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Abstract: In this paper by considering the notion of fuzzy exact sequence of
fuzzy R-modules, the concepts of F-left exact and F-right exact functors are defined.
It is shown that two functors Hompg(84,—~) and Hompg(—,ng) are not F-left exact,
while in ordinary algebra they are left exact. Also it is seen that the functor 4 ® g —
is F-right exact. Finally some equivalent conditions are proved, and on the basis of

which the fuzzy flat and faithfully flat R-modules are defined.
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1. Preliminaries

Permouth [3] defined the tensor product of fuzzy R-modules. Zahedi and Ameri
[7] defined and studied fuzzy exact sequence of fuzzy R-modules. In this paper R is a
ring with identity and each module involved is an unitary R-module. All definitions
and notations follow the presentations Pan [6], Permouth [3] and Zahedi and Ameri

[7], unless otherwise stated.
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Definition 1.1 [7]. The sequence

- fn
s I“LﬂAn_l _; ,“nAn I lu“n+1An+l — e (1)

of fuzzy R-module homomorphisms is called fuzzy exact when im fn_l = Ker fn, for
alln € Z, where by imf,_; and Ker f, we mean BlKerf, and pn|Ims,_, respectively.

Example 1.2. Let f : upm — nn be a fuzzy homomorphism. Then the fuzzy

sequence

0 — Kerf - Y, N w —— coker f — 0
is exact, where 7 and 7 are the inclusion map and canonical epimorphism respectively

and coker f = TN/ Imf)-

Definition 1.3 [7]. The fuzzy exact sequence
0 pa L ppZone — 0 (2)

is said to be a fuzzy short exact sequence.

2. Main Results

Definition 2.1. () The covariant (contravariant) functor T(S) : R — fzmod —
fz — Abis called F-left exact if for any fuzzy exact sequence 0 — p/y, — pa — p4n,

(W — pa — p4n — 0), the sequence
0— Tuly = Tua — Tpin

(0 — Spian — Spa — Splar)

be exact, where fz — Ab denotes the category of fuzzy Abelian groups.
(#2) The covariant functor T : R — fzmod — fz — Ab is called F-right exact if for

any fuzzy exact sequence u'y, — uq — p’4, — 0, the sequence

Ty — Tpg — Ty -0
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be exact.
Theorem 2.2. Hom(64,-) and Hom(—,np) are respectively covariant and
contravariant functors from R-fzmod to fz— Ab, where 84, 7np are fuzzy R-modules,

and

Homp(04,-):Tp — Hompg(84,T5)
Homp(~,nB) : T4 — Hompg(T 4,7B).

Proof. By identifying the ordinary group G with the fuzzy subgroup xg, the
proof is simple.

Remark 2.3. The following examples show that the covariant functor Hompg(6py, —)
and the contravariant functor Hompg(—,nn) are not F-left exact, whenever the func-
tors Homg(M,—) and Hompg(—, N) are left exact in ordinary algebra. However
Theorems 3.17 and 3.18 of [7] give necessary and sufficient conditions for F-exactness
of the functors Hompg(fp, ), Hompg(—,nnN).

Example 2.4 [7]. Let M #< 0 > be an R-module. Define the fuzzy modules

i, n, p and 6 as follows:

1 if z=0 1 if =0
BE=X{oy n=xM, 8(z)= , p(z) =
1/3  otherwise 1/2  otherwise

Now if f is the identity map and g is the zero map on M, then it is easy to see

that the fuzzy sequence 0 — ppy A, oM 2, M is exact, but the sequence
0 — Homa(8u, par) 2> Homp(8ar, par) <= Homp(6a1, ) (3)

is not exact, because 1ps € Kerj, and there is no @ € Hompg(0p, pnp) such that
fp=1m.

Example 2.5 {7]. Let M #< 0 > be an R-module. Define the fuzzy modules
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i, 7, p and 6 as follows:

1 if =0
E=p=X}, N=XM, 0(z) =
1/3 otherwise.

Now if f is the zero map and g is the identity map on M, then it is easy to check

that the fuzzy sequence

Py = pp > mpg — 0

is exact. But the sequence
0 — Hompg(na, O00) AN Homp(pm, 0nm) EAN Hompg(pp, 00m) (4)

is not exact, because Imj* # Ker f*.

Notation: Let pps be a right and vy a left fuzzy R-modules. Then the tensor
product of upr and v is denoted by (1 @ v)mgxN-

Lemma 2.6. Let vy be an arbitrary fuzzy R-module. Then vy induces the
following two covariant functors

(%) VN®r—:R—fzmod — fz- Ab

py > (v @ u)NorM
(#7) —®ruvn:R—-fzmod — fz— Ab

m — (M®V)MeaN
Proof. Easy.

