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GREY ALGEBRA AND GREY IDEAL

Yao Bingxue
Institute of Grey System
Liaocheng Teachers Coliege,Shandong 252059 P.R.China

Abstract: In this paper,the concept of a grey algebra over a grey field
is introduced and the grey ideals over a grey field are discussed.
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| Preliminaries
Defination 1.1 Let X be a nonempty set, a grey subset of X is a pair of
maps u and u from X to closed interval [U,l],wherevﬁzag,we write [u,u]
for short.
Definition 1.2 Let [A,, A;] and [a,,a>] be two closed intervals
contained in [0,1],we define

(1) (A, Ad=[a,a2] <==> Ay=ay, A=a,

(i) [Ay, A= [a,a,.) <==> A, =@, Az =@ >

GiD[A, AALa, e]=[A1Aa ., A2Aa ;]

(ivy [A, AdVIa,a2]=[AVa, AzVa,]
Definition 1.3 Let [u,u] and [v,v] be two grey subsets of X, A a subset
of X, we define ,

O [hul® = LE,1w], VxEeX |

(D) VI{lhu]®: x€A) = [V{[u®: x€A}, VU®: x€A)]

GiD) ([, A,V 0 = [6,u] WA, V] ®

(iv) {[LUVEY,V® = [LYEVIEYVIE

2 Grey field and grey algebra
Definition 2.1 Let F be a field and [u,u] a grey subset of F. If the
following conditions hold:
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(1) [u,u] 4y) =[u, 4] COA[u,u] (), Vx,y€F

(i) [4,3] (-0 >[4, 0, yx€F

(i) fuyu] &xy) =[u,u] ALy, u] ), Vx,yEF

(iv) [ x =[] ®, VxeF, x#0.
Then [u,u] is called a grey field of F.
It is clear that if [u,u] is a grey field of a field F then

(1) [w,ul (0 = [yul®, x€F

(D (6] & D= [y ®, xF#0. |
Proposition 2.2 Let [u,u] be a grey subset of a field F. Then [u,u]
is a grey field of F iff

(i) [u,8) &=y) =[u,8] O Aly, 0] 1), ¥x,y€F

(i1) [u,u] xy=") = [y, ] GO ALy, vl (1), Vx,y€F,y#0.
Propdsition 2.3 Let [u,u] be a grey field of a field F,then

[u,u] (0) =[u,u] (1) =[u,u] O, x#0, where 0 and | are zero element

and identity of F respectively.
Definition 2.4 Let [u,u] be a grey field of a field F, X an algebra
over F, [v,v] a grey subset of X. If for all x,y€X, A €F

(1) vl =[v,v1 ) Alv,vl

(i) [v,v] (Ax)=[u,u] (M) ALY, V] )

(iii) [v,¥] &xy) =[v,¥]1 0 Alv,v] ()

(iv) fy,] () =[v,V]®
Then [v,v] is called a grey algebra over the grey field [u,u].
Proposition 2.5 Let [v,v] be a grey field of a field F, X an algebra
over F and [v,v] a grey subset of X. Then [v,v] is a grey algebra over
the grey field [u,u] iff for all x,,X2€X, Ay, AL EF
(1) [v, VI (A ixa+ A2x2) = {[u, 0] (MDA, V] DDA [y u] (A AV, V] X2 1)
(i1) [V, V] (X1%2) 2 [V, V] () A [V, 7] (x2)]
(1D {u,u] (D =[y,v] 1)
Definition 2.6 Let [u,u] be a grey field of a field F, X an algebra
over F and [v,V] a grey algebra of X over the grey field [u,u]. If for
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all x,y€X
(v, v] (xy) 2[v,v] 0V [v,v] ()
then [v,v] is called a grey ideal of X over the grey field [u,u].
Proposition 2.7 Let X and Y be two algebras over a field F, [u,u]
a grey field of F, f an algebraic homomorphism of X into Y.!f [v,V] is
a grey algebra (grey ideal ) of Y over the grey field [u,u], then the
inverse {='[v,v] is a grey algebra (grey ideal ) of X over the grey
field [u,u], where
= v,v1® = [v,v1F®), yx€EX.
Proof. We only prove the case of a grey algebra.
VX1, €X, YA, A, €F

=1 [v, V] (A X 4+ Ax,) = [!,V] (T (A x4+ A 2x%2))
=[V, V1 (A F &)+ 221 (x2))
Z({[hul (M) Ay, V] TEIIA {8, 0] (AD ALY, 7] (f (x2)))
L o] A DAL W, 7] GDY A ([u, 8] (A ) AT [, 7] (x2))
f=1 [v, vl (xix,) = [v,v] (f (x,%2)) = (v, ] (f x1) £ (x2))
= [V, F&)) AV, V] x2))
= 179, V] /o) AL [9,7] (k)
[, ] D= [v, V1 (%)) = f=1[v,v] (x1)
So, f='[v,v] is a grey a‘lgebra over the grey field [u,u].
Proposition 2.8 Let X and Y be two algebras over a field F, f an
algebraic homomorphism of X into Y. [f (v,v] is a grey algebra
(grey ideal ) of X over the grey field [u,u], then the image flv,v] is
a grey algebra ( grey ideal ) of Y over the grey field [u,u], where
VI =V VI ety if Itg)#d

