72

Hypergroup Structures Over Families of Fuzzy Subsets of A
Quasi-F-Polygroup

M.M.Zahedi , A.Hasankhani
Department of Mathematics, Kerman University

Kerman, IRAN

Abstract:

Let (H,*) be a quasi-F-Polygroup and let ¢ : H « [0,1] be a function, where [0, 1)¥ is the set of
all non-zero function of H to [0,1] C R. We consider the set H, = {¢(a) : a € H}, and we answer to the
following question:
what are the conditions for the F-Polygroupoid (H, *) and the function ¢ such that (Hg,0) is a semiky-

” "

pergroup (hypergroup)? Where ”0” 1is a function which is defined as follows:

o:HyxHy < P.(H)

(9(a),¢(b)) ~—— {q(z):z € supp(q(a) * q(b))}.

Keywords: Hypergroupoid, Semihypergroup, Hypergroup, F-polygroupoid, Semi-F-Polygroup, Quasi-
F-Polygroup, F-Polygroup

1. Introduction
Let (H,.) be a hypergroupoid and let g : H « P,(H) be a function. On the set H, = {g(a) : a € H}

»n_."n

a function ”0” can be defined by:

g(a)og(b) = {g(c) : c € 9(a).q(8)},

and it is called a hyperoperation on H,.

This type of hyperoperation has been studied by M. Krasner, P. Lecomte [5], {6], Y. Sureau [9], [10]

and M. Gutan [3]. Zadeh in [11] introduced fuzzy subset g of a non-empty set A, as a function of A to

interval [0,1] C R. In [12], [13], [14], [15] we introduced and studied the notion of fuzzy subpolygroup

and F-Polygroup, which these structures generalise the concepts of fuzzy subgroup [8] and polygroup {1j.
Now in this paper we extend some results that those obtained by M. Gutan [3], to fuzzy subsets of a

quasi-F-Polygroup H.

2. Preliminaries
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Throughout this paper / is the unit interval [0.1] C R, and if ¢ € I, then by supp(1) we mean the
set {z € A|u(z) # 0}. Let y,n€ I*. Then p < niff u(z) < 5(z), For all r € A. .

Definition 2.1 [11]. Let g, n and p, € I4 where a is in the index set A. We define the fuzzy subsets
pOn, pUn, n o and U Ha as follows:

. acA agA
(i) (uNn)(z) = min{u(z),n(z)},
(i) (rUn)(z) = max{u(z),n(z)},
(@) ([] #a)(z) = inf pa(2),

a€A

(i) (| #a)(=) = sup pa(z), for all z € A.
aEA a€A

Definition 2.2. Let A#0 and “o”

be a function from Ax A to P*(A)= P(A)\{6}.
Then ”0” is called a hyperoperation on A.

Definition 2.3. If X,Y € P*(A4), then we define XoY as:

XoY = U zoy.
(=.¥)eXxY

Notation. Let ”0” be a hyperoperation on A and a € A, X € P*(A4). Then by aoX and Xoa we
mean {a}oX and Xo{a} respectively.

Definition 2.4 [7). Let H # ¢ and ”0” a hyperoperation on H. then (H, o) is called a hypergroupoid
and if zo(yo:) = (zoy)oz for all z,y. - € H, then (H,o0) is called a semihypergroup.
Definition 2.5 [7]. A semihypergroup (H,0) is called a hypergroup iff

zoH = Hox=H, VzreH.
Definition 2.6 [1]. Let "0” be a hyperoperation on A. Then (A, o) is called a polygroup iff
() zo(yoz) = (zoy)oz V z,y,z € A,

(it) There exists an element e € A such that

roe =eoz = {z}, Vz € A.
(e is called the identity element of A.),

(i11) for each z € A, there exists a unique element z’ € A such that

e € zoz' Nz'oz.
(2’ is called the inverse of z and is denoted by z~1.),
(iv) z€zoy=>z€zoy~! > yeczloz,Vz,y 2 € A.
For any subset A of X', we let x, denote the characteristic function of A.

Definition 2.7. Let A # 0 and I2 = I*\{o}, where o is the function which is identically 0. Then

(7) by an F-hyperoperation ” #” on A we mean a function from A x A4 to I; in other words for any

a,b€ A, a*bis a non-empty fuzzy subset of A.
(i2) if p,p € I, then u*n € IA is defined by

H*n= U z*y.
T€supp(u),y€supp(n)
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Notation 2.8. Let u € /A B&C € P*(4) and a € 4. Then
(1) a+pand pxadenote x,, +p and p+ \ (., Tespectively,

(i) a*B,Bxa,p*x B,B+p and B C denote Xe) ¥* X8 Xe * Xy M * Xg:Xp * ¢t and xp * X

[ag

respectively.

Definition 2.9. Let ” *” be an F-hyperoperation on the non-empty set A. Then (A4, *) is called an
F-polygroupoid.

