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ABSTRACT

_ In this paper,a new kind of endomorphisms of fuzzy power set F(X) are
discussed , which is based on lower cut set of fuzzy sets and is generalization of
decomposition theorem in (1].
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1. Lower cut sets and Decomposition theorem(1)

Let F(X)={A|A:X-[0,1] is a mapping}. For A€ F(X),A€[0,1],A*
=(z]2€ X, A@<A), A'={z|z€ X, A(z)<2}. A, A* are called as A-lower
cut set and A-strong lower cut set of fuzzy A respectively. 7

Let C be a subest of set X,A€[0,1],4C is defined as a fuzzy set of X and.

- Aif z€C
1,if z&C
then, We have decomposition theorems as following
Theorem 1.1 A=, () 4%i.e. A=A (A1€[0,11,4@<

(A0 (z) ={

Theorem 1.2 A=‘€Q ﬂlA“ vi.e. A(z)= A {2]2€[0,1],A(x)<a}

Theorem 1.3 Let H:[0,1]>2 (2). A>H(X) satisfy: A* TH) S A%,
then | ‘

(DA<A=>HQITH@G,) -

(2)A=AEQ,HAH(A) vice. Az)= A\ {A]A€[0,1],zE H(A)}

(3)A'=NH(a). A'=UH(a)
>t a<ld



58

In this paper, based on lower cut set of fuzzy set A, a new kind of:
endomorphisms of F(X) are discussed, which is a generalization of decomposition_
theorem as above.

2. Endomorphism of F(X)

Definition 2. 1 Let ¢ ¢ F(X)—>F(X) be a mapping,if (i) o(‘élr&)=‘¥Ta
A),¥ 2 €[0,1]; (ii)a(‘é\rk) =‘é\ra(l‘),V A€[0,1];(#)o(A)(2)=0(A

(z)),for any A€ F(X),z€ X ,then o is called as a endomorphism of F(X).
Remark: For any A€ [0,1], Let A(z) =4,Y z € X, then A€ F (X).
Clearrly , we have
Proposition Let o be a endomorphisfn of F(X) ,then
(l)a(‘yTA,) =‘9T0'(A;) (2)6(‘QTAt) =:916(At)

Lemma 1 Let function g:[0,1]—[0,1] is right continuous, then ‘EQ 8

WA*= N g0 (1)

iefo,1)

Proof ; when A(x)=1,we have xQA} and x& A®*for any A<1,then aeg 5
‘1= N A
gMA*: =1 leg'l)g()\)A |
when A(z)<1,we have( | gWAN @)= A gO<g(AG)), it
2efo0,1) AlD)<i<1

follows that A {g() |A(2)<A}= A {g(0) | A(x)<<A}, Hence ‘eg l)g(A)A* =
n gat

Aefo,1)

Corollary 1 Let mapping H * [0,1]1-[0,1]>2 (X) satisfy:A* CHQ)
CANY AE[0,1]sthen ) gWA'= ) gWHM= [} gOA

refo,1) ) Aefo,1) _ refo,1)
o R
Corollary 2 If g(1) —max{g(k) A€ [0,1]} ,thenlleg’ug(k)A —IGQ'IJg-~;<
— A

(MDHW) —Aeg’l]g(A)A ,

Remark ; Let o‘,(A)=K_Q l]g(,l)A",V AEF(X),if g(A)=A,then 6,(A)=
A,s00,(A) =Aeﬂ ‘ng(/’()A‘l is a generalization of decomposition theorem ,we shall

(o, |
prove that o, is a.endomorphism of F(X) when g is a continuous function.

Theorem 2.1 If g is a continuous function,then
(De, (NA)= 0, (A) (e, (UA)=U e, (AD
teT teT teT €T

—_— —_ P
Proof: (1 )a,(‘QTA,) —AeQd]g(k) (‘QTA)‘- (AGQ‘Dg(A) (‘QTA.) YN
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(QAY=( N gD NAHNEDLD=( N gDYANNgD=
(N DgDADNgW=(N( N gWA! ))ng(l)——(ﬂ( N g®

iefo0,1)teT
A _ A
ANNgDH= ‘QT(AEQ‘ug(A)A,) ‘Qra,(A,
e, (UA)= A {gD|V A(x)<A].Clearly,Y tET,we have A
teT aefo,1] €T aefo,1]
{g® |A:(x)<l:l< /\ {g(A)I V Ag(x)<A then
V( A (g(A))IA.(:c)<A})< A {g(A)|VA.(:c)<A] @2

€T A€o

If “<” is true in (2),then there isa aE 0, 1) such that
VA {gW]A@<<AI<e< A (gD V A@<A]] 3
€T iefo,1] 1e[0,1] €T

then, A‘:_é,l]{g(/\) | A, (z)<A]<a, for each tE T, it follows that ¥ tE T,
3 4 €[0,1] Such that A (z)<A and g(A)<a,then ’é/TA.(x)Qlé/T/L=ﬂ. Let-
{A S S{A|tET] and ”llrgl,.=ﬁ,then g(ﬂ)=£12g(&.)<a and A‘Eé'l){g(l) |
,XTA‘ (2)<A)<g(B < a, This contradicts with (3). Hence “=7” is true in (2),
L e ,a,( U A)= U a,(A)

Lemma 2 Let g:[0,1]—>[0,1] be a continuous function,if f(a)= /\g—
(A),Y a€],then

(1 is a continuous and monotone function

(i), =0y |

(DY A€1,0/(D)=fQ)

Theorem 2. 2 Let o is a endomorphism of F (X), then there enists an -
unique continuous function g:[0,1]—>[0,1] such that s=g0,.

Proof:Let g(A)=0(R),Y A€, then one can easily prove that =g, and g
is unique.

Theorem 2.3 Let g be continuous. then g, is surjective if and only if (i) g |
(1)=1, (i) g(a)=0 for some one a€ [0,1] '
Proof : “ D "Clearly '

“Q” Let { is a continuous and monotone mcreasmg function from [0,1] to
[0,1],and satisfy:a,=a;,we shall prove that o is surjective.'

Let H(X)=A"for any A€ [0,1] and ﬂi@,,{‘”“’ ,then B*CHWC
B'and
ﬂ f(A)B ﬂ f(A)H(A)C ﬂ f(A)B“—-a,(B)
Since g(l) -—Aé\lg(%)—d,(l)——df(l) f(l),so f(1)=1 and it follows
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that o;(B)= () f()B and o;(B)= [ fWB®,
2€[0,1] 7 aetoud _
By f(0) =é\of(/\)=o'/(0) =a,(0)=£°g(l)=0,we have {f Q) |A€ [0,
1]}=[0,1]. It follows that 6;(B)= [} f(DA™®= [ AA'=A,i.e.oris
1€[0,1] 1€f0.1)

surjective,

Theorem 2.4 Letg be a continuous function from [0,1] to [0,1],then g
is a monmorphism if and only if g satisfies: 4, <A,=>g(1,)<g(1;)
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