Theorem 2.7. Let vy be an arbitrary fuzzy R-module. Then the functors
vN ®r — and — Qg vy are F-right exact.
Proof. We prove the theorem for vy @ g —. The proof for — @g vy is similar.
Let the fuzzy sequence
e L ag Lo g — (5)

be exact. We show that the sequence

ief i®F —
(v ® W )NorM' 5 (v ® KINBRM 5 (v ® 1) Ngmmr —> (6)
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is exact. By [3] i@ fandi® g are fuzzy homomorphisms. Since 1 ® g is onto,
we conclude that 1 ® § is an epimorphism [4]. Hence it is enough to show that
Im(i® f) = Ker(1® §). Since the sequence (5) is fuzzy exact, by [7], the sequence

M' Lo M 25 M” — 0is also exact. Therefore the sequence

NeaM 2L Nor M B4 NorM" — 0

is exact. Thus Im(1Q® f) = Ker(1 ® g). Consequently

(v @ Wlmaes) = ¥ O HlKker(109)

Hence (6) is a fuzzy exact sequence.

Definition 2.8. If vy is a fuzzy R-module such that the functor vy ®g — be
F-left exact, then vy is said to be fuzzy flat.

Theorem 2.9. An R-module N is flat if and only if every fuzzy R-module vy
is fuzzy flat.

Proof. Let N be a flat R-module and the sequence
0 — e Lo s L i
be fuzzy exact. Since N is flat, we can conclude that the sequence
0— NerM 2 NeaM 2 NeopM”
is also exact. Thus the fuzzy homomorphism
i1®F:(v@u)Negrm — (v ® w)N@rM

is a fuzzy monomorphism [4]. Moreover

(V ® /J')llﬂ'ﬂ@f = (V ® /J’)|Kerl®9'

Thus the sequence

— iof i®g
00— (v® i)Ngam — (v ® p)NgaM — (v ® B )Nepmr
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is fuzzy exact. That is vy is fuzzy flat. The proof of the converse is obvious.

Theorem 2.10. Let vy be a fuzzy R-module. Then the following conditions

are equivalent:
(¢) vN is fuzzy flat.
(1) U 0 — ply — pmr — pige — 0 is fuzzy exact sequence of fuzzy R-modules,

then the sequence

0— (r® #’)N@RM' — (VO U)NgrM — (V@ H")N@RM" —0
is fuzzy short exact.
(s02) If f: Wy — MM is a fuzzy R-module monomorphism, then
18 f(v® W)Ngamr — (v ® p)NpaM

is also fuzzy monomorphism.
(i) If f : phgr — p is a fuzzy R-module monomorphism and ppr, phy are fuzzy

finitely generated R-modules, then

1 ® f(V ® u’)N@;RM' — (V ® #)N®RM

is a fuzzy monomorphism.
Proof. (i) — (i%) This follows from Theorem 2.7 and Definition 2.8.
(43) — (444) Since f is a monomorphism, thus Example 1.2 shows that the se-

quence
0 — uhy J‘*HM =, cokerf—»ﬁ
is fuzzy short exact. So by hypothesis the sequence
= iof igr — =
0— (v® 4 )Ngam’ —> (VO WNgaM 5 (v ® E)N@aM/Ims — 0

is exact. Hence 1 ® f is a monomorphism.
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(#4¢) — (1v) This is obvious.
(iv) — (i) Let f : M’ — M be a monomorphism and M, M’ be finitely generated.

Then the fuzzy map f : (xo)mr — (xo)Mm is a fuzzy monomorphism. Thus by

hypothesis and definition of finitely generated R-module [6] we have that

1® F:(v®(x0))Nerm' — (v ® Xo)NoM

is a fuzzy monomorphism. Therefore by Theorem 3.7 of [4] 1® f : N Qr M' —
N ®r M is 1-1. So N is a flat R-module [1, Proposition 2.19]. Hence by Theorem

2.9 vy is fuzzy flat.

Theorem 2.11. For any fuzzy R-module vjs the following conditions are equiv-

alent:

(2) The fuzzy sequence
0 — sy Lo i Lo s —
of fuzzy R-module is exact if and only if the sequence
00— (vQ W )MeaN lef (v ® u)MerN leg (v @ 1" YMmerN — O

is fuzzy exact.

(v1) If vy is fuzzy flat, then for any fuzzy R-module pn, (v @ p)mgan = 0,
implies that vy = 0.

(111) vpy is fuzzy flat and for any fuzzy R-module homomorphism f : Ko — BN,

if the induced fuzzy map

18 f(v @ W)mepn: — (v ® B)MeaN

is the zero map, then f =0.

Proof. By considering Theorem 2 on page 24 of [2], the proof is obvious.
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Definition 2.12. If the R-module vy, satisfies one of the conditions of Theorem
2.11, then vy is called fuzzy faithfully flat.

Corollary 2.13. vy is fuzzy faithfully flat if and only if M is faithfully flat.
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