Lemma 2.10 [13]. Let (A, *) be a F-polygroupoid and p;, pt3 € IA. Then

@) U zrm=mrm= U m=y

3 r€supp(p) y€supp(ua)
() t+pa <py*pg and pg xt < pp + g, Vi € supp(py),

(#37) if gy < pg, then
mrz<puzxz , zapy <zxpy, , Vz €A
Definition 2.11. Let (H,«) be a F-polygroupoid. Then (H, x) is called a semi-F-polygroup iff
czx(yxz)=(zxy)*x2z, Vz,y,z€ H.
Lemma 2.12 [13]. Let (H,*) be a semi-F-polygroup and gy, p2, 3 € I¥. Then
(1 % p2) * p3 = gy * (p2 * pi3).

Definition 2.13. Let F be a non-empty set. Then (F,*) is called a quasi-F-polygroup iff
(i) (F,*) is a semi-F-polygroup,

(i2) there exists an element e € F such that
z € supp(z*xeNexz), Yz €F

(In this case we say e is an identity element of F.),

(i17) for each z € F, there exists a unique element z' € F such that
e € supp(z *z' Nz’ * z).

(z' is called the inverse of z and it is denoted by z71.)

Defintion 2.14 [13]. Let (F, *) be a quasi-F-polygroup. Then (F, *) is an F-polygroup iff
z€supp(z+y) = z € supp(z +y~') 2> y € supp(z~' % 2), Vz,y,z € F.

(This property is called the reversibility of F with respect to ” *”.)

3- Hypergroup structures over families of fuzzy subsets of a quasi-F-polygroup

Let (H,*) be an F-polygroupoid and ¢ : H < I¥ a function. We define the functions § and § as

follows:

el gqw= U o),
a€supp(u)

oy
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§ o 1w PP) ) = {e(a) e suppp)). forall pe I8,
Clearly, if a € H, then
i(x ) ={ea)} & §(x,.,) = g(a) (1)
I Hy = §(x,) (i.e.Hy = {q(a) : a € H}), we define the hyperoperation "o™ on H, by:
q(a)og(b) = g(g(a) * ¢(b)), Va,be H (2

(i.e.q(a)og(b) = {g(z) : = € supp(g(a) * ¢(b))} Va,b€ H) Clearly (H,,o0) is a hypergroupoid.
Definition 3.1. Let (H, *) be an F-polygroupoid and g, n € I¥. Then we say s and 7 are equivalent,

if §(1) = §(n). In this case we write: u = 7. Clearly the relation = is an equivalence relation over IH

Lemma 3.2. If (H,*) is an F-polygroupoid and u,n € I¥ | then

q(1)og(n) = §(q(x) * 3(n))-

Proof. At first we show that

U d(g(a) * q(b)) = §( U (g(a) * g(8)))- (3)
a€supp(u),bEsupp(n) a€supp(p),bEsuppin)
Let y € U ¢(g(a) * q(b)) be arbitrary. Then y € §(g(a,)*g(b.}) for some a, € supp(u) and

a€supp(p;.bEsupp(n)
b, € supp(n). Thus

y = q(z). 3z € supp(q(a,) * q(b.)).

Since
9(a0) * g(bo) < U (a(a) * g(b)).
a€supp(n),bEsupp(n)
we get
z € supp( U (a(a) * (b)),
a€supp(p),b€supp(n)
which implies that
y € §( U (g(a) = g(b)).
a€supp(u),b€supp(n)
Therefore
U d(g(a) * 9(b)) C §( U (g(e) * g(b))).
a€supp(p),b€rupp(n) a€supp(u),b€supp(n)

It is easy to verify that
q( U (¢(a) x q(b)) C U g(g(a) * q(b))).
agsupp(p),b€supp(n) aEsupp(u),bEsupp(n)

Consequently (3) holds.

Now we show that

4 U (g(a) * q(b)) = §(a(n) * 3(m) 4)

a€supp(p),bEsupp(n)
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Let y € §( U (g(a) * g(b)) be an arbitrary element.
a€supp(u),bEsup; 1)
Then y = ¢(z) for some r € supp( U (g(a) * g(b)). Therefore there exist a, € supp(p) and

a€supp(u),bEsupp(n)
b, € supp(n), such that r € supp(g(a,) * ¢(b,)). Since

e gt < |J a@+ | a0,

a€supp(p) besupp(n)
we have .
ved U a@+ U a®)=@m) + in).
a€supp(p) besupp(n)

Conversely, let y € §(g(#)*4(n)) be an arbitrary element. Then y = ¢(z), for some z € supp( U g(a)=*

agsupp(p)

U ¢(8)). Thus there exist t € supp( U ¢{a)) and w € supp( U q(b)) such that z €
besupp(n) a€supp(n) besupp(n)
supp(t*w). Hence there are a, € supp(u) and b, € supp(n) such that t € supp(g(a,)) and w € supp(g(b,)).