[0, 0] otherwise
Proof. We only prove the case of a grey algebra.
VWi, ¥2€Y, If £-1(y;-y,) = ¢,then
flv,v1Gi-y2) = 10,00 = flv, W1 ) A 1[v,7] (¥2) |
Otherwise f[v,v] (y,-y,) = VA, V] (%1-X2) 1 X, -X2 € £=1 (¥, -y2) }
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2V AV, V] ) ALY, V] ()2 3, €171 (31),%2 €171 (v2))
VALY, V] ) ixy €171 (YD) AV AV, V] (2D 1%, €171 (y,))

= Ty, vl G ALY, V] (¥2)

In like manner, {[v,v](y:y2) 2{[V,v] GO ATV, V] ¥2)
{1y = ¢, then flv,v] (v = [0,0]

Otherwise for all x€f~*(y,), we have [u,u] (1) =[v,v] ®)
Hence, [u,ul (D=V ([v,7]1 @W:x €17 (v} = {[v,7] 1)

So, {[v,v] is a grey algebra of Y over the grey fietd‘[g,ﬁ].

3 Operations on grey ideals
Proposition 3.1 Let [u,u] be a grey field of a field F, X an algebra
over F, [v,,v.] and [v,,V,] grey algebras ( grey ideals ) of X over
the grey field [u,u]. Then [v,,¥v,]A[v2,V2] is a grey algebra ( grey
ideal ) of X over the grey field [u,u].
Proof. We only prove the case of a grey algebra.
Let [v,v] = [vy,Vi]A[v2, V2]
VX1, X2 €X, YA, A, €F | ,
[Y_’V] (M iX+Ax%z) = [Ylyvl] (A X1+ A ) A [Xz,_‘;z] (A X1+ A 2X2)
2{[9_,-6] (Ay) /\[Xu—‘;l] (Xx)/\[E,HJ (7\»2)/\{21,-‘71],()(2)}

ALY 0] (A ) ATz, V2] &) AL, 8] (A2) A V2, V2] X2))
= ([, 8] (AD ALYV DI A [,8] (A ALY, 7] (x2))
Simi Lart% [v,v] (X1X2) 2=[v, V] %)) A [V, V] (x2)
And [u,u] (D=[v,v] x) is obvious.
So, [v,v] is a grey algebra over the grey field [g,ﬁ].
Proposition 3.2 Let [u,u] be a grey field of a feild F and X an algebra
over F. If [v,,v,] and [v,,V,] are two grey ideals of X over the grey
field [u,u], then [v,,v,]@®[v2,V.] is a'grey ideal of X over the grey
field [u,ul,where
{[\_11,51]63[22,%]} x =V {[Xuvl] (&)A[Yzﬁz] (X2) 1 X, +X2=X}
Proof. Let [v,V]=[v,,V,1® [v4,7V.] |
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VX, yeX,y A €F
[0V &) 2V {91, V1] (04%2) A [V2y V2] (714Y2) 1304y 12X, X4y 25Y)

= V{[vi,v] X)) A [V, V] (V1) X4y =)

AV ALY, V1] X2 AlV2, V2] (¥2) 1X24Y23Y)

= [, VIO ALY,V

[V, V] G =V {[V1, V4] (09D A [V2, V2] (X2) £ X, 4%,7K)

2V [V, 7] ®1) A [V2, V2] (%) £ X, +%,2x)
= [v, V1 ®
Similarly, [v,v] &xy)=[v,v](y)
That is [v,v] Gy =[v,v] 0 V [y, 7] (%)

[v,v] (Ax) =V {lVi,Vi] (AxD A V2, V2] (AX3) 1%, 4X2=x}
2V ({4, o] (M AV, V] K A V2,721 (X2) 1%, 4X,7X)
[0, 0] (MAV {[¥1,7,] ) A [¥2, V2] X2) %1 4%,2x)
[4, U] (M ALY, V] ®

[u,u] (D =>[v,V] ® is obvious.
S0, [V, Vi ]1@[v2, V2] is a grey ideal of X over the grey field [u,u].
Proposition 3.3 Let [u,u] be a grey fietd of a field F and X an
algebra over F. If [v,,v,] , [v,,V,] and [vs,Vs] are grey ideals of X-
over the grey field [u,u], then

(1) [21,91]@[22,721 - [‘_’Z’Vz]@[yu.‘;l]

UDA[v, Vi ] @ [V2, V2] B [¥5, V512 [¥,, V1@ {[V2, V21 © [, 5])
This proposition is strightforward.
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