functions
(a special kind of fuzzy random variable) is rapidly developed. In this paper, we will
show (G) fuzzy integrals of fuzzy-valued function on fuzzy sets, s.t. it is an extension
of (G) fuzzy integral of point-valued function on fuzzy sets given by Wul®), Since the
(G) fuzzy integral is a generalization of Sugeno’ s fuzzy integral, the paper can be also
viewed as an extension of our earlier work in [7].

In the remaider of this paper, R* will denote the interval [0, +00), T (RY) is
the interval | number set on R*, R* is the fuzzy number set on R*, X is s an arbitrary
fixed set, = is a fuzzy y o-algebra formed by the fuzzy subsets of X, (X, » ) is a fuzzy
measurable space. p: v —R* is a finite (. e. g(X)<4o0) fuzzy measure defined by
Sugeno. M(X) denotes the set of all finite fuzzy measures on (X, +# ). F(X) is the

set of measurable interval-valued function, F(X) is the set of all measurable fuzzy-val-

ued functions. J‘ *dpis the (G) fuzzy integral on fuzzy sets. Other concepts and nota-
A

tions not defined can be found in [6,7 ,8].
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2. Definitions and propositions

Definition 2. 1"®). Let F be a set-valued function, A€ = , p€ M(X). Then the
(G) fuzzy integral of F on A with respect to p is defined as

| Fau=. ] saus £ € s

where S(F) is the set of all measurable selections of F, “ L ” is the (G) fuzzy integral

on fuzzy sets.
F is said to be integrable on A, if Ll’d,u # o

Proposition 2. 1. Let f be a measurable interval-valued function. Then I is inte-
grable on every A€ v , u(A)<+oco, and

J;?d# = [ Lf‘ du, Lf’“ dy]

Definition 2. 2. Let € F(X), A€ . Then the (G) fuzzy integral of { on A is
defined as,

(L?d,U) (r) = Sup{A.r € J f.dy]

Theorem 2. 1. Let 1€ F(X). Then L?d/u € R*, and (L?d#)a = L}xdy ,
where A€ (0, 1].

Theorem 2. 2. (G) fuzzy integrals of fuzzy-valued functions on fuzzy sets have the
following properties;

W) Fi < F, implies J Fidp < J' Fodp;

(i) A C B implies J‘A}'dpg fody ;

1, =20

(iii) #(A) = 0 implies Jg?d,u = O, where O(r) = {O, , ot o

(iv) dey = S(c, u(A)), (¢ € R*);

(v) L(E V DNdu = Lgd,, Vv L}’dp (c € R*)
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(vi) py << p, implies L?a’,ul < L?d,uz.

Theorem 2. 3. For every f, =1, y-a. e. implies .[A7ld §= J;l?zd,u iff i is null-addi-

tive.
3. Convergence theorems.

Theorem 3.1 (Generalized monotone convergence theorem).
In this section, the concept of convergence is from [7,8].

Let {l.}CFX), {mm(n>=1), p}CM(X). Then
DT AT s 4 wimplies | Tdunt [ T,

() 7oV Ty o ¥ implies L{]ﬁdﬂn v L?d#-
Corollary 3.1 (Monotone convergence theorem)

() £, 4 T implies Jq?,,d,u 4 L?dy;
(D) I, ¥ T implies Jq?,,a’;u v L?d,u;‘

(iii) po 4 p implies L?d;t,, A L?d,u;

Go) o v peimplies | Fdge, § [ T
Theorem 3. 2 (Generalized Fatou’ s lemmas). Let {I.} CF(X), {p}CMX).

Further we assume { V p.k} y { /\ p.k} and {hm infu,, limsupy,} are all included in M
(X). Then

(i)J (Lminf F)dUiminf p,) lzmme Fodp,;
A

n=-eoo n—eod n=-oo

(i) (Uimsup ﬁ?,,d;z,,) < L(limsup FodUimsup ).
n-e00 4 A

n—e oo n—eoo

Corollary 3. 2 (Fatou’s lemmas).

@ If {I.}C FX), then
a) | Uiminf Fdu < liminf J:?,,dp,

A n—oo n=eod>

b) lz'msup J Fdu<< (lzms'up Fodu.
(D Let {pu,}C M(X). If { V pk}, { /\ y.k} and {hmmf tns limsup p.} are all in-
cluded in M(X), then
J 7d(lzmmf M) lzmmfj 7d;1

N0 n—eon
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b) limsup| Fdp, < | FdUimsup p,).
n—oo A A

n—e oo

Concluding remark.

Up to here, we have established the theory of (G) fuzzy integrals of fuzzy-valued
functions on fuzzy sets, and these results generalize those of [6,7, 8]. In a subsequent

paper, we will give the theory of (G) fuzzy integrals of fuzzy-valued function for fuzzy-
valued fuzzy measures on fuzzy sets.
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