Thus
o < (t* w)(2) < (9a0) * 4(b0))(=) < ((J(a(a) * g(®)().

a,b
Consequently y € ni(U gla) * g(b)). Hence (4) holds.
Finally we show at,}blat
@(m)oq(n) = 4(@(k)*d(n)) (5)
d(uoi(n) = U g(a)oq(b)
a€supp(u),b€supp(n)
= Uilg(a) * q(b))
a,b
= §(J(a(a) xq(®)), by (3)
a,b

= §(a(p) *d(n)), by (4).
Consequently (5) holds.
Theorem 3.3. The hypergroupoid (H,,0) is a semihypergroup if and only if
q(g(a) * q(b)) * a(c) = g(a) * g(q(b) * g(c)) Va,b,c€ H. (6)
Proof. Let a,b,c € H. Then
g(a)o(g(blog(c)) = d(x,))o(d(x ) )0d(x .y ))- by (1)
= §(x ()@@ (x 0y ) * T ()
= §(X(.,)od(g(b) * ¢(c)), by (1)
= §(a(x(.,) * 3(a(b) * g(c)), by Lemma 3.2.
= g(g(a) * g(q(b) * g(c))), by (1).

Similarly (g(a)og(b))og(c) = ¢(¢(g(a)* q(b)) *q(c)). Consequently (H¢, o) is a semihypergroup if and only
if (6) holds.
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Corollary 3.4. If (H.#) is a seini-F-polyzgroup and one of the following conditions holds.
(i) 4(q(a) + q(b)) = q(a) % q(b), Va,b € H,
(1) qla)*q(b)=a=*b, Va,be H,
(i11) g(a)*xq(b)=a=*b, Va,beH, .
then (H,,0) is a semihypergroup.

Proof. Let (¢) hold. Then for any a,b,c € H we have

(g(a) * (b)) * g(c) = q(a) * g(b) * (¢(c)), by Lemma 2.12

On the other hand
(g(a) * q(b)) * glc) = 3(q(a) * ¢(b)) * g(c),
and |
q(a) * (g(b) * g(c)) = q(a) * @(g(?) * g(c)).

Hence (Hy, 0) is a semihypergroup, by Theorem 3.3.
Now let (#7) hold. Then:

q(q(g(a) * ¢(b)) * 9(c))
= §(g(g(a) * g(b); = §(x ), by (1)
= g(g(a) * g(b)og(x ) by Lemma 3.2
= §(a*b)od(x,., ). by hypothesis

= U (g(2Yog(c), by definition of ¢ and (1)
T€supp(axb)

= U =) #g(c)), by (2)

z€supp(asb)

= U §(z * ¢), by hypothesis
z€supp(asb)

= §( U (z * ¢)), by defintion of §
z€supp(axd)
= §((axb)*c).

Similarly ¢(g(a) * g(g(b) * ¢(c))) = §(a * (b c)). Thus (Hy, o) is a semihypergoup, by Theorem 3.3.

If (#ii) satisfies, then obviously (i) holds.
Theorem 3.5. Let (H,*) be a quasi-F-polygroup. If one of the following conditions holds:
(1) gla)+xq(b)=axb, Va,beH
(ii) q(a)*q(b)y=axb, Va,be H,
then (H,,0) is a hypergroup.
Proof. Let (i) hold. Then by Corollary 3.4 (it), (H,,0) is a semihypergroup. we shall show that

Hgoq(a) = H, = g(a)oH,, VYq(a) € H,.
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If a € H.then a € supp(a * ¢). Thus, the hypothesis and (2) imply that
g(a) € g(a)og(e), ¥a € H.

Similarly ¢(a) € g(e)og(a), Va € H
Now if b € H, is arbitrary, then we have:

q(b) € g(b)og(e) C q(b)o(g(a™!)og(a))

(g(b)ogq(a="))oq(a)
Hgoq(a).

]

il

Hence H; C Hyoq(a) C Hy. That is Hy = H,oq(a). Similarly H, = g(a)oH,.

If (¢1) satisfies, then obviously (7) holds.
Theorem 3.6. Let (H, *) be a quasi-F-Polygroup and (6) hold. If

a € supp(q(a)),¥a € H,

then (H,, 0) is a hypergroup.

Proof. (7) implies that

g(a +b) € g(q(a) * q(b)) = gla)oq(b),Va,b € H.

Since a € supp(a*eNe*a) and e € supp(a*xa~' Na~!xa). we get that, g(a) € ¢(a)og(e), g(a) € g(e)og(a),

q(e) € g(a)og(a~?!) and g(e) € g(a™!)og(a) respectively. Now the rest of the proof is similar to that which

stated in Theorem 3.5.

Example 3.7. Let (H, *) be a quasi-F-Polygroup such that supp(exe) = {e}. We define the function

q:H«-»If’,q(a):a*e,VaeH.
Then for all a,b € H, we have:

d(g(a) * g(b))

glaxexbxe)

= U

TEsuppr{asesbue)

= U T *E€

zEsupp(axexbue)

= axe*xbxexe

= axe=xbxe

g(a) + g(b)

Hence, by Corollary 3.4 (i), (Hy, 0) is a semihypergroup. Therefore by Theorem 3.3, (6) holds. Now since

a € supp(g(a)), then from Theorem 3.6, we conclude that (Hy,0) is a hypergroup.
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